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Y.S. JAGAN MOHAN REDDY CHIEF MINISTER AMARAVATI

ANDHRA PRADESH

MESSAGE

I congratulate Akademi for starting its activities with printing of textbooks from
the academic year 2021 — 22.

Education is a real asset which cannot be stolen by anyone and it is the foundation
on which children build their future. As the world has become a global village, children
will have to compete with the world as they grow up. For this there is every need for
good books and good education.

Our government has brought in many changes in the education system and more
are to come. The government has been taking care to provide education to the poor
and needy through various measures, like developing infrastructure, upgrading the skills
of teachers, providing incentives to the children and parents to pursue education. Nutritious
mid-day meal and converting Anganwadis into pre-primary schools with English as medium
of instruction are the steps taken to initiate children into education from a young age.
Besides introducing CBSE syllabus and Telugu as a compulsory subject, the government
has taken up numerous innovative programmes.

The revival of the Akademi also took place during the tenure of our government
as it was neglected after the State was bifurcated. The Akademi, which was started on
August 6, 1968 in the undivided state of Andhra Pradesh, was printing text books,
works of popular writers and books for competitive exams and personality development.

Our government has decided to make available all kinds of books required for
students and employees through Akademi, with headquarters at Tirupati.

I extend my best wishes to the Akademi and hope it will regain its past glory.

Y.S. JAGAN MOHAN REDDY







Dr. Nandamuri Lakshmiparvathi
M.A., M.Phil., Ph.D.

Chairperson, (Cabinet Minister Rank)
Telugu and Sanskrit Akademi, A.P.

Message of Chairperson, Telugu and Sanskrit Akademi, A.P.

In accordance with the syllabus developed by the Board of Intermediate, State
Council for Higher Education, SCERT etc., we design high quality Text books by recruiting
efficient Professors, department heads and faculty members from various Universities and
Colleges as writers and editors. We are taking steps to print the required number of these
books in a timely manner and distribute through the Akademi’s Regional Centers present
across the Andhra Pradesh.

In addition to text books, we strive to keep monographs, dictionaries, dialect texts,
question banks, contact texts, popular texts, essays, linguistics texts, school level dictionaries,

glossaries, etc., updated and printed and made available to students from time to time.

For competitive examinations conducted by the Andhra Pradesh Public Service
Commission and for Entrance examinations conducted by various Universities, the contents
of the Akademi publications are taken as standard. So, I want all the students and

Employees to make use of Akademi books ofhigh standards for their golden future.

Congratulations and best wishes to all of you.

*

Nandamuri Lakshmiparvathi
Chairperson, Telugu and Sanskrit Akademi, A.P.







J. SYAMALA RAO, LAS.,

Principal Secretary to Government

Higher Education Department
Government of Andhra Pradesh
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I Congratulate Telugu and Sanskrit Akademi for taking up the initiative of
printing and distributing textbooks in both Telugu and English media within a short
span of establishing Telugu and Sanskrit Akademi.

Number of students of Andhra Pradesh are competing of National Level for
admissions into Medicine and Engineering courses. In order to help these students
Telugu and Sanskrit Akademi consultation with NCERT redesigned their Textbooks

to suit the requirement of National Level Examinations in a lucid language.

As the content in Telugu and Sanskrit Akademi books is highly informative
and authentic, printed in multi-color on high quality paper and will be made available
to the students in a time bound manner. I hope all the students in Andhra Pradesh
will utilize the Akademi textbooks for better understanding of the subjects to compete

of state and national levels.

st

(J. SYAMALA RAO)
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WE, THE PEOPLE OF INDIA, having

'l solemnly resolved to constitute India into a

[SOVEREIGN  SOCIALIST SECULAR

94| DEMOCRATIC REPUBLIC] and to secure to all

its citizens:
JUSTICE, social, economic and political;

LIBERTY of'thought, expression, belief, faith

and worship;

EQUALITY of status and of opportunity; and

to promote among them all

FRATERNITY assuring the dignity of the
individual and the [unity and integrity of the
Nation];

i) IN OUR CONSTITUENT ASSEMBLY this |
|47 twenty-sixth day of November, 1949 do HEREBY

(\®%| ADOPT, ENACT AND GIVE TO OURSELVES
| THIS CONSTITUTION.
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Foreword

The Government of India vowed to remove the educational disparities
and adopt a common core curriculum across the country especially at the
Intermediate level. Ever since the Government of Andhra Pradesh and the Board
of Intermediate Education (BIE) swung into action with the task of evolving a
revised syllabus in all the Science subjects on par with that of CBSE, approved
by NCERT, its chief intention being enabling the students from Andhra Pradesh
to prepare for the National Level Common Entrance tests like NEET, ISEET etc
for admission into Institutions of professional courses in our Country.

For the first time BIE AP has decided to prepare the Science textbooks.
Accordingly an Academic Review Committee was constituted with the
Commissioner of Intermediate Education, AP as Chairman and the Secretary,
BIE AP; the Director SCERT and the Director Telugu Akademi as members. The
National and State Level Educational luminaries were involved in the textbook
preparation, who did it with meticulous care. The textbooks are printed on the
lines of NCERT maintaining National Level Standards.

The Education Department of Government of Andhra Pradesh has taken
a decision to publish and to supply all the text books with free of cost for the
students of all Government and Aided Junior Colleges of newly formed state of
Andhra Pradesh.

We express our sincere gratitude to the Director, NCERT for according
permission to adopt its syllabi and curriculum of Science textbooks. We have
been permitted to make use of their textbooks which will be of great advantage
to our student community. I also express my gratitude to the Chairman, BIE
and the honorable Minister for HRD and Vice Chairman, BIE and Secretary
(SE) for their dedicated sincere guidance and help.

I sincerely hope that the assorted methods of innovation that are adopted
in the preparation of these textbooks will be of great help and guidance to the
students.

I wholeheartedly appreciate the sincere endeavors of the Textbook
Development Committee which has accomplished this noble task.

Constructive suggestions are solicited for the improvement of this textbook
from the students, teachers and general public in the subjects concerned so
that next edition will be revised duly incorporating these suggestions.

It is very much commendable that Intermediate text books are being
printed for the first time by the Akademi from the 2021-22 academic year.

Sri. V. Ramakrishna I.R.S.
Director
Telugu and Sanskrit Akademi,
Andhra Pradesh



The Board of Intermediate Education (A.P.) has recently revised the syllabus in
Mathematics for the Intermediate Course, with effect from the academic year 2012-13.
Accordingly, Telugu Akadcmi has prepared the necessary Text Books in Mathematics.

In accordance with the current syllabus, the topics relating to paper-1B; Coordinate
Geometry and Calculus are dealt with in this Book. They are presented in the chapters.
Coordinate Geometry consists of eight chapters: Prerequisties Locus, Transformation
of Axes, The Straight Line, Pair of Straight Lines, Three Dimensional Coordinates,
Direction of Cosines Direction Ratios and The Plane. Calculus is presented in three
Chapters : Limits and Continuity, Differentiation and Applications of Derivatives.

Every chapter herein is divided into various sections and subsections, depending
on the contents discussed. These contents are strictly in accordance with the prescribed
syllabus and they reflect faithfully the scope and spirit of the same. Necessary
definitions, theorems, corollaries. proofs and notes are given in detail. Key concepts
are given at the end of each chapter, Illustrative examples and solved problems are in
plenty. and these shall help the students in understanding the subject matter.

Every chapter contains exercises in a graded manner which enable the students
to solve them by applying the knowledge acquired. All these problems are classified
according to the nature of their answers as I - very short, II - short and III - long.
Answers are provided for all the exercises at the end of each chapter.

Keeping in view the National level competitives examinations, some concepts and
notions are highlighted for the benefit of the students. Care has been taken regarding
rigor and logical consistency in the presentation of concepts and in proving theorems.
Alt the end of the text Book, a list of some Reference Books in the subject matter is
furnished.

The Members of the Mathematics Subject Committee, constituted by Board of
Intermediate Education, were invited to interact with the team of the Authors and
Editors. They pursued the contents chapter wise. and gave some useful suggestions
and comments which are duly incorporated.

The special feature of this Book, brought out in a new format is that each chapter
begins with a thought mostly on Mathematics through a quotation from a famous
thinker. It carries a portrait of a noted mathematician with a brief write-up.

In the concluding part of each chapter some relevant historical notes are appended.
Wherever found appropriate, references are also made of the contributions of ancient
Indian scientists to the advancement of Mathematics. The purpose is to enable the
students to have a glimpse into the history of Mathematics in general and the
contributions of Indian mathematicians in particular.

Inspite of enough care taken in the scrutiny at various stages in the preparation
of the book, errors might have crept in. The readers are therefore, requested to identify
and bring them to the notice of the Akademi. We will appreciate if suggetions to enhance
the quality of the book are given. Efforts will be made to incorporate them in the
subsequent editions.

Prof. P.V. Arunachalam
Chief Coordinator



Preface to the Reviewed Edition

Telugu Akademi is publishing Text books for Two year Intermediate in
English and Telugu medium since its inception, periodical review and
revision of these publications has been undertaken as and when there

was an updation of Intermediate syllabus.

In this reviewed Edition, now being undertaken by the Telugu Akademi,
Andhra Pradesh the basic content of its earlier Edition is considered
and it is reviewed by a team of experienced teachers. Modification by
way correcting errors, print mistakes, incorporating additional content
where necessary to elucidate a concept and / or a definition, modification
of existing content to remove obscurities for releasing the concept more

easily are carried out mainly in this review.

Not withstanding the effort and time spent by the review team in this
endeavour, still a few aspects that still need modification or change

might have been left unnoticed.

Constructive suggestions from the academic fraternity are welcome
and the Akademi will take necessary steps to incorporate them in the

forth coming edition.

We appreciate the encouragement and support extended by the Academic

and Administrative staff of the Telugu Akademi in fulfilling our assignment

with satisfaction.

Editors
(Reviewed Edition)
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Chapter O
Prenequisites

"With me everything turns into
mathematics'
- Rene Descartes

I ntroduction

The study of geometry in coordinate method began in
thethird and second centuries B.C. The Greek mathematician
Menaechmus (ca. 380 - 320 B.C.) used a method which
had a similarity with the present methods of coordinate
geometry. Apollonius (ca 262 - ca.190 B.C.) of Perga,
solved problemsin away resembling analytical geometry of
onedimension. Hedealt with conicswherein he devel oped
amethod which is again similar to analytical geometry,
anticipating the work of Rene Descartes by eighteen
centuriesearlier. Apollonius came closeto inventing analytic
geometry, but could not do so, ashedid not take into account
the negative magnitudes. However, the decisive step in
devel oping coordinate geometry as a subject wastaken later
by Descartes and Fermat. Abraham de Moivre (1667 -
1754) also made contribution to the development of
coordinate geometry.

Fermat and Descartes studied the plane curvesin
the seventeenth century, while Euler (1707 - 1783) took
up the study of curvesin space in the eighteenth century.
These mathematicians had developed the coordinate
geometry in a systematic way and opened the doorsto a
new branch of mathematics.

Rene Descartes

(1596 - 1650)

Rene Descartes was a famous
French mathematician,
philosopher and writer. He
was hailed as the "Father of
Modern Mathematics". The
Cartesian coordinate system
that is used in geometry is
named after him. Descartes
theory provided the basis for
the calculus of Newton and
Leibnitz.
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The objective of coordinate geometry isto study the algebraic meaning of geometric figuresand the
geometric meaning of gebraic expressons. Thefusion of geometric and algebraic thinking, together with the
concept of function providesusanimportant framefor comprehension and exploration of objectiveredity.
For example, thealgebraicequation y= mx+ c givesrisetothegeometricideaof astraight lineand, on
the other hand, any straight lineisrepresented by an algebraic equation ax+ by+ c=0 for real numbers
a, b and c,witha?+ b? # 0.

In 1637, Descartes, in hisfamous book ‘'La Geometre', proposed that, a point in the plane can be
represented as an ordered pair of real numberswhich are usually the distances of that point from two
mutually perpendicular lines (called coordinate axes). Inhonour of Descartes, coordinate geometry is
called 'Cartesian Geometry'. However, after Descartes, the present form of coordinate geometry
was developed, particularly by Euler.

0.1 Prerequisites

In the present section we shall review some of thetopics covered in lower classes.

0.1.1 Coordinate axes

Consider apair of mutualy perpendicular lines ~ 2nd quadrant o
of reference X' X and Y'Y in aplane (Fig. 0.1). Q
These straight linesare called coor dinate axesand Xp
their point of intersectioniscalledtheorigin, andit y P
isdenoted by O. °

Thehorizontal lineiscalled the X—axisand
thevertical lineiscaled the Y —axis. .

On each axis a positive direction is chosen Va
(indicated by an arrow). Naturally, the opposite Ys
directionisreferred to asthe negativedirection. A unit R
of length (scdeunit) ischosen, whichmay bearbitrary s
butisthesamefor both theaxes. Thecoordinateaxes  3rg quadrant
X'X, Y'Y (with established positive and negative Y
directions and an appropriate scale unit) form a Fig. 0.1 Cartesian coor dinate system
rectangular coordinate system (Cartesian coordinate
system). The coordinate axes divide the plane into four equal partscalled quadrants.

0.1.2 Coordinates
Consider apoint P intheplane. Let x, denotethe perpendicular distanceof Pfrom Y-axisand

Yp denotethe perpendicular distanceof P from X—axis. Then P isrepresented by the ordered pair of
real numbers as shown in thefollowing table.

Y 1st quadrant

Yp

4th quadrant

Quadrant inwhich Ordered pair which
P lies denotes P
1st quadrant (%py Yp)
2nd quadrant (%, Yp)
3rd quadrant (~%p, —Yp)
4th quadrant Xp, —Yp)




Prerequisites

Thefirst element of the ordered pair iscalled the x —coor dinate (abscissa) and the second element
iscaledthe y—coordinate (ordinate). Thepoint Pisgenerally represented by P (X, y). Conversdly, every
ordered pair of real numbersrepresentsauniquepointinthe plane.

It can be easily seen that the y—coordinate y, iszero for any point Ponthe X —axisand the
x—coordinate xp iszerofor any point PontheY —axis. Thusthe coordinates of theorigin O are (0, 0)
asit belongsto both the axes.

0.1.3 Distance between two points
(i)  Thedistance betweentwo pointsP (x;, y;) and Q (X, Y,) intheplaneisdenoted by PQ andisgiven
by

PQ = \/(Xl - X2)2+ (yl - y2)2

=y [(differenoeof x coordinates)? + (differenceof y coordinates)?

Notethat PQ = QP
(i)  Thedistanceof P(xy, y;) fromtheoriginO (0, 0)is

OP = X +y? |
(i) Thedistance between two points A (X3, 0) and B (x,, 0) is
AB = (g ~x)* (0-0)?
= b -%)* =[x %
(V) Thedistance betweentwo points C(0,y;) and D(0,y,) iSCD =|y; -y, |.
If A and B aretwo distinct points, then we denote

()  thelinesegmentjoining A and B by AB,
(i)  therayfrom A through B by AB,and
(i)  thedraight linepassingthrough A and B by ATB.

0.1.4 Section formula

(i) If Pliesonthelinesegmentjoiningtwopoints A and B then P issaidtodividetheline segment

AB intheratio AP:PB internaly (seeFig.0.2).
P
A f B
Fig.0.2

(i) If Pliesontheextended lineof thesegment joining A and B, then Pissaidto dividetheline
segment AB externally (seeFig. 0.3).

—_———— — —

B P

I B A

Fig. 0.3

Inthiscase —AP: PB or AP:—PB istakenastheratioinwhich Pdividestheline segment

AB . Thepositiveand negativesignsof AP and PB arein accordance with thesignsgiventothe
abscissa.
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(i)  Thecoordinatesof apoint Pwhich dividestheline segment joining A (X3, y;) and B (x,, y,) inthe
ratio | : mare

p— Elxz”mxl Iy2+my1%

l+m " 1+m

It can be easily seenthat P dividestheline segment AB internally whentheratio | : m or
I/m ispositive and externally when theratio |/m isnegative. Notethat |+ m # O, for, if
| + m= 0, then | = —mand hence P dividestheline segment AB externally and AP = PB
which isabsurd. The point A dividestheline segment AB intheratio 0 : AB and the point B
dividesthelinesegment AB intheratio AB : 0. All other points (on thelinejoining A and B) divide
thelinesegment AB intheratio | : m, where | and mare both non zero and in this case, theratio
canbetakenas A : 1, where A isareal number (A # —1).

(iv) Coordinates of the mid point of theline segment AB are

a+X% ity
H2 ' 2 P

0.1.5 The points of trisection
Thepointswhichdividealinesegmentintheratiol: 2 or 2: 1arecaled the pointsof trisection.

0.1.6 Areaof atriangle
(i)  Theareaof thetrianglewith verticesat A (X4, Y1), B (X5, Y,) and C (X, Y3) isgiven by

A

% |X1(y2 —y3)+x2(y3—yl)+x3(y1—y2)|

1
< |2y - ).
(i)  Theareaof thetriangle OAB with verticesO(0, 0), A (X3, y;) and B(X,, y,) isgiven by

1
A = S|xY, = xon.

0.1.7 Areaof aQuadrilateral
The area of the quadrilateral with vertices A (X;, Y1), B(X, Y»),
C(x3, y3) and D(xs, Ya)

= 5 P02 =¥ 300~ FX00, ¥2) (v

1
=5 Zx(y2-v4)]

Notethat theareaof thequadrilateral ABCD is thesum of the
areasof trianglesABC and BCD (seeFig. 0.4). b Fig.0.4
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0.1.8 Concurrent lines, Point of Concurrency

Three or more straight lines are said to be
Concurrent, if dl thedraight lineshave exactly one point
in common and thiscommon point iscalled the Point of
Concurrency. (seeFig. 0.5) P

0.1.9 Medians-Centroid

Inatriangle thelinesegment joining avertex tothe
midpoint of the oppositesideiscalled alV edian of the A
triangle. Clearly atriangle hasthreemedians. Wewill prove
later that the medians of atriangle are concurrent. The
point of concurrency iscaledthe Centroid of thetriangle
andisusudly denoted by G. Thecentroid G divideseach
medianintheratio2: linternaly (seeFig. 0.6).

Thecentroid G of thetrianglewith verticesat
A(X1, Y1), B(Xa, yo) and C(xs, y3) isgiven by B

G_EX1+X2+X3 yl+y2+y3E D

Fig. 0.5

3 3

0.1.10 Angular bisectors—In-centre

The bisectors of theinternal anglesof atriangle
are concurrent. The point of concurrency iscalled the
In-centre of the triangle and is denoted by I. Itis
equidistant from the three sides of the triangle and the
distanceiscalled the | n-radiusof thetriangleandis
denoted by r. Thecircledrawnwith| ascentreand

r asradius, touchesall thethreesidesof thetriangle _-§ ' \ c™~
internally. This circle is called the I n-circle of the
triangle. (seeFig. 0.7). Fig.0.7

0.1.11 Theorem: If A(xy,Y,), B (X Y,) and C (s, y5) aretheverticesand a, b and c are respectively
the sides BC, CA and AB of the triangle ABC, then the coordinates of the In-centre are
| = E%*bxz”cxs ay; + by, +cys E
a+b+c ' a+b+c
Proof : Let AD, BEand CF bethebisectorsof A, OB and OC respectively. Then by the vertical
angletheorem, D divides BC intheratioc : b and hencethe coordinatesof D are

ECXS tbx, cys +by, E

c+b ' c+b
Again by the sametheorem, thepoint | on AD divides AD intheratio b+ c: a(Al : 1D).
Therefore, the coordinatesof | are
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(b+c)+a ' (b+c)+a

gmdwﬁmxl (b+c)wa+ayl
0 O c+b [ O c+b [

0

H

0
0
0
0
H

i lzgax1+bx2+cx3 ay1+by2+Cy3E

a+b+c ' a+b+c

0.1.12 Angular bisectors— Ex-centre

Wewill provelater that inatriangleABC thebisector of internd angle..
A and bisectors of external angles B and C are concurrent. The point of -
concurrency iscaledthe Ex-centreof thetriangleandisdenoted by 1,. Itis
equidistant fromtheside BC and from theextensionsof thesidesAB and AC
andthisdistanceiscalledthe Ex-r adiusof thetriangleand isdenoted by .
Thecircledrawvnwithl, ascentreand r, asradiustouchesthesesides. This
circleiscaled the Ex-circleof thetriangle oppositeto thevertex A (Fig.
0.8). Similarly, we get two other Ex-circlesof thetriangle oppositeto the
vertices B and C respectively. The Ex-centres of these Ex-circles are
denoted by 1,,and | ; and the corresponding Ex-radii by r, andr; respectively.

The coordinates of the Ex-centresare given by

_Hoaa b toxy —ay by, + oy
Il_E -a+b+c ' -a+b+c E
Eaxl—bx2+cx3 ay; — by, +cy; E

l,= :
a-b+c a-b+c
ax +bx, —cxg ay, +by, —cy,
I3_E atb-c¢ ' a+b-c E

0.1.13 Altitudes - Orthocentre

Inatrianglethe perpendicular fromavertex totheopposite
sdeiscdledan Altitudeof thetriangle. Wewill provelater by
anaytical methods that the three altitudes of atriangle are
concurrent. Thepoint of concurrency iscaledthe Orthocentre
of thetriangleand isusually denoted by 'O’ (seeFig. 0.9).

0.1.14 Perpendicular bisectors of sides - Circumcentre

Wewill provelater that the perpendicular bisectorsof the
sdesby analytical methodsof atriangleareconcurrent. Thepoint
of concurrency iscaledthe Circumcentre of thetriangleand
isdenoted by S. Thecircumcentre Sisequidistant fromthevertices
of thetriangle. Thereforethecircledrawnwith S ascentreand
thedistancefrom S to any vertex asradius, passesthrough all
the three vertices of the triangle. This circle is called the
Circumcircleof thetriangle (see Fig. 0.10).
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J Key Concepts \

[0 LetO(0,0) betheoriginand P(X;, ¥1), Q (X, Y,) beany two pointsinaplane. Then

PQ= (g - %)%+ (1, - v,)? = QR OP= 2 +y2.

[0 Let A (X, Y, and B (x,, y,) beany two pointsin the plane. Then
(i) thecoordinatesof thepoint which divides AB intheratio | : m are
Hxo +mx  ly, + 1y,
l+m ' 1+m
Thedivisoniscaledinterna if |: m or |/m ispositiveand externa if |/m isnegative.

X+ X y1+y2E
2 '

2
O  Let A(Xy, Y1), B(X Y2), C(Xs, Y3) and D(x,, Y,) beany four pointsinaplane, then

(i) The coordinates of the mid point of theline segment AB are E

() theareaof AABC= % | 3% (Y2-¥s) |-
(i) Theareaof AOAB =3 |% Y, =% ¥ |.

(i) theareaof quadrilateral ABCD = | £xq(y, -4 |.

+ X, + X +vy, +
(iv) thecoordinatesof thecentroid G of AABC = Exl :,f 3, A y; %3 E

(v) thecoordinatesof theln-centre | of

ax +bx, +cxg ay, +by, +cy;
a+b+c ' a+b+c E

AABC = E

where a, b and ¢ arerespectively thesides BC,CA and AB.
(vi) thecoordinates of the Ex-centresof AABC are

—ax +bx, +cxg  —ay; +by, +cy,
= § -a+b+c =~ -a+b+c E

_ Hax —bx; +oxg ayl—by2+cy3E

a-b+c = a-b+c
. [Jax +bx, —cx3 ay; + by, —cys
8 " H a+b-c¢ ' a+b-c [

where |, I, and |5 arethe Ex-centres of the Ex-circlesoppositeto theverticesA, B and C of
thetriangle ABC.

\ ' 4
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Historical Note

The earliest use of geometry that is known wasthat of the Egyptians, Babyloniansand
Indians. Theword 'Geometry' isfrom the Greek for 'Earth-measurement’, which was the
primary concern of the ancient geometers. The knowledge of geometry of these early peoplewas
obtained by observation and trial-and-error methods and they made no attempt to generalize or
to provetheir assumptions.

During the Vedic timesand later during Sulvasutraperiod (1500 B.C.) wefind geometrical
conceptslike orbits of planets, the properties of right angled triangle, squaring of the circleand
areas and volumes of simple geometrical figures.

It was not until about 600 B.C. that any concern was felt about why certain relationships
existed and whether these rel ationships could be proved by logical reasoning. To the Greeks of
the Golden Age the philosophy of geometry was more important than its applications. Interest
centered upon ideas rather than physical conditions.

Thales of Miletus(ca. 624 - ca. 547 B.C.), thefather of Greek mathematics, isfamous
for the study of geometry based on logical reasoning. His pupil Pythagoras (ca 572-496 B.C.)
isremembered chiefly for histheorem on aright triangle. Apollonius of Perga (times) studied
conic sections. But it isto Euclid, who wrote the 'Elements in about 300 B.C., that we owethe
greatest debt.

A long time after the Golden Age of Greece, in the 17th century two great mathematicians,
Rene Descartes (1596 - 1650) and Pierre de Fermat (1601 - 1665) were the codiscoverers of
analytic geometry, anew method of geometry.

The Renaissance painters employed proj ective geometry to depict three dimensional real
world on two dimensional canvas. Gerard Desargues (17th century) isanotable mathematician
inthisarea.

The important geometric discoveries of 18th and 19th centurieswere the non-Euclidean
geometries of Nicholas |. Lobachevsky (1793 - 1856), Janos Bolyai (1802 - 1860), Carl
Friedrich Gauss (1777 - 1855) and George F.B. Riemann (1826 - 1866).

During 18th, 19th and 20th centuries, with the advent of cal culus, the geometry further
developed into brancheslike differential geometry and topology. David Hilbert (1862 - 1943)
gavealogical treatment to the abstract concepts of geometry. In recent times, Mandelbrot (1924)
introduced fractal geometry, which describesthe nature factually.




Chapter 1

Lacuws

"Where there is matter, there is
geometry"
- Johannes Kepler

I ntroduction

In school mathematics, we learnt about the
Euclidean geometry, its axioms, some theorems,
constructions, proofs, deductive method, historical
background and had aglimpseinto Indian contribution
to geometry. We have also studied some elementary
concepts of analytical geometry also known as
coor dinate geometry which unifiestheideasof algebra
and geometry. Thisunificationisvery well illustrated
through the concept of locus about which we learnt a
littlein the 9™ class. There, we studied some patterns
formed by pointsin aplane satisfying certain condition
or conditions. Werecall that such patternslead to the
concept of locus.

The mathematiciansknew about the conic sections
as geometric curves several centuries before Kepler
cameto the scene. But it was K epler who showed the
application of these curvesat the cosmic level. Hislaws
of planetary motion magnificiently display theloci of
planetsaselliptic curves.

Now in this chapter, we discuss about locus in
detail.

Johannes Kepler
(1571 - 1630)

Kepler was a German
mathematician and astronomer
who discovered that Earth and
Planets move about the sun, in
elliptical orbits. He gave three
fundamental laws of planetary
motion. He also did important
work in optics and geometry. He
was a key figure in the 17th
century astronomical revolution.
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1.1 Definition of Locus- I llustrations

Now we shall discussthe patternsformed by the points, which satisfy certain geometrical conditions,
which are consistent. A set of geometric conditionsissaid to be 'consistent’, if thereis atleast one point
satisfying the set of conditions. For example, when A = (1, 0) and B = (3, 0), the condition 'the sum of
distancesof apoint Pfrom A and B isequd to 2' iscons stent, whereasthe condition 'the sum of distances of
apoint QfromA and B isequal to 1'isnot consistent, becausethereisno point Q suchthat QA+QB =1
(snceAB =2).

1.1.1 Definition

Locusisthe set of points (and only those points) that satisfy the given consistent geometric
condition(s).
From the above definition , it follows that :
(i) Every point satisfying the given condition(s) is a point on the locus.
(i) Every point on the locus satisfies the given condition(s).

1.1.2 Examples

1. Example: Inaplanethelocus of a point whose distance froma given point
Ais4. P

Any pointwhichisat adistance4 fromA liesonthecircleof radius 4 with
centre A. Conversely, every point onthecircleisat adistanceof 4 from A.
Hence, the set of all pointson thecircleisthelocusinthisexample (seeFig. 1.1)

i.e, locus = thecircle inthegiven plane, with Fig. 1.1
centreat A and radius 4.

2. Example: Thelocus of a point equidistant from two given points A, B.
Cleary, themid point D of AB is apoint onthelocus. A point Pliesonthelocus - PA=PB

~

= APAD A PBD (SASaxiom) P
-~ PD OAB.
Therefore, the required locusisthe perpendicular bisector of D
AB. (seeFig. 1.2)

3. Example: Locus of a point above the X-axis whose 4
distance fromthe X-axisis 2. Fig. 1.2

Let M bethe point on the positive direction of the Y - axiswithOM = 2. Pisapoint abovethe X-axis
with PD = 2, where PD is the distance of P from the X-axis (Fig. 1.3). ODPM is arectangle so that

MP || OX . Conversely, we can provethat any point Ponthelocusliesonthelineparalld to the X-axis
(abovethe X-axis) which passesthrough M.



M P locus
+1 2
2 |m
(@) D X
NP Fig.1.3

In view of the above examples, locus of apoint in the planeis generally acurvein the plane. For
smplicity, wecall that curveitsdlf aslocus. Thelocusinexample lisacircle, wheressitisastraight linein
examples2and 3.

1.2 Equation of L ocus- Problems connected to it

Itisclear that, every point on the locus satisfiesthe given conditions and every point which satisfies
the given conditionslieson thelocus.

Equation of the locus of a point is an algebraic equation in x and y satisfied by the points
(%, y) on the locus alone (and by no other point).

Algebraic descriptions give rise to algebrai ¢ equations which some times contain more than what
isrequired by the geometric conditions. Thustherequired locus may be apart of the curve represented
by the algebraic equation. Usually we call thisa gebraic equation asthe equation of locus. However, to
get thefull description of thelocus, the exact part of the curve, points of which satisfy the given geometric
description, need to be specified.

1.2.1 Solved Problems
1. Problem : Find the equation of the locus of a point which isat a distance 5 from (-2, 3), in the xoy

plane.
Solution: Letthegivenpointbe A =(-2, 3) and P(x,y) beapoint on the plane.
The geometric conditionto be satisfied by P to beonthe locusisthat
AP=5 (1)
Expressng thiscondition agebraicaly, we get
Jx+27 +(y -3 =5
ie, X+4Ax+4+y—6y+9 =25

ie, X+y’+4x—-6y—12 =0 .. (2
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Let Q(x,, yy) satisfy (2).
Then, x* +y? +4x -6y, 12 =0 .. (3
Now thedistanceof A fromQis AQ \/(X1+2)2 +(y, -3)°
Therefore  AQ? = x?+4x +4+y’ -6y, +9
= () + ¥ +4x -6y, -12) +25
= 25 (by using (3))
Hence AQ =5
Thismeansthat Q(x;, ;) satisfiesthegeometric condition (1).

Therefore, therequired equation of locusis
X° +y? +4x -6y -12 =0.

2. Problem : Find the equation of locus of a point P, if thedistance of P fromA (3,0) istwicethe
distanceof P from B (-3, 0).
Solution: Let P(x,y) beapoint onthelocus. Then the geometric condition to be satisfied by P is
PA =2PB -1
e, PA2 = 4PB?
e, (x=3)2+y?= 4[(x+3)%+ ¥

e, X2—6X+ 9+ Yy =4[x%+6x+ 9+

ie, 3X+3y? +30x+27=0

e, X2+y?> +10x+9=0 )
Let Q(Xq, 1) satisfy (2). Then xZ + y> +10x +9 =0. .. (3)
Now QA? = (x-3)*+y

= X*=6x +9+ y?
4% + 24x, + 36 + 4 y,? — 3x,°— 30%; — 27 — 3y,
4 (X% + 6%y + 9+ y1?) =3 (% + 10%; + 9 +y;?)
4 (x?+ 6%, +9+yy?) (by using (3))
= 4[4 +32+y
= 4QB2.
Therefore, QA =20B. Thismeansthat Q(x,, y;) satisfies(1).
Hence, the required equation of locusis x?+y? + 10x+9=0.

3. Problem : Find the locus of the third vertex of a right angled triangle, the ends of whose
hypotenuse are (4, 0) and (0, 4).
Solution: Let A=(4,0) and B=(0,4). Let P(x,y) beapointsuchthat PA and PB are

perpendicular. Then PA2+ PB?=AB2 .. (1)
ie, (X=4)2+ y?2+x2+ (y—4)?=16 + 16,
i.e, 2x2+2y?—8x—8y =0,
or X2 +y?—4x—4y = 0. .. (2

Let Q(Xy, y,) satisfy (2) and Q bedifferent from A and B.



Then X+ Y7 —4x - 4y=0,04,y) # (4 0) and (x5, y1) # (0, 4) NE)
Now QA2+ QB? = (X —4)2+y?+ X+ (y1—4)?

X2 —8x, + 16 + y, 2+ x,2+y,2 —8y, + 16

2 (X% + y,2 — 4%y — 4y;) + 32

= 32 (byusing(3))

AB?

Hence QAZ+QB? = AB?, Q#A and Q # B.
Thismeansthat Q(x,, y,) satisfies (1). Therefore, therequired equation of locus is (2), whichis

thecirclewith AB asdiameter, deletingthepoints A and B. Though A and B satisfy equation (2),
they do not satisfy the required geometric condition.

4. Problem : Find the equation of the locus of P, if the ratio of the distances from P to
A(5,—-4) and B(7,6) is 2:3.

Solution: Let P(x,y) beany point onthelocus.

. - L . AP _2
The geometric conditionto besatisfiedby P is %=§.

ie, 3AP=2PB (D)
e, OAP? = 4PB?
e,  9[(x=5)2+(y+ 4] =4[(x-7)%+(y-6)7]
e, 9[x?+25—-10x+y2+16+8y] = 4[x%+49-14x +y?+ 36— 12y]
e, 5%% + 5y? —34x + 120y +29=0 - (2
Let Q(xy, yy) satisfy (2). Then 5x,? + 5y,?>—34x, + 120y, +29=0 .. (3)
Now 9AQ? = 9[x2+ 25— 10x, + Y, + 16 + 8y;]

= 5x,2 + By,? — 34x, + 120y, + 29 + 4x,? + 4y,> — 56x; — 48y, + 340

= 4[x2+y2— 14x,—12y; +49+36] (byusing(3))

4[(x =7+ (y,-6)] =4PB*
Thus3AQ = 2PB. Thismeansthat Q (x;,Yy;) satisfies(l).
Hence, therequired equation of locusis 5(x?+ y?) —34x + 120y + 29 =0.

5. Prablem: A(2,3) and B(-3,4) aretwo given points. Find the equation of locus of P sothat
thearea of thetriangle PAB is 85
Solution: Let P(x,y) beapoint onthelocus.

The geometric condition to be satisfied by Pisthat,

areaof APAB =85 (1)
1
e, SIXE-4)+2Aa-y)-3(y-3)| =85

e, |-x+8-2y-3y+9|=17
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i.e, | —x-5y+17|=17
e, —-X=-5y+17=17 or —-x-5y+17=-17
ie, X+by=0or x+5y=34

Therefore  (x+5y) (x+5y—34) =0

ie, X2+10xy+ 25y —34x—170y =0 (2
Let Q(X;,Y,) satisfy (2). Then
X;+5y; = 0 or x,+5y,=34 ..(3)

Now, areaof A QAB

1
E|X1(3‘4)+2(4‘y1)‘3(Y1'3)|
1
= E|—x1+8—2y1—3y1+9|
1
= E"X1‘5y1+17|

17

Thismeansthat Q(X;, y,) satisfies (1).

Hence, therequired equation of locusis
(X+5y) (x+5y—34) =0 or x%+10xy+ 25y>—34x—170y = 0.

Exercise 1(a)

1
2.
3

e

Find theequation of locusof apointwhichisat adistance5 from A (4,—3).
Findtheequation of locusof apoint whichisequidistant fromthepoints A (—3,2) and B (0, 4).

Find theequation of locusof apoint P suchthat thedistanceof P fromtheoriginistwicethe
distanceof P from A (1,2).

Find the equation of locusof apoint whichisequidistant from the coordinate axes.
Find the equation of locusof apoint equidistant from A (2,0) andtheY-axis.

Find the equation of locusof apoint P, the sguareof whosedistancefromtheoriginis 4 timesits
y-coordinate.

Find the equation of locusof a point P suchthat PA?+ PB2=2c? whee A =(a 0),
B=(-a0) and 0<|a|<]|c]|.

Findtheequation of locusof P, if thelinesegmentjoining (2,3) and (-1, 5) subtendsaright
angleat P.
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10.

Theends of the hypotenuse of aright angled triangleare (0,6) and (6,0). Findtheequation of
the locusof itsthird vertex.

Find the equation of the locus of a point, the difference of whose distances from (-5, 0) and
(5,0) is 8.

Find the equation of thelocusof B, if A=(4,0),B=(-4,0) and |PA -PB| =4.

Find the equation of the locus of apoint, the sum of whose distancesfrom (0, 2) and (0,—2) is 6.
Find the equation of thelocusof P, if A=(2,3),B=(2,-3)and PA+PB=8.

A (5,3) and B(3,-2) aretwofixed points. Find theequation of thelocusof P, sothatthe
areaof triangle PAB is 9.

Find the equation of the locus of a point, which forms a triangle of area 2 with the points
A(1,1) and B (-2, 3).

If thedistancefrom P tothepoints (2,3) and (2,-3) areintheratio 2:3, thenfindtheequation
of thelocusof P,

A(1,2), B(2 -3)and C (-2, 3) are three points. A point P moves such that
PA2 + PB2 = 2PC?. Show that the equationtothelocusof P is7x—7y+4=0.

0

Locusisthe set of points (and only those points) that satisfy the given consistent geometric
condition(s).

An equation of alocusisan algebraic description of thelocus. This can be obtained in the
followingway :

() Consider apoint P(x,y) onthelocus.

(i)  Writethe geometric condition(s) to be satisfied by P intermsof an equation or
inequation in symbols.

(i)  Apply the proper formula of coordinate geometry and translate the geometric
condition(s) into an algebraic equation.

(iv) Simplify theequation sothat itisfreefromradicals.

(v) Verifythatif Q(x;,y;) satisfiestheequation,then Q satisfiesthe geometric
condition.

The equation thus obtained is the required equation of locus.

—
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Historical Note

Analytic geometry, aswe know, grew out of the need for establishing algebraic techniquesfor
solving geometrical problems, theaim being to gpply them to the study of curves, whichareof particular
importancein practical problems. The coordinate method was systematically developed inthefirst
half of the 17th century intheworksof Fermat and Descartes.

Fermat dealt with plane loci, which according to him were collections of pointslyingina
plane; they are curves. Hesimplified therelated earlier work ascribed to Apollonius, by applying
algebrato geometry through the use of coordinates. He noticed that an independent equation in
two unknowns determines alocus of pointsin aplane.

John Wallis (1616-1703) described the second degree equation as representing curvesfor
thefirst timein 1656. He was pioneer to describe the conic sections asthe loci of the second
degree equations.

Euler later extended thework from planeloci to spaceloci and surfaces. .

Exercise 1(a)

. 1. x2+y> —-8+6y=0 2.6x +4y =3
3. 3%+ 3y? -8x—16y+20=0 4. % -y?=0
5 yY?—-4x+4=0 6. X°+y>—4y=0
7. Xty =@
1. 1. x2+y?’—x—-8y+13=0; (x,y) # (2,3)and (x,y) # (-1, 5)
2. X+y>—6x—-6y=0, (x,y) # (0,6)and (x,y) # (6, 0)
22 22
3. LY =1 4. XY =1
16 9 4 12
22
5. 2 4Y g
5 9
_ o 2
6. 16+ 72— 6ax—48=0. i.e, & 72) +i’_6=1

7. (5x—-2y-37)(5x-2y-1)=0
8. (Xx+3y-1)(2x+3y-9 =0

9. 5x2+5y?—20x—78y+65=0



Chapter 2

Inamsfovmation of Axes

"We transform a given mathematical set up into a
new one. By studying the new set up we discover some
property of it. We then invert the transformation to
obtain a property of the original set up”

- Howard Eves

I ntroduction

A planeextendsinfinitely indl directions. By drawing
X—axisand Y —axis, and dividing theinfinite planeinto four
quadrants, werepresent any point inthe planeasan ordered
pair of real numbers, which arethelengthsof perpendicular
distances of the point from the axes chosen. It isto be noted
that these axes can be chosen arbitrarily and thereforethe
position of theseaxesin the planeisnot fixed. They canbe
changed. When the position of axes is changed, the
coordinates of apoint aso get changed correspondingly.
Consequently, equationsof curveswill also be changed.
This process of transformation of axes will be of great
advantageto solve some problemsvery easily.

The axes can betransformed or changed usualy in
thefollowingways: (i) Trandation of axes (ii) Rotation of
axesand (iii) Trandation and rotation of axes.

Leonhard Paul Euler
(1707 - 1783)

Euler was a pioneering Swiss
mathematician and physicist, who
spent most of his life in Russia and
Germany. He published more
papers than any other mathe-
matician. Euler made important
discoveries in such diverse fields
as Calculus, Geometry, Trigono-
metry, Differential Equations,
Fluid mechanics, Graph theory,
Number theory and so on.
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2.1 Transformation of axes-Rules, derivationsand illustrations

Transformation of axes, sometimes, provesto be advantageousin solving some problems. We
discuss mainly two such transformations. One of these transformations, namely translation of axesis
discussed in the present section.

2.1.1 Definition (Transation of axes)

The transformation obtained, by shifting the origin to a given different point in the plane,
without changing the directions of coordinate axes therein is called a Translation of axes.

2.1.2 Changesin thecoordinatesby atrandation

of axes: Let OX and OY be the given coordinate Y Y
X P(x,Y)
axes. Supposetheorigin Oisshiftedto O' = (h, k) by P, V)
thetrandlation of theaxes OX and OY . Let O'x' and y'
O_'Y>’ be the new axesasshowninFig. 2.1. Then with o X N X'
reference to &) and W the point O' has k y
coordinates (0, 0). h
. . . . O L N X
Let P beapoint with coordinates (X, y) in
the system 62 and a() :and with coordinates Fig.2.1 Trandation of axes

(x, y) inthesystem o'x' and O'Y" .

Then O'L=k and OL =h.

Now X = ON=0L +LN
OL+OM
h+ X
PN =PM + MN
PM + O'L
= y+k

and y

Thus x= X +h, y=y+k; or X =x-h, y =y-k
2.1.3 Note
If theoriginisshiftedto (h, k) by trand ation of axes, then
(i) thecoordinatesof apoint P(x,y) aretransformed asP(x—h, y—k), and

(i) theequation f(x,y) =0 of thecurve istransformedas f(x + h, y' + k) =0.

2.1.4 Note: Thetrandation formulae alwayshold, irrespective of the quadrant in which the origin of the
new system happenstolie. For example,if h and k areboth positive, the displacement isto theright
and upwards; if h and k are both negative, itisto theleft and downwards. Similarly the other two
caseswould also be taken care of.
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2.1.5 Examples
1. Example: Whentheoriginisshifted to (— 2, 3) by trandation of axes, et usfind the coordinates of
(1, 2) with respect to new axes.
Here (h,K) = (=2,3). Let(x,y) =(1, 2) beshifted to (x, y') by thetrandation of axes.
Then (x,y)= (x—h,y—-k) =(1-(-2),2-3) =(3,-1).
2. Example: Whentheoriginisshiftedto (3,4) bythetrandation of axes, let us find the transformed
equation of 2x2 + 4xy + 5y? = 0.
Here (h, k) = (3, 4). On substitutingx= X' +3andy= y +4 inthegiven equation.
(asper Note 2.1.3 (ii)), weget
2(X+3)2+4(X+3)(y+4)+5(y +4)>=0.
Smplifying thisequation, we get
2X2+4X y+5y2+28X + 52y +146=0.
Thisequation can bewritten (dropping dashes) as
22+ 4xy + 5y?+ 28x + 52y + 146 = 0.

2.2 Rotation of axes- Derivations - Illustrations

The present sectionisintended to discussanother transformation, namely rotation of axes.

2.2.1Definition (Rotation of axes)

The transformation obtained, by rotating both the coordinate axes in the plane by an
equal angle, without changing the position of the origin is called a Rotation of axes.

2.2.2 Changesin the coordinates when the axesarerotated through an angle' 6’

Let P=(x,y) withreferencetotheaxes OX and OY . Let theaxesberotated throughanangle'g’
in the positive direction about the origin O, to get the
|
new system OX'and OY" asshownin Fig.22. With . v Y P(x

/
— — " y)’ (X” yb ',{
referencetothenew axes OX'and OY', let P= (x, y'). 9

0.
Sincetheangleof rotationis 'g", wehave
[1XOX' = [1YOY' = 8.

LetL, M bethefeet of the perpendicularsdrawn !

from P upon ox : ox'. The angle between the two L Q X

straight lines is equal to the angle between their
perpendiculars. Hence,

[LPM = [IXOX' = 8. Fig. 2.2 Rotation of axes
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Let N bethefoot of the perpendicular from M to PL.
Now X = O0OL=0Q-LQ

= 0Q —NM

= OM cos8 —PM sing

= X cose —y sne .. (1)
Also y = PL=PN+NL
= PN +MQ
= PM cose + OM sing
= y cos@ + X sing .. (2
Therefore x = X'cos0 —y'sin®, y=Xsin0 +Yycos0. .. (3)

From the above equations, thevaluesof X', y' canbefound as
X' =xcosh +ysinh, y =-xsin0 +y cos0 .. (4)

The results in (3) and (4) can beeasily remembered by thefollowing table.

X y'
X (6/05]3) —sno
y sne cos@

Theseresults can a so be expressed in matrix notation asfollows:

0 cosO® sinbO

= (X
xy) ( y') H—Sin 0 cos OE
, _ [Jcos® —sin O[]
and (X y')_ xy) Esine COSGH

2.2.3 Note

When the axes arerotated through anangle 'g°, then

(i) thecoordinatesof a point P(x,y) aretransformed as
P(x', y') =P(xcose +ysing,—xsing +ycose), and

(i) theequation f(x,y)= 0 of thecurve istransformed as
f(X cose —y sing, X sine + y cosp) =0.
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2.2.4 Example: Let usfind the coordinates of P (1, 2) with reference to the new axes, when the
axes are rotated through an angle of 30°.

Let P(x,y) = (1, 2) and (x, y') bethe coordinatesof P inthenew system.

V3 1 342
X =1(cos 30°) +2(sin 30°) = - + 2E = ‘/_2 _
: -1 3 -1+2J3
y =(-1)(sin30°) +2(cos 30°) = — * 2% =— E _
Therefore, the new coordinatesof P are H‘@ t2 , ~1+2/3 E
2 2

2.2.5 Note: If theoriginisshifted to (h, k) and then the axes are rotated through an angle '8, then
()  thecoordinatesof apoint P(x, y) aretransformed as

P(x, y') = (xcose +ysing —h, —xsin® +y cos8 —k), and
(i)  theequation f(x,y)= 0of thecurveistransformed as

f(X cos® —y sng+h, X sin@ + y cosé+k)=0.

2.2.6 Solved Problems
1. Problem : When the origin is shifted to (2, 3) by the trandlation of axes, the coordinates of a point
P are changed as (4, —3). Find the coordinates of P inthe original system.
Solution : Here (h, =(2,3); P(x,y)=(4,-3)
Then X=X +h=4+2=6
and y=y +k=-3+3=0.
Therefore, the coordinatesof P intheorigina systemare (6, 0).

2. Problem : Find the point to which the origin is to be shifted by the trandation of axes so asto
remove the first degree terms from the equation
ax?+ 2hxy + by?+ 2gx + 2fy + c= 0, where h?z ab.
Solution : Lettheoriginbeshiftedto (a , B) by thetrandation of axes. Then
X= X+0a, y=y+B.
On substituting these in the given equation, we get
a(X +o )?+ 2h(X +a )(y +B) + b(y +B)?+ 29(X +a) + 2f (y +B) + c= 0.
Onamplification, thisequation gives
ax? + 2y +by? + 2X(act + hB + g) + 2y'(ha + b + )
+aa?+ 2haP +bp?+ 2ga + 2B +c=0 (1)
If theequation (1) hasto befreefromthefirst degreeterms, then we have
aa+hp+g=0
and ha + bp+f =0.
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Solving these equationsfor o and B, weget

Therefore, the originisto be shifted to @EL _ bg gh- a1; E
-h ab-nh
Note: Thisresult can also beused asaformula
3. Problem : Find the point to which the origin is to be shifted by the trandation of axes so as to
remove the first degree terms from the equation
ax’+ by?+ 2gx+ 2fy+ c=0,where a z 0,b £ 0.
Solution : Herethe given equation does not contain xy term. Hencewriting h=0 intheresult of the

problem 2, therequired pointis E%,

- f

b O

4. Problem : Ifthepoint P changesto (4,-3) when the axes are rotated through an angle of 135°,
find the coordinates of P with respect to the original system.

Solution : Here (x ,y') = (4,-3); @ =135".
Let (X, y) bethecoordinatesof P. Then
X = X cose —y sn@

= 4.c0s135°—(-3) sin 135°

- B3

y = X sing + y' cose
= 4.sn135°+ (—3) cos 135°

- 43S

B 20 TR0 V2
Therefore, thecoordinatesof P with respect totheorigina system are , —&
B2 a2t

2h

1
5. Problem : Show that the axes are to be rotated through an angle of 2 Tan™
ta -

t
b@soas o

remove the xy termfromthe equation ax?+ 2hxy + by?> = O, if a # b and through the angle 17:,
if a=h.
Solution : If theaxesarerotated through anangle'g’, then
X= X €0SO — y'sSing; y= X'sin@ + y cose.
Therefore, thegiven equation transformsas
a(x cose —y' sing)?+2h (X cose — y' sing)(X sine + y' cose)
+ b(X sing + y cosp)?=0.
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Toremove x'y' term from the equation, we haveto equate the coefficient of x'y term to zero.
So, (b—a) sing cose +h(cos?e —sin?g) =0.

e hcos2g = %b sn2e

. 2h .

ie, tan26 = —, if azb
a-b

and hcos2e =0, if a=Dh.

1 BZh H. T
—— —1 = —_ =
Therefore 6 = 2 Tan EIa_bD,lfa:t band 6 2 if a=bh.

Note: Thisresult can also beused asaformula.

6. Problem : Whentheoriginisshifted to (-2, —3) and the axes are rotated through an angle 45°, find
the transformed equation of 2x?+ 4xy — 5y?+20x—22y — 14 = 0.

Solution: Here (h, k) = (-2, -3), 6 =45°,
Let (X, y') bethe new coordinatesof any point (x,y) inthe planeafter thetransformation.
Then x= Xcos® —ysne+h, y=x gne+ ycose +k
ie, X= X c0s45° — y' Sin45° —2, y= X' sin45° + y' cose —3

010 010 010 01

i.e, X=X B\/—EH—y' B\/—§H—2,y: X B\/—EH+ y 2@—3

) X' -y O Ox'+ y O
‘e PR B2V HeE?
On substituting these valuesin the given equation, we get

Ox-y0 O DOX-yd QUO% yo O, 00 % 0
200—0" 4 +*490——1 @Bo0g—— B3 & —§D3
M vz H H vz H GaH V25 B D% V200
Ox'-y 0O .0 _DOX+ yOo O
+20—F=0"24-20—F=9 B -14=
M0 7T “Bd 20 14=0

e, HX-y) (X -y)O, 002 -y?) _x=y) _(x+Yy)
o o P gt R g 2R

sHXEVY g gD 410500 —y) ~40 AIE(X +y) 466 44 0
0 2 V2 g
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L&, (X -Y)* +8-4V2(X —y) +2(x* -y ®) 62k ) W2k 4y) 24

—g(x'+y)2 —45+15J2(X +y) #10J2(% -y) —40 ANL2(k +) 466 44 D,
e, (X-y)?+2(X* -y?) —g(f( +y)? -1 =0 (groupingsimilar termsand cancelling)
e, XP+y?-2®y +2x% -2y? —g(kz +92 +2%Yy) 41 =0

1 12 7 2
SxX?2-Zy?-7Xy -1=0
X 5y y

e, x?2-7y?-14Xy -2=0

i.e.,

Hence, thetransformed equation (dropping dashes) is x* - 7y* —14xy —2 =0.

Exercise 2(a)

. 1. Whentheoriginisshiftedto (4,-5) by thetrandation of axes, find the coordinatesof thefollowing
pointswith referenceto new axes.

() (0,3 (i) (-2,9) (iii) (4,-5)

2. Theoriginisshiftedto (2, 3) by thetrandation of axes. If the coordinates of apoint P changeas
follows, find thecoordinatesof P intheorigina system.
(i) (4,5) (i) (-4,3) (iii) (0,0

3. Findthepoint towhichtheoriginisto be shifted so that the point (3, 0) may change to (2,-3).
Whentheoriginisshifted to (-1, 2) by thetrandation of axes, find thetransformed equations of the

following.
(i) ¥*+y*+2x—4y+1=0 (i) 2¢+y*—4x+4y=0
5. Thepoint to which theoriginisshifted and the transformed equation are given below. Find the
origina equation.
(i) (3,—-4); ¥*+y?*=4 (i) (=1,2); *+2y*+ 16=0.

6. Findthepoint to whichtheoriginisto be shifted so asto removethefirst degreetermsfromthe
equation
4x2+ 9y?—8x + 36y + 4 =0.

7. Whentheaxesarerotated through an angle 30°, find the new coordinates of thefollowing points.

() (0,5) (i) (2,9 (i) (0,0

8. When the axes are rotated through an angle 60°, the new coordinates of three points are the
falowing
() 3.4 (i) 7.2 (iii) (2,0)

Findtheir origina coordinates.
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9. Findtheanglethrough whichthe axesareto berotated so asto removethexy termintheequation
X2+ 4Axy +y?—2x+ 2y —-6=0.

II. 1. Whentheoriginisshiftedtothepoint (2, 3), thetransformed equation of acurveis
X2+ 3xy —2y?+ 17x—7y—11=0. Find the original equation of the curve.

2. Whenthe axesarerotated through an angle 45°, the transformed equation of a
curveis 17x?—16xy + 17y? = 225. Find the original equation of the curve.
3. Whenthe axesarerotated through an angle a, find the transformed equation

of xcosa +ysina =p.

4. When the axes arerotated through an angle g , find the transformed equation
of X2+ 2J3xy—y2=2a

5. Whenthe axesare rotated through an angle 1—: , find the transformed equation
of 3x?+ 10xy + 3y?=09.

Key Concepts

[J  Iftheorigin (0, 0) isshifted to (h, k) by the translation of axes, then
(i) thecoordinates (x, y) of apoint Paretransformed as (x—h, y—k), and
(i) theequation f(x,y) of thecurveistransformedas f(x'+h, y +k) =0.
[1  If theaxesarerotated through anangle '¢', then

(i) Thecoordinates (X, y) of apoint P aretransformed as
(X, y)=(xcos0 +ysin0, —xsin@ +Yycos0), and

(i) Theequation f(x,y) = 0of thecurveistransformed as
f (X' cosf -y sinB, X sin6 +Y cosf) =0.
[0 If theoriginisshiftedto (h, k) and then the axes are rotated through an angle'¢ ', then
(i) Thecoordinates(x, y) of apoint P aretransformed as
(X', ¥)=(xcos0 + ysin® —h, —xsin® +ycos0 —k), and
(i) Theequation f(x, y) = 0 of the curveistransformed as
f (X cosO -y sin® +h, Xsin® +y cos0+ k) = 0.
e e —————————————————————————————————————t
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Historical Note

Themethod of transformation of axesisan ingenius method employed by great mathematicians
to smplify their results. It isnoted that in 1748, Euler used equationsfor rotation and translation
in space to reduce the equation of general quadric surfaceto such aform that its principal axes
coincide with coordinate axes.

Exercise 2(a)

. 1 ()(~48) (i) (~6,9) (iii) (0,0)
2. (1) (6,8 (i) (—2,6) (i) (2,3)
3. (1,3
4. (HYX+y>-4=0 (i) 22+ y>—8x+8y+18=0
5 (i)x°+y>—6x+8y+21=0 (i) X2+2y?+2x—8y+25=0
6. (1, -2
7. () E%H (i) (2-+3, 1+243) (iii) (0,0)

2 2 ¢

8. () 33_3“6,3‘@;4% (ii)§_7_22‘/§,2_27‘/§% (i) (1, v3)
9. 45°

. 1 X°+3xy—2y>+4x—-y—-20=0
2. 25x2+0y? =225 3. Xx=p
4, x—y?=a? 5 8x2-2y’=9



Chapten'3

The' Straight Line

"As long as algebra and geometry have been
separated, their progress has been slow and their
usesarelimited; but when these two sciences have
been united, they have lent each other mutual
forces, and have marched together towards
perfection”

- Lagrange
I ntroduction

In the high school mathematics (in classes 1X
and X) the student is familiar with certain basic
concepts of coordinate geometry such as representing
apointin aplane by an ordered pair of real numbers
calleditscoordinates, the distance between two points,
the section formula, the area of atrianglein terms of
the coordinates of its vertices, the slope of a
nonvertical linewhentwo pointsonthelinearegiven,
standard forms of the equation of alineand itsgeneral
form, conditions for two lines to be parallel and
perpendicular. Now in this chapter we study various
resultsrelating to straight linesin much more detail.
Many resultsin this chapter can be proved by vector
methods aswell (see Mathematics- |A, Chapter 5).

In Chapter 1, the equation of alocusand locus of
an equation were aready discussed. We recall the

Euclid
(323-283B.C)

Euclid, also known as Euclid of
Alexandria, "The Father of
Geometry" was a Greek
mathematician of the Hellenistic
period who flourished in
Alexandria, Egypt, almost
certainly during the reign of
Ptolemy. His Elements is the
most successful textbook in the
literature on mathematics.
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equation of alocuswith particular referenceto astraight line. Thustheequation of astraight lineisanagebraic
conditionwhichissatisfied by every point onit and by no other point.

Henceapoint liesonastraight lineor not according asthe coordinates of the point satisfy the equation
or not. For example, the coordinates of the point (-2, 3) satisfy the equation 2x + 3y—5=0whereasthose
of thepoint (-1, 1) do not satisfy the equation.

3.1 Revision of fundamental results

The present section is devoted to discuss some basic concepts of coordinate geometry that are
covered in lower classes.

3.1.1 Horizontal lines and Vertical lines

Generally, any pair of perpendicular linesin aplane can be chosen as the axes of coordinates.
But in practice, itiscustomary to draw the X —axisasahorizontal lineand the Y—axisasavertical line.
For thisreason, linesdrawn parallel to the X —axis arereferred to as horizontal lines and those lines
drawn parallel tothe Y—axisarereferred to as Vertical lines. The y—coordinate of every point on the
X —axisiszero. (i.e.) every point onthe X —axissatisfiesthe equationy = 0. Conversaly, if any point has
its y-coordinate equal to 0, then the point lieson the X —axis. Therefore, the equation of the X —axisis
y = 0. Similarly the equation of the Y —axisis x= 0.

Consider a straight line drawn parallel to the AY
X —axisat adistance k from it and lying above the

X —axis. The ordinate of every point on thislineis k. Horizontdl liney=2

Conversely, if apoint is at a distance k from the i
X —axisand liesabovethe X —axis, then the point lies ' < X-axisy =0 %
on the above horizontal line. As such, the equation _(i__

y=k issatisfied by only those pointsthat lieonthisline Horizontal liney=-2_

and hence, y= k isthe equation of the horizontal line < —2W i
whichisat adistance k fromthe X—-axisand lying _
abovethe X —axis. Flg.3.1

Similarly y = — k is the equation of the
horizontal line which is at a distance k from the 0 YA A
X — axis and lying below the X — axis for k = 2 ¥ <

. 1 1

(seeFig. 3.1). Eci - ch

In asimilar way, it can be observed that the - x =
equation of the vertical line passing through the point -%’ & %
(X0, 0) onthe X —axisisx = X,. (Here the distance of Y < => e > R > oy
thislinefromthe Y —axisis|x|). Alsothelineliesto 54 3-2-10 12 3 |4
theright of the Y —axis if xy> 0and to theleft of the v Y'Y \/

Y —axisif (x, <0) (seeFig. 3.2).
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3.1.2 Thedopeof astraight line
Definition

If a non-vertical straight line L makes an angle g with the X —axis measured counter -

clock wise from the positive direction of the X —axis, then tang is called the slope or gradient
of the line L. The slope of a nonvertical straight line is usually denoted by m.

3.1.3 Note

(i)  Avertical linemakesaright anglewith the X —axisand AY
therefore, the slope of avertical lineisnot defined.

L
(i) If astraight lineisparallel tothe X — axis, then 6 =0°
and sincetan 0° = 0, the lope of ahorizontal lineis 0.
' 0 0
X' < /

(i) If 8 isacute, tan g ispositiveandif g isobtuse, tan 6 §<
isnegative(see Fig. 3.3and 3.4) g
Y
(iv) Thesdgnof tan @ indicatesto which sideof the X —axis Fig.3.3

thestraight lineisinclined. Also the magnitude of tan 6
givestheamount of steepnessof thelinewith the X —axis. LAY
Hencetan 6 iscalled theslopeof theline. \

(V) Thevariationof g isintheinterval 0< 6 < 1. \(Q
0
(vi) X' <

If L, and L, aretwo non-vertical straight lineswith

< ;x
sopes m; and m, and if 64, 6, are the angles in \
[0, r) suchthat m =tang, and m,=tang,, then

vy
LillL; = 81=6:
- tang,=tang, (- 0<0,, 6,<m) Fig. 3.4
= | my=m,| (seeFig. 3.5) LAY
"N

T
andLy DLy« 10:-04= 3 L \(\
O mnQd \<\9 0
« cot(g;—0,) = cot BtEH:O X' < Q \ZA » X
(c-m<(0,-0)<m \
- l+tang,tanp,=0 Yy

- (see Fig. 3.6) Fig.3.5
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(vii) If anon-vertical straight line passesthrough the points
Y17 Y2
XX
for any two pointson thisline, theratioof (y,—Y,) to

(X1, yo) and (X, ¥»), thenitsslopeis .Infact,

(X, —X,) isaways aconstant.

3.1.4 Intercepts

Fig. 3.6

Definition

If astraight line L intersectsthe X —axisat A (a, 0) andthe Y —axisat B(O, b), thena and
b are respectively called the X —intercept and tth —intercept of theline L. Depending on
the values of a and b, the position of the line AB isasgivenin Fig. 3.7.

Y

N

B(0,b)

A(a,0)

Y

ot

B(0, b)

X 0 \ X X

a>0,b>0

YI
Fig.3.7(a)

/ A(a, 0) o)

a<0,b>0

Y

Y
Fig.3.7(b)

L

-

V
B(0, b)
AN

Fig.3.7(c)

o) / A(a,0)

B(0, b)
a>0,b<0

YI
Fig. 3.7(d)
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3.1.5 Note

1. A straight line passesthrough theoriginif and only if the X —intercept and the Y —intercept of the

straight lineare both equal to zero.
2. The X —intercept of ahorizonta lineisnot defined.
3. TheY —intercept of avertical lineisnot defined.

3.1.6 Theequation of a straight linein slope - inter cept form

Theorem: The eguation of the straight linewith slope'm' and cutting off Y—intercept 'c' isy = mx+ c.

Proof : Let L bethestraight linewith dopem and cutting off anintercept 'c' ontheY-axis (seeFig. 3.8).

Clearly B (0, ¢) O L.

Also, if apoint P(x,y) inthe XY —planebelongsto

- _y
L, then m=dopeof L= —

i.e, y=mx+cC.
Conversely, if P (x, y) sdatisfies the equation
y=mx+ c,then P =(0,¢) if x=0andso,PU L. For

—C_ slope of é_l; andinthis

x # 0,dopeof L=m= Y

case, é_ls andL arepardld. But L containsB, and therefore,

L and BP areoneand thesameline. Accordingly PUL.

Y
\ B(0,¢)
P(X,y)
A
X
o) \
L
Y
Fig.3.8

Therefore, the equation y = mx + cissatisfied by only those pointswhich belongto L. So, the

equationof L is| y=mx+c|.

(Thisisknown asthe equation of thelinein dope-intercept form).

3.1.7 Note: Thedtraightline y= mx+ c passesthroughtheoriginif ¢=0. Thustheequation of the non-
vertical straight line passing through theorigin and having dope m is y = mx.

3.1.8Example: Findtheequation of thestraight linemaking an angleof 120° with the positivedirection of
the X —axis measured counter-clockwise and passi ng through the point (0, —2).

Solution Slopeof theline m= tan 120° = —/3 and the Y -intercept of theline c¢= —2. Hencetheequation
of theline, using slope-intercept form, is y= —y/3x—2 or y3x+y+2=0.
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3.1.9 Theequation of a straight line - I nter cept form
Theorem : The equation of the straight line which cuts off non-zero interceptsa and b on the

X—axisandtheY—axisr&qJectiverisg +% = 1 v

Proof : Thegraight lineL which cutsoff intercepts a andbon \
the X —axisand Y —axis respectively meets the X — axis at
A (a, 0) and the Y — axis at B(0, b). Therefore,

b-0_ b
thedopeof theline L =——=——. X' A(a,0)

O-a a ¢} X
Hence, the equation of L, by the slope-intercept form, is \

b
- @z@wb

. LY Fig.3.9
e, | —+==1|.
a b

3.1.10 Example: Findthe equationsof the straight line which make interceptswhose sumis 5 and
productis 6.

B(0, b)

Solution : If a and b aretheintercepts of the line on the axes of coordinates, then by hypothesis,
a+ b=5 andab= 6. Solving these equationsfor aand b, we obtain
a=3,b=2 ora=2 b=3.

If a=3,b=2;theequation of thelineis =+ =1(i.e) 2x+3y—6=0.

3 2
If a=2,b= 3theequat|onofthel|ne|sg+%—1 (i,e) 3x+2y-6=0.

3.1.11 The equation of a straight line in point-slope form
Theorem : The equation of the straight line with slope m and passing through the

point (X, y1) isy—y; = m (X —Xy).

Proof : Equation of any straight linewith slopem isof the N
form y=mx+ c.
Thisline passes through the point A(x;, ;) (seeFig. 3.10) L
ifandonly if c= y;—mx;,. /{%Xl'yl)
Therefore, the equation of thelinewithslope m and 9
containing the point (xy, ;) is X' = o) =X
y—-mx=C=Yy; —Mx;
e, | y-yi=mX—x,)| .
3.1.12 Example: Find the equation of the straight line /
which makes an angle 135° with the positive X — axis Y
measured counter-clockwise and passing through the point Fig. 3.10

(=2, 3).
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Solution : Theslopeof thegiven straight line=tan 135°=—1 and apoint ontheline is (-2, 3). Hence,
by point-slope form of the equation of aline, y—3=(-1) (x+2) (or) x+ y—1=0 isthe equation of
thegivenline.

3.1.13 The equation of a straight line — Two point

form Y
Theorem : The equation of the straight line passing '-\
through the points A(X;, y;) and B(X,, Yy,) is \
(X = X) (V1= ¥2) = (¥ = YD) (X = Xo). Neié
Proof : Let L bethestraight line containing the points \%yz)
A(Xy, y1) and B(x,, ¥,) (seeFig. 3.11). X = o) \;X
Case 1: Suppose L isnon-vertical. Then x; # X, and
slopeof thelineL = Ny |
X1~ X2
Therefore, theequationof L is, Y
MY Fig. 3.11
y—y1= ET_XZ E(X—x])
(ile) (X=x)(y1—Y2) = (Y= Y)(X1—X2) (1)

Case2: Suppose L isvertical. Then X; = X, and y; # Y.
Equationof L inthiscase, is X=X,
(see 3.1.1) which can be written in the form (1).

Therefore, equation of the straight line containing A and B is
(X =X)(Y1—=Y2) = (Y =YD (X— %) |

3.1.14 Note
1. ThreepointsA(Xy, Y1), B (X5, ¥,) and C(xs, y3) are collinear.

>
- C OAB

C(xs, y5) satisfiesthe equation of <A_I_g,

(Xz=X)(Y1—Y2) = (Y3~ YD) (X1 — X2)

X1 (Y2—Y3) + Xo(Yz— Y1) + X3 (Y1—Y2) =0
¥ ¥ 1

- Xo Yo 1| =0|.

X y3 1

8

i

8
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2. Theexpression Y x(Y,—Ys) equalstoOif A, B, Carecallinear. If A, B, C are non-collinear, then
> X(Yo—Ys3) # 0 and equalstwicetheareaof A ABC inmagnitude (disregarding the sign).

3. Equation of thestraight line containing (X, y;) and (X,, y,) canalso bewritten as

3.1.15 Example: Findthe equation of the straight line passing through the points (1, —2) and (-2, 3).

: : . . . . 3+2 5
Solution : The slope of the straight line containing the points (1, —2) and (-2, 3) is %_1 =-3-

Hence, by the point-slope form 3.1.11, the equation of the line containing the above two pointsis

5
y+2= —3 (x-1)
(i,e) 5x+3y+1=0.
3.1.16 Solved Problems

1. Problem: Find the equation of the straight line passing through the point (2, 3) and making
non-zero intercepts on the axes of coordinates whose sum s zero.

Solution : Let the intercepts made by the straight line on the coordinate axesbe a,—a(a#0). Then
the equation of the straight lineis §+_—’;1 =1 (i.e)x—y=a

If thisline passesthrough (2, 3), thena=2-3=-1.

Hence, equation of therequired lineisx—y+1=0.

2. Problem : Find the equation of the straight line passing through the points (atlz, 2at;) and
(at5, 2at,).
Solution : Theequation of the straight line containing thepoints(atlz, 2at;) and (at%, 2at)) is

(x— atlz) (2at; — 2at,) = (y — 2at;) (atlz—atg)

(i.e) 2(x—at?) = (y—2aty) (t, + t,) (rt2t))
(i.e) 2x—(t,+1t)y+2att,=0.
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3. Problem : Find the equation of the straight line passing through A (-1, 3) and (i) parallel
(i) perpendicular to the straight line passing through B (2, -5) and C (4, 6).

. . .= 6+5 1
Solution : Slope of the straight line BC = 12 2

()  Slopeof any straight line parallel to E(E isaso 151 and hence, the equation of thelinethrough A,
parallel to BC isy—-3= 1El(x+ 1) ie,1lx—-2y+17=0.

(i)  Slope of any straight line perpendicular to EE: IS _—121 and hence the equation of the line
through A, perpendicular to E(E isy—-3= _1—12 (x+1) (or) 2x+ 11y-31=0.

4. Problem : Provethat the points (1, 11), (2, 15) and (-3, —5) are collinear and find the equation
of the straight line containing them.
Solution: Let A =(1,11), B =(2, 15) and C = (-3, -5) bethe given points.

<« 15+5
Thendopeof BC = 2+3 -

4.

>
0 Equationof BC isy+ 5=4(x+3) ordx—-y+7=0.
Also4(1) -11+7=0. Hence A(1, 11) satisfiesthe equation of é_é.Accordineg, A,B,Care
collinear and the equation of theline containing themis4x—y+7=0.

3.1.17 Note

One of thefollowing methods can be used for showing that three given points A, B and C are
collinear.

1. Sumof two of thedistances AB, BC and CA isequal to thethird.

¥ n 1
2. Y X(Yo—Yy3)=0(or) [X Y, 1f =0whenA, B, Carerespectively

Xa Yo 1
(X,Y);r=1,2,3. 37
3. Thedopesof thelines Xé and Eé areequal (if the abscissae of the points are distinct).

4. Findtheequation of theline AB and show that C satisfies the equation of :A_é.

Exercise 3(a)

. 1. Findtheslopesof thelinesx+y=0andx—-y=0.
2. Find the equation of the line containing the points (2, —3) and (0, —3).
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Find the equation of the line containing the points (1, 2) and (1, —2).

Find theanglewhich the straight line y = J3x-4 makeswiththeY —axis.

Write the equation of thereflection of thelinex=1intheY —axis.

Find the condition for the points (a, 0), (h, k) and (0, b), where ab# 0, to be collinear.

Write the equations of the straight linesparallel to X —axisand (i) at adistance of 3 unitsabove
the X — axis and (ii) at adistance of 4 unitsbelow the X —axis.

Write the equations of the straight linesparallel to Y —axisand (i) at adistanceof 2 unitsfrom
theY —axistotheright of it, (ii) at adistanceof 5 unitsfromthe Y —axistotheleft of it.

Find the slopes of the straight lines passing through the following pairs of points.
(i) (-3,8),(10,5) (i) (3,4, (7,-6)
(i) (8,1), (-1, 7) (iv) (=, a), (0, ) (pq = 0)

Find thevalueof x, if the slope of the line passing through (2, 5) and (x, 3) is2.

Findthevalueof vy, if thelinejoining the points(3,y) and (2, 7) isparalld to thelinejoining the
points (-1, 4) and (0, 6).

Find the dopes of thelines(i) parallel to and (ii) perpendicul ar to the line passing through (6, 3)
and (-4, 5).

Find the equations of the straight lineswhich makethe following angleswith the positive X —axis
in the positive direction and which pass through the points given below.

() E and (0, 0) (ii) g and (1, 2)
(i) 135°and (3, -2) (iv) 150° and (-2, —1).

Find the equations of the straight lines passing through the origin and making equal angleswith
the coordinate axes.

The angle made by astraight line with the positive X —axisin the positive direction and the
Y -intercept cut off by it are given below. Find the equation of the straight line.

(i) 60°,3  (ii)1500,2  (iii) 45°,—2 (iv)Tan-%@:s
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8. Find the equation of the straight line passing through (—4, 5) and cutting off equal and nonzero
intercepts on the coordinate axes.

9. Findthe equation of the straight line passing through (-2, 4) and making non-zero intercepts
whose sumiszero.

[11.1. Findthe equation of the straight line passing through the point (3, —4) and making X and
Y —interceptswhich areintheratio2: 3.

2. Find the equation of the straight line passing through the point (4, —3) and perpendicular to the
line passing through the points (1, 1) and (2, 3).

3. Show that the following sets of pointsare collinear and find the equation of thelineL containing
them.
() (=5,1),(5,9),(10,7)
(i) (a,b+c),(b,c+ a),(c,a+ b)

4. A(10,4),B(—4,9) and C(-2, —1) arethe vertices of atriangle. Find the equations of

(i) AB (ii) the median through A
(i) thedltitudethroughB  (iv) the perpendicular bisector of the side AB.

3.2 Straight line- Normal form - [ llustrations

We now prove the theorem relating to the normal form of the equation of astraight line which was
not discussed in the previous class.

3.2.1 Theorem : The equation of the straight line, whose distance fromthe originis p and the
normal ray of which drawn from the origin makes an angle a with the positive direction of the
X —axis measured counter clock-wise, is xcosa + ysina = p.

Proof : Let astraight lineL meetthe X —axis at A and e " Y
theY —axisat B. ~

Let N bethefoot of the perpendicular drawn }l\
from theorlglntothestralghtI|neL and ON =p. Also e
let ON makeangle o with oxX (seeFig. 3.12(a), (b), 7 g
() and (0)) .
T 3] A/
O = , & \0
Observe that o @, > ® and O<a <2TC., 5 A X
F A AON ON _ cos
rom . oA = |cosa| (or) by
Fig. 3.12(a)
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% Y |
B - -
X' X
Ny
X /A o X
2
Fig. 3.12(b) Fig. 3.12(0) Ly
ON p
OA:|cosa|:\cosa\ Y
ON
From ABON, 5 = |sina| (or) . o A .
N ___p_ | - X
OB = |sina| |sinal
O0A=(pseca,0) and B=(0,pcosc a)
Hence, the equation of thestraight line L (by 3.1.9)
Fig. 3.12(d)
IS X y =1
pSeCa P COSEC a
(i.,e) xcosa +ysna=p.
Y E
If, however, thestraight line L does not intersect one of T ]
theaxesof coordinates, then L isparallel to oneof the axesof
coordinates. If L ispardle tothe X —axis, thenthe equation of P
L iseither y=p ory=—p(seeFig.3.12(e) and 3.12 (). But ':
: _ LU . T x O F X
then, these equations can be written as x cos > +ysin 5= p . Fig. 3.12(0)
.3 . e Y -
a”ldxcos%-[ +ysn ?T[ =p respectively. Smilarly, if theline L
isparale totheY —axisat adistance p from the origin, its Y
equation can also beexpressedintheform xcosa +ysna =p o E
where a iseitherOor . M I
Therefore, theequation of any line L canbeexpressedin p
theform !
Xcosa tysna =pwherep > 0and0< a <2T|. , F -
Y Fig. 3.12(f)
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3.2.2 Example: Find the equation of the straight line whose distance from the origin is 4, if the
normal ray from the origin to the straight line makes an angle of 135° with the positive direction of
the X —axis.

Solution : Theequation of thegivenlineis xcosa +ysina =p where p=4and a =135° (i.e)

XH\_/%H-'- yEJ%H:4 (o) x—y+ 442 =o.

3.3 Straight line- Symmetricform

Another useful form of the equation of alineisthe symmetric formwhichis stated below.

3.3.1 Theorem : The equation of the straight line passing through (x;, y,) and making an angle
8 with the positive direction of the X —axis measured counter - clock wiseis

(X—X;) :cos B = (y—y,:sinae.
Pr oof _
Casel: Supposetheline L passing through (x;, y;) and making anangle 6 with OX inthe positive

directionisnon-vertical. Then 6 # g andtheslopeof L =tan 6.

Theequationof L from thepoint-slopeformis
0sin6 0 .
y—y;= ED_OSOB (Xx=X%;) (or) (x—X;):cos 8 = (y—y,):sine.

Tt

Case2: If L isvertical,then g = >

andso,cos® =0andsin 6 =1. SinceL contains (X, Y,), equation
of L is, therefore, x = x;

I.e., (X=X sine =(y—y;) cos o (or) |(x—%;):cos6 = (y—y,) :Sne|

3.3.2Note: Thesymmetric form of the equation of astraight lineL is
(Xx—x;):cos 8 = (y—-y,:Sine
(i,e) X=X, =rcos®, y-y;=rsin@ wherer OR.

Here |r|=+/r? =\/(rcosg)® +(rsin)? =/(x —x)* +(y —%,)* -

Thatis, | r | denotesthe distance of the point (xy, y;) fromthe point (x, y) onthestraightline. As
the point (X, y) variesontheline, r asovaries. Thisvariable r which can assume any real valueis
caled aparameter. Therefore, givenapoint P(x, y) on L, thereexistsarea number r such that
X=X +rcos e, y=y,;+rsng arethecoordinatesof thepoint P. Conversely, the point with coordinates
(X, trcos 6, y;+rsin @), for different parametric valuesof r, always liesonthelineL asit
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satisfiesthe equation (x—x,) : cos® =(y—y;) : sin 6. For thisreason, the equationsx = x,+ r cos 8,
y= Yy, +rsin 0 arecalledthe parametric equationsof the straight lineL and the parameter r
variesover theinterval (-« , « ). It can also be observed that the parameter r ispositivefor points
which lieon one side of the point (x4, y;) on L and r isnegativefor pointson the other side of the point

(X5, yp) on L.

3.3.3 Example: Write the parametric equations of the straight line passing through the point
(3, 2) and making an angle of 135° with the positive direction of the X — axis in the positive
direction.

Solution : Inthe parametric form of the equation of astraight line, 6 = 135° and (X, Y1) = (3, 2).

So, the parametric equations of the given straight line are x = x;+r cos 8 = 3 — ﬁ and
r
=y;+rsine =2+ —-=.
Y=%1 5

3.3.4 General form of theequation of aline: Hereunder, we prove that the locus of alinear
equation intwo variables x and y isastraight line. In view of theforegoing result, alinear equationin
x and y isknown asthe general form of the equation of aline.

Theorem

(i)  Theequation of astraight lineinthe XY — plane can be expressed as afirst degree equation
in xand vy.

(i) The locus of a first degree equation in x and y isa straight line.

Proof : Werecall that afirst degree (or linear) equation intwo variables x and y isan equation of the
formax + by + ¢ = 0, where & +b* 20,

(i) Suppose L isastraight lineinthe XY — plane. Then,if L isnotvertical, itsequationin slope-
intercept formisy=mx+c (or) mx+ (—-1)y+c=0whichisclearly linearin x and y (since
b=-1#0).

If Lisvertical, thenitsequationisof theform x =k for somereal k and this can be expressed as
1.x+0y+ (k) =0whichisagainlinearinxandy (Here a=1 # 0).
(i) Consider afirst degree equationax+by+c=0in xand y.

If b=0,then a*+b*#0 givesa z 0and in this case, the above equation can be written as

X= %C . Clearly thelocus of thisequationisavertical line. If, however, b z 0, then the equation

ax+by+c=Ocan beexpressedinthefOFm y= %%ﬁxiﬁ—% =MmX +k,where m=%a.80,

the graph of thisequationisa non-vertical straight line with slope —_ba .
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3.3.5 Note

(i)

(i1)

Theform ax+ by+ ¢ = 0 of the equation of astraight lineis called the General form of the
equation of aline.

Thelinear equation ax+ by+c= 0 representsavertical lineif b=0and a non-vertical linewith

slope _—ba if b#0.

3.3.6 Theorem : Suppose L, and L, are two straight linesin the XY — plane with equations
a;Xx+by+c,=0 and a,x+b,y+c,=0 respectively. Thenthelines L; and L, areparallel
if and only if a;b, = a,b;.

Proof : Suppose L;andL,areparallel lines.

In case both theselines are vertical, wehave b; =0 and b,=0sothat a;b,= 0= a,b;.

If L, and L,arenon vertical, then b, # 0 and
L,|| L, O slopeof L, =sdlopeoflL,

-a _ -3
U T h

O alb2: azbl.
Conversely, suppose L, and L, areapair of straight lines such that
a;b, = a,b; . (D
Weobservethat b;=0 < b,=0
So, if one of thelinesisvertical, thenthe other isalso vertical and thus L, || L.

& _

If neither b, nor b, iszero, thenfrom (1), it followsthat % (i.e) slopesof L,;andL,are

equal. Accordingly L, || L.

3.3.7 Theorem : Two first degree equations a;x+ b,y+ ¢, = 0 and a,x+ byy+c,=0 in
x and y represent the same straight lineif and only if a;: b;:¢c;,= a,: b,: C,.

Proof : Supposethetwo equationsa;x + by + ¢, = 0 and a,x+ b,y + ¢, = O represent the same straight
line. Then by theorem 3.3.6, it followsthat a;b, = a,b; .. (1)

If b;=0, then a; # 0 andfrom (1), weget b,=0. So, in thiscase, the equations can bewritten as

c
x= —= and x = —2. Since these equations represent the same vertical line, we must have
2
a9-% (or) ayc,=a,c ie, a:¢=a:C, (2
)

Thusfrom (1) and (2), weobtain a;:b;:¢c,= a,:b,:cC,.
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If by, # 0, thenfrom (1), b, # 0. Writing k= % we get , from (1), a; = ka,.

Also, since %) _—ggwtisfi&stheequation X+ b y+c, =0, itasosatisfiesa,x+ b,y+c,=0.
O O

[~c, 0 .
Hence, b, —0O+¢C, =0 (i.e) ¢, = kc,.
0 b0
Thus there exists a non-zero number k such that a, = ka,, b, = kb,, and ¢, = kc,. Hence
a;:by:c= a,:by:c.

Conversely, if a;:b;:cy = a,:b,:c,, thenfor somereal number k # 0, we have
a, = ka,, b; =kb,, and c; = kc,. Since

a;x+b,y+c, =0
- k(ax+b,y+c,)=0
o a,x+b,y+c, =0,

the equations a;x+ b;y+c¢; =0 and ax+b,y+c,=0 represent thesameline.

3.4 Straight line- Reduction intovariousforms

In this section, we explain how the general form of the equation of a straight line can be
reduced to the intercept form and the normal form.

3.4.1 Reduction of theequation ax+by+c=0; abc # 0of astraight line totheintercept
form

If abc # O, thenax+ by+c=0

O-aQd _  0O-kJ
e “H ¥ =1
O0-cO0 0O-4]
- an
Therefor X+y—1'th'ntr t formof ax+ by+¢c=0 d_—C d_—C
e Oe’D—c;D—o]_ istheintercept form of ax+ by+ c=0an aan bare
Hal H e

respectively the x-intercept and the y-intercept of theline.
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3.4.2 Reduction of theequation ax +by + ¢ = 0 of astraight lineto the normal form

Since ax+ by+c=0islinearin xandy, wehave a?+ b? # 0. Therefore,ax+ by+ c=0

& x+ D y = __—c (A)
\/8.2+b2 \/a2+b2 /az +b?
2 Ex%ﬁa‘b Ay = —= ®)
Na*+b*0 [Ova’+b’0 va? +b?

If ¢<O, then (A) isthenormal form of the equation of thelineandif c¢>0, then (B) isthe
normal form of the equation of theline. Observethat in the normal form of the equation of theline,

<]

a2+b2

3.4.3 Note

1.  Toreducethegeneral form of the equation of astraight line ax + by + ¢ =0to the normal form,
rearrange the terms of the equation so that the constant term is on the right hand side and is

whichisthedistance of the straight line from the origin is non negative.

non-negative. Then divide the equation throughout by /a2 +b? . Theresulting equation will bein
the normal form astherewill beonly one ain [0, 2m), satisfying

a b
cosa = \/ﬁ,andsina = —— or
a +b Va +b?

a . b
c0so=—————,and sSna= .
[a2+b2 /a2+b2

=

2. Theperpendicular distance of the straight lineax + by + c= 0fromthe originis |—

3.4.4 Example: Transformtheequation x+y+1=0 intonormal form
Solution : X+y+1=0
AN
2 2 J2
xc:055—1T +ysn Sm_ L.
- 2 N TR
. . . 5n _5m 1
Hence, thenorma form of the equation of thegiven straight lineis xcosj +ysn il E andthe

1
distanceof thislinefromtheoriginis —.
ST
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3.4.5 Solved Problems

4
1. Problem : A straight line passing through A (1, —2) makesan angle Tan™ 3 with the positive

direction of the X — axis in the anti-clockwise sense. Find the points on the straight line whose
distancefrom A is 5.

4 0
Solution: The parametric equations of thelinethrough A(1, —2) and whosedopeis 3 H tan 6 = 55

ae x=1+4+rcos®=1+r %ﬁ and y=-2+rsne==22+r Sﬁfﬁ

Thepointsontheabovelineat adistanceof |r | =5correspondtor = +5inthe above equationsand
aretherefore (4, 2) and (-2, -6).

2. Problem : Astraight line parallel totheline y= /3x passesthrough Q(2, 3) and cutstheline
2X+4y—-27=0 at P Findthelength of PQ.

Solution: Since % is parallel to the straight line y = /3x, slope of % = /3 and therefore,

PO makes 60° with OX in the positivedirection (seeFig. 3.13).
Hence, the coordinates of Pare (2 + r cos60°, 3+ r sin 60°).

(i.e.) %+L2,3+§ rE where |r | =PQ.

Sincethepoint P liesonthestraight line
2x+ 4y—27 = 0, we must have

2&+LH+4E3+@rE:27.
O 20 2
Thisgives r = 2~/3—1 and therefore,
PQ=|r|=2V3 -1
3. Problem : Transform the equation 3x+ 4y+ 12 =0 into
(i) sope-intercept form (ii) intercept formand (iii) normal form.

Solution
(i) Sope-intercept form: Fig. 3.13
X+4y+12=0

o dy=—3x—12

e

0 Slope= —% and Y —intercept = -3.
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(i) Interceptform:
3X+4y+12=0

0 X —intercept of thelineis—4 andtheY —interceptis—3.
(@ii)  Normal form:
3X+4y+12=0
e —3x—-4y-12=0
O30, 0 4 _12
P —mX - =
Hst B8 s

. 12
- Xoosa+ysina=p where p= =

3 . 4 . .
and coso = o sin o = G determinetheangle o in (0, 2n).

(Notethat o liesinthethirdquadrantand o = n + Tan™ (4/3)) .
4. Problem : If the area of the triangle formed by the straight lines x=0, y =0 and
3x+4y=a(a>0) is 6, findthevalueof a.

X

Solution: Thestraight line 3x+4y=a (or) @* B!% =1 hasintercepts % and % on the axes of
B0 [¥O

coordinates. Therefore, the area of the triangle formed by thisline and the axes of coordinates

1 a a’
= =X =X == —
2 3 4 24
2

But :—4:6 0 a&=144 0 a=12 (0a 0)

Exercise 3(b)

I. 1. Findthesum of the squaresof theinterceptsof theline4x— 3y = 12 on the axes of coordinates.

2. If theportion of astraight lineintercepted between the axes of coordinatesisbisected at (2p, 2q),
writethe equation of the straight line.
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If thelinear equationsax+by+c=0(abc # 0) and Ix+my+n=0represent thesameline

n . .
o writethevalueof r intermsof m and b.

and r= L
a
Find the angle made by the straight line y = —/3x +3 with the positive direction of the X —axis

measured in the counter-clockwise direction.

Theinterceptsof a straight lineontheaxesof coordinatesare a and b. If p isthelength of the
perpendicular drawn fromtheoriginto thisline, writethevaueof pintermsof aand b.

Inwhat follows, p denotesthedistance of thestraight linefromtheoriginand o denotestheangle
made by the normal ray drawn from the origin to the straight line with OX measured in the
anti-clockwise sense. Find the equations of thestraight lineswith thefollowing valuesof p and o .

() p=5 o =60° (i) p=6, a =150°
(i) p=1 a =77" (iv) p=4, a=90°
(v) p=0, a=0 Vi)  p=2vV2, a=57“

Find the equations of the straight linesin the symmetric form, giventhed opeand apoint ontheline
ineach part of the question.

1
(i) V3,293 (ii) -ﬁ(-ZO) (i) -1 (11)

Transform thefollowing equationsinto (a) dope-intercept form (b) intercept form and (¢) normal
form.

() 3x+4y=5 (i) 4x-3y+12=0
(iii) V3x+y=4 (iv) x+y+2=0
(V) x+y—2=10 (Vi) 3x+y+10=0

Tt
If the product of theintercepts made by the straight linextan a +yseca = 1 EDS a< E@on

the coordinateaxesisequd to sin o, find o .

If the sum of the reciprocals of the intercepts made by a variable straight line on the axes of
coordinatesisaconstant, then provethat theline aways passes through afixed point.
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Line L hasintercepts a and b ontheaxesof coordinates. When the axes are rotated through
agivenangle, keepingtheoriginfixed, thesameline L hasintercepts p and qonthetransformed

axaProvethatiz+i2=i2+i2.
a~ b® p° q

Trandformtheequation §+% = lintothenormd formwhen a>0and b>0.If the perpendicular
distance of the straight linefromtheoriginis p, deducethat iz :iz +b_12.
p° a

A straight line passing through A(—2, 1) makesan angleof 30° with OX inthe positive
direction. Find the pointson the straight linewhose distancefrom A is4 units.

Find the pointsontheline3x —4y —1=0which areat adistanceof 5unitsfromthepoint (3, 2).

A straight line whose inclination with the positive direction of the X —axis measured in the

anti-clockwise senseis 3 makes positiveintercept onthe Y —axis. If thestraight lineisat a

distanceof 4 fromtheorigin, find itsequation.

A draightline L isdrawn through the point A(2, 1) such that its point of intersection with the
straight linex+y=9 isat adistanceof 32 fromA. Findtheanglewhichtheline L makeswith
thepositivedirection of the X —axis.

A draightline L with negative dope passesthrough the point (8, 2) and cuts positive coordinate
axesat thepoints Pand Q. Find theminimum valueof OP+ OQas L varies, where O isthe
origin.

3.5 Intersection of two straight lines

In thissection, wefind the point of intersection of two intersecting linesand we al so discussthetwo

half-planes partitioned by astraight linein the coordinate plane.

lines, then their point of intersection is

351Theorem: If L, = axx+by+c,=0 and L, = a,x+ byy+ c,= 0 represent two intersecting

Hbico —bocy G183 ~ G2y
by — 8oy "ayby —agly

Proof : Congder thestraight lines L, = ax+byy+c¢,=0 (1)

and L, = ax+by+c,=0 (2
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Sincethelinesintersect, we must have a;,b, # a,b;.

If P(X,, Yo) isthepoint of intersection of lines (1) and (2), then P satisfiesboth the equations (1) and (2)
and so,

Xt byt ¢, =0 - (3
and aXo+ byyo+ ¢, = 0 o (4)
By applying theruleof cross-multiplicationto (3) and (4), weobtain
X1 Yoi 1= (DG —byCy) 1 (Cra—Coay) : (a4by—ahy).

bc, -b,c, C1ap —Cogy

Therelors %= ap, ~a,b, Y0~ aby ~aphy

_ gblcz —bg ca -czaig
Oab, —a,b " ab, —ab -

and the point of intersection of thelines (1) and (2) is| P

Notethat, if thestraight lines(1) and (2) are pardld, then a;b, = a,b; andinthiscase, theequations(3)
and (4) cannot be solved for x, and y,. Assuch, the point of intersection of thelines doesn't exist.

3.5.2 Example: Find the point of intersection of the straight lines g +Y = 1and

b

t==1(a# th).

o | %
o <

Solution: Let P(xy, Yo) bethepoint of intersection of thestraightlines —+ = =1

Tl<
2
T | x
+
o <
I
H

X
a

Then, X, % =J1and X0, % =1. Fromthis,
a b b a

_ 1 1 1 3 . B
weobtain % EDXO+% a@/o =0 (.e) X%=VYp-
ab

&_'_y_O: = = — =
But 2 1 and %=V, O X arp Yo

Hab &b

0 P[a+b’a+b

E isthepoint of intersection of thegivenlines.

3.5.3 Half-planes: A draight linedividesthe coordinate planeinto three mutually digoint setsof points,
namely (i) theset of pointsonthestraight line, (ii) the set of pointson oneside of the straight line (shaded
portionasintheFig. 3.14) and (iii) the set of points on the other side of the straight line.

Notation : (i) Thelinear expression ax+ by+ c isdenoted by L. Thenthegenera form of the equation
of adtraight lineis ax+ by+c= 0 or, briefly, L =0.
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(i) We denote ax;+ by;+ ¢ by L;; and

ax,+ by,+c by L. Ifthepoint A(xy, Yy) One side (shaded portion)
liesonthedtraight lineL =0, thentheexpresson

Ly, equaszero. If thepoint A doesnotlieon

theline L=0, then L,; # 0 andhence, L,; IS

ether positiveor negative. Assuch, the pointsof

the planeare divided into three partsas Other side L

N
/

(1) theset of pointsfor which L =0,
(i1) theset of pointsfor whichL >0, Fig. 3.14

and (iii) theset of pointsfor whichL <O.

Inwhat follows, wefind that the classification of points (x,, y;) on either sideof agivenstraight lineis
based on whether L,, ispositive or negative.

3.5.4 Theorem: Theratioinwhichthestraightline L = ax+ by+ c= 0 dividesthe line segment
joining the points A (X;, y1) and B (X, V,) IS —Ly; @ Loy

Proof : Letthestraight linedividethelinesegment AB intheratio | : m a P. Then

p= Ox, + g ly, +my;
Hi+m ' 1+m

X, + _
agzimxl%+ bgwg+cz 0 L3O B(X,, Ys)
| +m | +m Q&

(i.e) a(Ix,+ mxy) + b(ly,+ my;) + (1 + m) =0.

Eisapoi nt onthestraight lineL = 0 and therefore,

(or) | (@ + by, + ¢)+ m(ax, + by, +¢c)  =0. b

Hence, || : m= —(ax,+ by; + C) : (ax,+ by, + C) ==Ly Ly}

A(Xy, Yq)

Fig. 3.15(a)

3.5.5 Note
(i) ThepointsA, B areon oppositesidesof thelineL =0

~ Pdivides AB interndly (seeFig. 3.15(a))
e lim=—=Ly:L,,>0

« |Ly; and Ly, haveoppositesigns|.

(i) ThepointsA, B lieonthesamesideof thelineL =0

~ Pdivides AB externally (seeFig. 3.15 (b))

A(X, Y1)
Fig. 3.15(b)
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- |Ly; and Ly, havethesamesign.

(i) X —axisdivides AB intheratio—y; : Yy, (sncetheequation of the X —axisis y=0and L;; =Vj,

Ly =Y,). Smilarly, theY —axisdivides AB intheratio —Xq : Xo.

3.5.6 Examples
1. Example: Findtheratioinwhichthestraight line 2x+3y—20=0 dividesthejoin of the points
(2, 3) and (2, 10).
Solution : HereL = 2x+ 3y-20, Ly; =2(2)+3(3)-20=-7
and L,, =2(2) +3(10) —20 = 14.

So, thestraight lineL = 0 dividesthegivenlinesegmentintheratio —Lq;:L,,=7:14=1:2and
thedivisonisinternal.

2. Example: State whether (3, 2) and (— 4, — 3) are on the same side or on opposite sides of the
straight line2x—3y+4=0.
Solution: If L =2x—-3y+4,then L;;=2(3)-3(2)+4=4

and L, =2(-4)-3(-3) +4=5.

As L,;; and L,, havethe samesign, thetwo pointslie on the same side of thegiven lineL =0.
3.Example: Findtheratiosinwhich (i) the X —axisand (ii) the Y —axis dividetheline segment AB
joining A (2,-3) and B( 3, -6).

Solution
(i) X—axis divides AB intheratio -y, :y,=—3:6=—-1:2.
(ii) Y —axis divides AB intheratio —x, : X,=—2: 3.

So, both the axes of coordinates divide theline segment AB externally.

3.6 Family of straight lines- Concurrent lines

A set of straight lines having acommon property isalso known asafamily of straight lines. Inthis
section, wediscuss (i) thefamily of straight linesparallel toagivenlineand (ii) thefamily of straight lines
concurrent with two givenintersecting lines.
3.6.1Theorem: Let L, = ax+by+c,=0and L, = ax+by+c,=0 representa pair
of parallel straight lines. Then the straight line represented by A ;L;+ A.L,= 0 isparallel to
each of the straight lines L, =0 and L, = 0.

Proof : ThestraightlinesL; =0 and L, =0areparalel only if a;b,= a,b;.
Butthen, AiLi+ ol = Aa(aX+ by + €) + A2 (aX+ by + ¢))
(N1 + A@)X+ (A 1bi+ Ab)y+ (N 1Ci+ N oC)
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and a; (A 1b+ Aob) —by (A8 + Asa) = Ao (ab,—a,by) = 0. So, the straight line represented by
Aiki+ AL, =0isparallel tothestraight lineL; = 0 and hence, alsototheline L, =0.

3.6.2Theorem: Let L, = ax+by+c, =0 and L, = a,x+ by + c,=0 represent two

intersecting lines. Then

(i)  Theequation A;L;+ A L, =0, for parametric valuesof A; and A, with AZ+A%z0,
represents a family of straight lines passing through the point of intersection of the lines
L,=0and L,=0.

(i)  Conversely, the equation of any straight line passing through the point of intersection of
the given straight lines is of the form ) ,L;+ A,L, = O for some real A4, A, such that
M +N5 20,

Proof: Let P(x;, y;) be the point of intersection of the given pair of intersecting lines L, = 0 and

L, =0. Then a;x;+ b;y;+ ¢, =0 and ayx; + b,y; + ¢, = 0. Observethat a;b, # a,b;, sincel;

and L, intersect.

(i) 1f A3 +x5 #0, thenatleastoneof A, and A ,isdifferent from zero and since ajb, # ab; it
followsthat the two numbers ) ;a;+ 2 ,a, and ) 1b;+ ,b, cannot be both equal to zero.
Hence the equation AL+ Aok, = A(agx + by +¢) + A (ax+ by + ¢,) =0 (i.e)
(o +Aay)x + (b +Aoby)y + (Aci+Asc,) = O represents a straight line. Also
Ai(aX + by, + ¢) + Ay(axt by, + ¢,) = 0. Therefore, the above line passes through
P(X1, Y1)-
Hence, for parametric valuesof A, and A, with A3+A% %0, theequation A;L;+ A,L, =0

represents afamily of straight lines passing through P(xy, y;) (seeFig. 3.16).
I—l = O L2 = 0

L,=0
P, Y1)
Fig. 3.16 Fig. 3.17
(i) LetL = px+qgy+r=0 beastraight line passing through P(x;, y;) (see Fig. 3.17).
Then px;+qy,+r = 0. - (D
Since(p, ) #(0,0) and a;h, # ab,
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theequations M@ + A3, =p and
by +Azb, =4
have uniquesolutionfor A, and A, suchthat (A, A,) # (O, 0).
From (1),
r= —px;—ay:

= — (M@ +Ap3p) X — (Aqhy + Ao, ) vy
= = M@+ byy) = A2 (@X + boy)) = Aqcp+ A0,

O pxtay + 1 = (Agay +Aay)x+ (b + A0, )y + (e +Asc,) = Aili+Al,.
Thus, the equation of any straight line passing through the point of intersection of thelinesL,; =0 and

L, =0canbeexpressedintheform A ;L;+ A ,L,=0 for somereal numbers A ; and A , with )\i + }\22 #0.

3.6.3 Note

1.

Theequation A L, + AL, =0 represents L, if A,=0(A,20) and L, if A; =0(A, 20). The
equation of any straight linedifferentfrom L, and L, and passing through the point of intersection of
thesetwo lines can hence bewrittenintheformeither L;+AxL, =0 or L,+ pL; =0 for some

AZ0and p#0.

Suppose L; = ax+by+c,=0and L, = ax+ b,y+ ¢, =0 represent apair of linesintersecting
a P

If Lisastraight lineintheplaneof L; =0 and L,=0and L' isastraight line passing through P
and parallel to L, then by the above theorem, the equation of L' isof theform ) ,L;+A,L,= 0
for (A1, A2) # (0, 0) and hence, the equation of L isof theform x;L;+ A,L, = A3 for some
constant A .

3.6.4 Example: Findtheequation of the straight line passing through the point of intersection of thelines
x+y+1=0and2x-y+5=0and containing the point (5, —2).

Solution : Clearly theline 2x—y+ 5= 0 doesnot contain the point (5,—2). Sothe equation of any straight
line (other than the above line) passing through the point of intersection of the given lines isof theform
(x+y+D)+a(2x-y+95=0.

Thislinepassesthrough (5,-2) only if 4+X(17)=0 (or) if A = —%.

Therefore, the equation of therequired lineis17(x+ y+ 1) —4(2x—y+ 5)=0
(i.,e) 9x+ 21y—3=0 (or) 3x+ 7y—1=0.
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3.7 Condition for Concurrent lines

Giventhreestraight linesinthe XY — plane, wefirst obtain anecessary and sufficient condition for
concurrency of theselines. Thisisfollowed by asufficient condition for concurrency of threelines.
3.7.1 Theorem : Let L; = ayx+ by + ¢, =0, L, = ax+ b,y+c,=0 and
L; = a3x+ bgy+ c3= 0 be three straight lines, no two of which are parallel. Then these
linesare concurrent if and only if a;(b,c3—bsC,) + by (C,a3—C3a,) + ¢4 (ab;—ash,) = 0
Proof: By Theorem 3.5.1, the point of intersection of thelines L, =0 and L,=0is

Hb_LCZ —be @, -ca
Hain —aph " a, —ah

Thegiven straight lines are therefore concurrent

= thepoint Pliesontheline L;=0

aebafl | el o
Bain_aZblE Ba1b2 by "

= 3y(b1C—byCy) + by(cia,— C2a1) + C(ab,—aghy)) =0

= |Y ay(bycs—bscy) =0 .

3.7.2 Note: Theabove necessary and sufficient condition for concurrency of threestraight linescandso be

3 b ¢
expressed inthedeterminant formas| (a, by, ¢ [=0].

az b3 c3

3.7.3 Theorem (A sufficient condition for concurrency of three straight lines)

If Ly=ax+by+c,=0L,=ax+by+c,=0and L; = ax+ b;y+ c;=0arethree
straight lines, no two of which are parallel, and if non-zero real numbers Ay, A, and Az exist
suchthat A L;+ A, Lo+ A3 Lz = O, then the straight linesL; = 0,L,=0 and L;= 0Oare

concurrent.
Proof : If P(X, Yo) iSthe point of intersection of thelines L, =0, L, =0, then

aXot byyo+ ¢, = Oand aX+ byys+ ¢, =0.

Si L oA DL Eim h
|nce = D + , wWehave
3 D /\3[] 1 |:| A 2

0=, 0 0-A,0
agXot bayp+ C3 = DD D(alxo"‘ byo+ Cp) + E)TE (aXg+ boyo+ ¢y) = 0.

0 P(Xo, Yo) liesonthestraight lineL; =0 and accordingly, thelines L; =0, L,=0and L3;=0
areconcurrentat P.
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3.7.4 Solved Problems

1. Problem: Find the value of k, if thelines2x-3y + k= 0, 3x—4y — 13 = 0 and 8x-11y-33=0
are concurrent.
Solution: Let Ly L, L3 bethestraight lineswhose equations are respectively

2x—3y+ k=0 )
3X—-4y-13=0 .. (2
and 8x-11y-33=0 .. (3)
Solving (2) and (3) for x and y, weobtain (by applying therule of cross-multiplication)
x y 1 -4 713 ,3 54 E
132-143 = -104+99 = -33+32 11><‘: 33><8><—11

andthisgives x = 11 and y=5
0 Point of intersection of thelines (2) and (3) is(11, 5)
Sincel,, L, L; areconcurrent, L, contains (11, 5) and therefore, 2(11) —3(5) + k=0(i.e)
= -T.
2. Problem : If the straight lines ax+ by+ ¢c=0, bx+cy+a=0 and cx+ay+b=0 are
concurrent, then prove that a3+ b3+ ¢3 = 3abc.
Solution: Let L;, L, and L5 bethe straight lineswhose equations are respectively

ax+by+c=0 - (1)
bx+cy+a=0 .. (2
and cx+ay+b=0 .. (3
Solving equations (1) and (2), we obtain
x oy _ 1 M c _a_bC
ab-c? bc-—a? ca-b? %qaxlb)(([[

Hab-c? bc-a?

Therefore, the point of intersectionof L, and L, is Toa—b2 GO 0

If thelines L4, L,, L areconcurrent, L5 containsthe above point of intersectionof L; and L.

2 2
-C c-a
Hence, CPFBLb ZB+ an >t b=10
Epa—b E Hca—b H
i.e, c(ab-c?) +a(bc-a?) +b(ca-b?)=0
i.e, a®+ b+ c®=3abc.
3. Problem : Avariable straight line drawn through the point of intersection of the straight lines
§+% =1 and %+§ =1 meetsthe coordinate axesat A and B. Show that the locus of the mid

point of AB is2(a+ b) xy=ab (x + V).
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Y =1and

X ab _ab M
b b O

N o X
Solution : Thestraghtllnesa+ Ca+b a+h

+§ =1lintersect a Pwhose coordinates are

(seeexample3.5.2)
0 Q(Xg, Yo) 1sapoint onthegivenlocus.
= Thestraight linewith x-intercept 2x, and y-intercept 2y, passesthrough P

. . . X
- Pliesonthestraightline -—— + = =1

2X0 Yo
H1 1 EB &b [
= D 2ypPra+b0”

= 2(a+ b)xyo=ab (X * Yo)
= QX Yo liesonthelocus 2 (a+ b)xy=ab(x+y).

1

Hence, thelocus of themidpoint Q of AB is 2(a+b) xy=ab (x+Y).

4. Problem : If a, b,c areinarithmetic progression, then show that the equation ax+ by + c= 0
represents a family of concurrent lines and find the point of concurrency.

Solution : If a, b, careinarithmetic progression, then2b=a+ c (or) a—2b+ c= 0. Therefore, each
member of the family of straight linesgivenby ax+ by+ c=0 passesthrough thefixed point (1, -2).
Hence, theset of lines ax+ by+ c=0 for parametric valuesof a, b and cisafamily of concurrent lines
and the point of concurrency is(1, —2).

Exercise 3(c)

. 1. Findtheratiosinwhichthefollowing straight linesdivide theline segmentsjoining the given

points. State whether the pointslie on the same side or on either side of the straight line.
(1) 3x—-4y=T1, (2,-7) and (-1, 3)
(ii) 3x+4y=6; (2,-1) and(1,1)
(ili) 2x+3y=5; (0,0) and(-2,1)

2. Findthepoint of intersection of thefollowing lines.
(i) 4x+8y—1=0, 2x-y+1=0
(i) 7x+y+3=0, x+y =0

3. Show that the straight lines(a—b)x+ (b—-c)y = c—a,(b-¢c)x+ (c—a)y = a—b and
(c—a)x + (a—b)y=b—c areconcurrent.

4. Transformthefollowing equationsintotheform L;+ AL, =0 and find the point of concurrency
of thefamily of straight linesrepresented by the equation.
(i) 2+5Kx—3(1+2ky+(2-k =0
(i) (k+Dx+(k+2y+5=0
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Find the value of p, if thestraightlinesx+p=0, y+2=0and3x+2y+5=0are
concurrent.

Find the area of the triangle formed by the following straight lines and the coordinate axes.
(i) x—4y +2=0 (ii) 3x—4y + 12 =0.

A gtraight line meetsthe coordinateaxesin A and B. Findtheequation of thestraight line, when
(i) AB isdividedintheratio2: 3at(-5,2)

(i) AB isdividedintheratiol:2at (-5, 4)

(iii) (p, q) bisects AB

Find the equation of the straight line passing through the points (— 1, 2) and (5,—1) and aso find
the area of thetriangle formed by it with the axes of coordinates.

A triangle of area 24 sqg. unitsisformed by astraight line and the coordinate axesin the first
quadrant. Find the equation of the straight line, if it passesthrough (3, 4).

A straight linewith slope 1 passesthrough Q(—3, 5) and meetsthestraight linex+y—6=0 at
P. Find the distance PQ.

Find the set of valuesof 'a’ if the points(1, 2) and (3, 4) lieto the same side of the straight line
3x-5y+a=0.

Show that thelines 2x+ y—3=0, 3x+ 2y—2=0 and 2x— 3y —23 = 0 are concurrent and
find the point of concurrency.

Find thevalueof p, if thefollowing linesare concurrent.

() 3x+4y=5, 2x+3y=4, px+4y=6

(1) 4x—=3y—-7=0, 2Xx+py+ 2=0,6x+5y—-1=0

Determine whether or not the four straight lineswith equations x+2y—-3=0, 3x+4y—-7=0,
2x+ 3y—4=0and 4x + 5y — 6 = 0 are concurrent.

If 3a+ 2b+ 4c =0, then show that the equation ax + by + ¢ = 0 represents a family of
concurrent straight linesand find the point of concurrency.

If non-zero numbers a, b, ¢ are in harmonic progression, then show that the equation
X,y

1 . . . .
2 + b + p =0 representsafamily of concurrent lines and find the point of concurrency.

Find the point on the straight line 3x + y + 4 = 0 which is equidistant from the points (-5, 6)
and (3, 2).

A straight line through P(3, 4) makes an angle of 60° with the positive direction of the X —axis.
Find the coordinates of the points on the linewhich are 5 unitsaway from P.



TheStraight Line

3. A straight linethrough Q(+/3, 2) makesan angle 7—; with the positive direction of the X —axis. If

the straight lineintersectstheline v3x—4y+8=0 at P, find the distance PQ.
4. Show that the origin is with in the triangle whose angular points are (2, 1), (3, —2) and
(-4, -1).

3
5. A draghtlinethrough Q(2, 3) makesanangle Tn with the negative direction of the X —axis. If the
straight lineintersectsthelinex+y—7=0 at P, find thedistance PQ.
6. Show that thestraight linesx+ y=0,3x+ y—4=0 and x+ 3y—4=0 formanisoscelestriangle.

7. Find the areaof thetriangle formed by the straight lines2x —y — 5=0, x—-5y+ 11=0
and x+y—-1=0.

3.8 Angle between two lines

Inthissection, wefirst obtain aformulafor the angle between two straight lines and then deducethe
conditionsfor two linesto be paralel and perpendicular.
3.8.1 Theorem : Theanglebetweenthestraight lines
L, =ax+by+c=0and L, =ax+hbyy+c,=0Iis
oc! g 213, +biby| @
V@? +b?) (@2 +b,?)
Proof: Let OA and OB bethe straight lines passing through the origin and parallel to the given lines

L, =0 and L, =0 (see Fig. 3.18). Then the equations of OA and OB are ax + by = 0and
ax+ b,y =0respectively.

If OXOA =61, and OXOB = 62
thenthemeasureof | 6; -6, | that liesinthe

]
interva @ Eaistheaﬂglebetwemthelines
L,=0and L,=0. Clearly, P(b;,—a,) and
Q(b,, —a,) arepointsonthelines OA and
OB respectively. Therefore,

coselz%;
a +by
. 8
sné ==, Fig. 3.18
a +by
b,
00392 = ﬁ;
a, +by
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and sin 0, = T—.
‘/ag +b22

Hence, Cos(6, —6,) = cos6, cos@,+sine, sine6,

+bb
L S cos(6, - 8,).

2 202 L .2
STRLYC AL
Thus, if 0 istheanglebetweenL,;=0 and L,=0,then 6 gg and so, cos6=0.

|22, +bb|
(e +8) (a2 )

|a,a, +hbb,|
(a2 +b2) (a2 +b?)

0 cosO =

(or) 0 = Cos™

3.8.2 Note

1. A necessary and sufficient condition for thelines L, and L, with equationsa;x+ by + ¢, =0
and a,x+ b,y + c,=0to beperpendicular isthat a;a,+ b;b, =0 (Since 6 = 90°).
Hence, the equation of astraight line perpendicular to the straight line ax+ by + c=0 isof
the form bx —ay = k.

2. Bytheorem 3.3.6, thestraight lines a;x+ b;y+ ¢, =0and ax+ b,y+ ¢c,=0 are parald iff
a,b, = a,b,. Therefore, the equation of any straight line parallel to the straight line ax+ by+c=0
isof theform ax+ by = k.

3. Thestraight line containing the points A(Xy, Y1) and B(Xy, Y») 1S(X—Xq) (Y1=Y2) = (Y—=Y1)(X1—Xy).
Similarly thestraight line containing the points C(xs, Y;) and D(X,, Y,) IS
(X=X3)(Y3—VYa) = (Y — Y3) (Xg—X,). - -
Therefore, by theabovenote (1), thelines AB and CD areperpendicular if and only if

(X1 =X)(X3—X4) + (Y1—Y2)(Ya—Ya) = O.
3.8.3 Corollary: If L, and L,arenon-vertica straight lineswith slopesm, and m, respectively, then

. -1 rT]]_ - m2 . r[ . _
the angle between themis Tan 1+ mlmz‘ if mm, # -1and P if mm,=-1.

Proof : Let a;x+ b;y+ ¢, =0 and a,x+ b,y+ ¢, =0 betheequationsof L, and L, respectively. Then
. a -4,
m, = b, and m, = b -

2




TheStraight Line

Now L, 0L, < aa+bb,=0
ad
= byb, +1=0 (since b;b, # 0)
e mm+1=0
= mm,=-1

Therefore, anglebetween L, and L, is g if mm, = -1. Howeverif mm, # -1, then

theangle between L, and L,

ot | |
RN CEDICED)
T
= cosr 12 |
d []
\/B'%ﬂunazm
0" O
—_ Cos—l rnLrnz +1 ‘
T ) (o)
= Tan'l —m_—mz
1+mm |’
Thus, the angle between two non-perpendicular, non vertical lines with slopes m, and m, is
a|m-m
1+mm, |
3.8.4 Example: Findtheanglebetweenthelines 2x+y+4=0 and y-3x=7.
_6+1|
Solution : Theanglebetweenthegivenlines = Cosl|
0 J v5x%10

= Cos™ 0= Cos'% 101
%7 SNZAS
3.8.5 Example: Findtheanglebetweenthelines \/3x+y+1=0andx +1=0.
Solution : Theslopeof thestraight line \/3x + y +1 = 0is — /3. Therefore, thisline makes an angle 60°
withtheX — axisand 30° withtheY - axis.
But theequation x+ 1 =0 representsavertical line.

Hence, theangle between thegivenlines= 30°.
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3.9 Length of theperpendicular from apointtoa line

In thissection, weobtain formulasfor the perpendicular distance of apoint from agiven straight line.

3.9.1 Theorem : Thelength of the perpendicular from the point P(X,, Vo) to the straight line

axg + by0 +cC
a® +b? \
«—> . . y 4
Proof : Let AB bethestraightlineax+ by+ c=0.
If theaxesof coordinatesaretrandated to thenew origin
P(Xo, Vo), thenthe coordinatesof apoint (x,y) will bechanged M

to (X,Y) where x=X+x, and y=Y +y, (seeFig.3.19).

ax+by+c=0 is

Then the equation of A_é w.r.t. P astheoriginis X' X
€q g PO o) \A
aX+x) +b(Y+yy)+c=0 Y
i.e, aX+bY+ (axy+by,+c)=0.

0 The perpendicular distance of AB fromtheorigin P y Fig. 3.19
w.r.t. thenew axes is

+by, +c
| aXO\/ZiyLZ | (see note 2 of 3.4.3).
a +

3.9.2 Example : Find the perpendicular distance from the point (-3, 4) to the straight line
5x—12y = 2.

Solution: The perpendicular distance of the point (-3, 4) fromtheline 5x-12y—2=0 isequal to
5(-3)-12(4)-2| _ 65 _

= 5.
V5 +12° 13

PM =

3.10 Distance between two parallel lines

Inthissection, weobtain formulasfor the distance between two paralldl lines.
3.10.1 Theorem : The distance between the parallel straight lines ax+ by + ¢, =0 and

e - ¢, |
a2+b2

Proof : Let P(Xy, Yp) beapointonthestraightline L,:ax+ by+ c,=0. Let L, betheotherline.

ax+by+c,=0 is

Then ax,+ by,= —¢; - (1)
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Now the distance betweenthe paralle lines L, and L, isequal to PM where PM isthe perpendicular
distanceof P fromL, (seeFig. 3.20).

Y
+by, +cC
Therefore, PM = | o 0 = | (by Theorem 3.9.1)
2,2
\/a +b
_ |(ex, +by, +6) +(c, —¢)|
Ja? +b? X! . v
_ | G~% |

(from (2)). Y :
/az + b2 Fig. 3.20
3.10.2 Example: Find the distance between the parallel straight lines 3x + 4y -3 =0 and
6x+8y—-1=0.
Solution : The equations of the given straight lines can be takenas 6x+ 8y — 6 =0 and
6x+ 8y—-1=0.
Hence, by Theorem 3.10.1, the perpendicular distance between these parallel lines
_ e s 1

2 2 10 2°

6" +8

3.10.3 Theorem: If Q (h, k) isthefoot of the perpendicular from P(x,, y;) on the straight
lineax + by + ¢ = 0, then (h-x):a=(k-y,):b =—(ax, +by, +c):(a® +b).

Proof: Equation of % whichisnormal tothegivenstraightlineL : ax+ by+ c=0(Fig.3.21) is
bx —ay =bx, —ay,. Since QU %,wehave

bh-ak =bx, —ay, P, ¥4)
(ie) b(h-x) =a(k -y,)
(or) (h-x):a=(k-y):b Q(h, k)
But, thisimpliesthat h=aA +x and k =bA +y, forsome AOR .
Since Q(h, k) isapointonL,wehave L
Fig. 3.21

a(@r+x)+b(bbr+y)+c=0
(e, + by, +¢)

e )\_—W.

Therefore, | (h—x):a= (k—yy): b=-(ax +by, +c):(a® +b%)|.
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3.10.4 Example: Findthefoot of the perpendicular from (1, 3) onthe straight line 5x—y—18=0.
Solution: (h, k) isthefoot of the perpendicular from (-1, 3) ontheline 5x—y—-18=0

. h-(-1) _k-3__ (-5-3-18)

> -1 5% +1°

O h+1=5 and k—-3=-1

o (hk=(42).
3.10.5 Theorem : If Q (h, k) is the image of the point P (X, y;) Ww..t. the straight line
ax+ by+ c=0,then (h-x):a=(k-y,):b=-2(ax +by, +c):(a* +b°).

Proof : Q (h, K) istheimage of the point P(x, y;) w.r.t. theline

L:ax+by+c=0 (seeFig.3.22) P, Yy)
O EP&; n , yl; K Eisthefootoftheperpendicularfrom PonthelineL
Oy, +k O
u D)&B— XLH _H_y —yﬂrb=%axl +hy, +c):(a® +b?) A K
(from Theorem 3.10.3) L

Fig. 3.22
O (h-x):2a=(k -y,):2b = (ax, +by, +0):(@® +?)

O [(h-x):a=(k-y,):b=-2(ax, +hy, +c):(a® +b°) |.

3.10.6 Example: Findtheimageof (1,—2) w.r.t. thestraight line 2x—3y+5=0.
Solution : (h, K) istheimageof (1, —2) w.r.t. theline 2x—3y+5=0
h—1=k+2:—2(2+6 +5)
2 -3 4+9
O h=-3, k= 4.
0 (-3, 4)istheimageof (1,-2) intheline2x—3y+5=0.
3.10.7 Solved Problems
1. Problem : Find the value of k, if the angle between the straight lines 4x -y + 7=0 and
kx—5y—9=0 is 45"
H

Solution: Cos? s * by | 0_ cost K81

TR R =

|4k+5| 1

=2
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o 2(4k +5)?=17(k*+ 25)
- 15k?+80k-375=0
- 3k+16k-75=0

- (k=3)(3Bk+25)=0

- k=3 or _—25
3

2. Problem : Find the equations of the straight lines passing through (x,, yo) and (i) parallel
(ii) perpendicular to the straight line ax + by + ¢ = 0.

Solution

()  Theequation of thestraight line parallel tothelineax + by + ¢ = 0 and passing through (X, Yo) IS
ax + by = kwhere k = axy + by, (i.e.) a(x —xg)+b(y-yy) = 0.

(i)  Theequation of the straight line perpendicular to thelineax + by + ¢= 0 and containing the point
(X0, Yo) iIsbx—ay = kwhere k = bxy—ay, (i.e.) b(x —xy) —a(y —yy) = 0.

3. Problem : Find the equation of the straight line perpendicular to the line 5x — 2y=7 and

passing through the point of intersection of thelines2x + 3y = 1 and 3x + 4y = 6.

Solution : Clearly neither of the straight lines2x + 3y = 1 and 3x + 4y = 6 is perpendicular
to the straight line 5x — 2y = 7. Therefore, the equation of the required line is of the form
(2x+ 3y—1)+ A (3x+ 4y—6) =0for some )\ (#0) O R . Thislineis perpendicular to the line
5x—2y=7ifandonly if (2+3))5+(3+4))(-2)=0
-4
(i.,e) iff A= -
So, the equation of therequired lineis7(2x+ 3y —1) —4(3x+4y—-6) =0
(i,e) 2x+5y+17=0.
4.Problem: If 2x—3y—-5= 0isthe perpendicular bisector of the line segment joining (3, —4)
and (a, B), find a+p.
Solution : (a, B) isthereflection of (3, —4) intheline 2x—3y —5 = 0 and therefore,
=3 _p+4_2(6+12-5) _
2 -3 13 B
SO a=—-1,p =2and a +p =1
5. Problem: If thefour straight lines ax+by + p =0, ax+by +q =0, cx+dy +r =0 and cx+dy +s=0
(P—9)r-9)
bc-ad

-2

form a parallelogram, show that the area of the parallelogram so formed is

Solution : Let L, L,, Ls, L, bethestraight linesrepresented by the equations
ax+by+p=0,
ax+by+q=0,
cx+dy+r =0,
and cx+dy+s=0 respectively.
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Clearly L, || L,and L,|| L,.So L, and L, arenot parallel. If 6 istheanglebetween L, and L,

then, area of the parallelogram = % where,

_ L
d, = distance between Ly and L, = —=—==
- _ s

d, = distance between LyandL, = Jord?

and cos 0 = e + o
J@ +b?)(c +d?) |
So, sn@ = \/(a2+b2)(02 +d?) —(ac +bd)” _ _ |pc-ad|
’ (a® +b7)(c? + %) J@ +b3)(c +d?)

_|(p=0)(r -9
0 Areaof theparallelogram= |~

6. Problem : The hypotenuse of a right angled isosceles triangle has its ends at the points (1, 3)
and (-4, 1). Find the equations of the legs of the triangle.

Solution: Let A =(1, 3) and B = (-4, 1) and ABC be aright isosceles triangle with AB as

hypotenuse. . .
Werequire, therefore, the equationsof ACand BC
Slopeof AB is 1-3 _2
-4-1 5 c

Sincethe dope of AB is 2 , neither AC nor BCisvertical.
5

- 0 m_§ A 450 450 B
=|— 450
If mbetheslopeof AC, then tan45 1+@ (1.3) 45 (41
5
o M2, 4
5+2m D

7 -3 Fig. 3.23

U m —or—
3 7

s 7 - P
Takingthedopeof AC as 3 thedopeof BC would be —g. Therefore, theequationsof AC
and BC arerespectively

7 3
y=3=2(x=Dand y-1=-_(x+4),
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which become 7x-3y+2=0 and3x+7y+5=0.
If thelinesdrawn through A and B respectively paralle toBCand AC meet at D, then
AABD isalso right isosceles, having AB asits hypotenuse.
Therefore, the equationsof AD and BD arerespectively,
3x-1)+7(y-3)=0 and7(x+4)-3(y-1) =0
O 3Xx+7y—-24=0 and 7x—-3y+31=0.
Therefore, thetwo pairsof legsrequired are
7x—-3y+2=0, 3x+7y+5=0 and3x+7y—-24=0, 7x-3y+31=0.
Note: ADBCisasquare.
7. Problem : Alineissuch that its segment between thelines5x—-y+ 4=0 and 3x + 4y-4=0
is bisected at the point (1, 5). Obtain its equation.
Solution : Let therequiredlinemeet 3x+4y—-4=0atA and5x-y+4=0at B, sothat AB isthe
segment between the given lines, withitsmid-point at C = (1, 5).
Theequation 5x —y + 4 =0 can bewritten asy = 5x + 4 so that any point on BX is(t, 5t +4)
for al real t.
0 B=(t,5t+4) for somet. Since (1, 5) isthe mid-point of AB,
=[2-1t,10 - (5t + 4)]
=[2-1,6-5t]
Since A lieson3x+4y—-4=0,
32-t)+4(6-5)-4=0
0 -23t+26=0
26

O t-— C(1,5)
f

O A= E} —.,6 SEQ(SED

_20 80

3’ 230
>~ 283 107
Sincesl f AB _,
nce slope o IS @ 3 X
o7

equation of AB isy- 5-—(x -1). Fig. 3.24

0 3y-15=107x - 107
0 107x-3y-92=0.
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8. Problem : An equilateral triangle hasitsincentre at the origin and onesideasx+ y—-2= 0.
Find the vertex oppositetox + y —2 = 0.

Solution: Let ABC bethe equilateral triangleand x + y — 2 = 0 represent the side BC.
Since Oistheincentre of thetriangle, AD isthebisector of [BAC. Sincethetriangleisequilaterd,
AD isthe perpendicular bisector of BC.

SinceOisalsothecentroid, AO: OD =2: 1. [Thecentroid, circumcentreincentre and orthocentre
coincide]

Let D =(h, k). Since D isthefoot of the perpendicular from O onto BC , Disgiven by

h-0 k-0 _ —(-2 A
1 1 2
= 1.
O h=1, k=1. 5
O D=(1,1).
Let A = (X, V) looo
00 2% 2*nd .
3
= = a|
|:| Xl - _2, yl - _2 B D C
0 A = (=2, -2), therequired vertex. X+y-2=0
Fig. 3.25

Exercise 3(d)

I. Findtheanglebetween thefollowing straight lines.
1. y=4-2X, y=3X+7
2. 3X+b5y=7, 2X-y+4=0
1 2
3. = —3x+5, y= =x — =
g RN
4. ax+by=a+b, aXx-y)+bXx+y)=2b
Find thelength of the per pendicular drawn from the point given against the following
straight lines.

5 5x-2y+4=0 e (2,-3)
6. 3x—4y+10=0 .. (3,9
7. x=3y-4=0 ... (0,0)

Find thedistance between thefollowing paralld lines.
8. 3x—-4y=12, 3x—-4y=7
9. 5%-3y—-4=0, 10x—-6y—-9=0
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10.

11.

12.
13.

14.

15.

10.

Find the equation of the straight line parallel to theline2x + 3y + 7 =0 and passing through
thepoint (5, 4).

Find the equation of the straight line perpendicular to theline5x—3y + 1= 0 and passing through the
point (4, —3).

Findthevalueof k, if thestraight lines6x—10y+3=0 and kx—5y +8=0areparalldl.
Find thevaue of p, if thestraight lines 3x+7y—1=0 and 7x—py + 3=0are mutually
perpendicular.

Findthevalueof k, if thestraight lines y—3kx+4=0and

(Zk—1)x—(8k—1) y—6=0are perpendicular.

(-4, 5) isavertex of asquareand one of itsdiagonalsis 7x—y + 8 = 0. Find the equation of the
other diagonal.

Find the equations of the straight lines passing through (1, 3) and (i) pardlel to (ii) perpendicular
to the line passing through the points (3, -5) and (-6, 1).

Theline g - % =1 meetsthe X —axisat P. Find the equation of theline perpendicular to this

lineat P.
Find the equation of the line perpendicular to the line 3x + 4y + 6 = 0 and making an intercept
—4onthe X —axis.
A(-1, 1), B(5, 3) are opposite vertices of asquarein the XY -plane. Find the equation of the
other diagonal (not passing through A, B) of the square.
Find the foot of the perpendicular drawn from (4, 1) upon the straight line
3XxX—-4y+12=0.
Find thefoot of the perpendicular drawn from (3, 0) uponthestraight line 5x+ 12y—41=0.
x — 3y —5 = 0 isthe perpendicular bisector of the line segment joining the points A, B.
If A = (-1, =3), find the coordinates of B.
Find theimage of the point (1, 2) inthe straight line 3x+ 4y—1=0.
Show that the distance of the point (6, —2) fromtheline 4x + 3y = 12 ishaf thedistance of the
point (3, 4) fromtheline4x—3y=12.
Find thelocusof thefoot of the perpendicular fromtheoriginto avarigble straight linewhich dways
passesthrough afixed point (a, b).

Show that thelines x—7y—22=0, 3x+4y+9=0and 7x+y—-54=0formaright angled
isoscelestriangle.

Find the equations of the straight lines passing through the point (-3, 2) and making anangle of
45° with the straight line 3x—y +4=0.
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3. Findtheanglesof thetriangle whose sidesare
X+y—-4=0, 2x+y—-6=0 and5x+3y—15=0.
4. Provethat thefeet of the perpendicularsfrom the origin on thelines

X+y=4, x+5y=26 and 15x — 27y = 424 are collinear.

5. Findthe equations of the straight lines passing through the point of intersection of thelines
3x+ 2y+4=0, 2x+ 5y =1 and whose distance from (2, —1) is 2.

6. Each side of asquareis of length 4 units. The center of the squareis (3, 7) and one of its
diagonalsisparallel toy = x. Find the coordinates of itsvertices.

7. If ab>0, findtheareaof the rhombus enclosed by the four straight lines ax + by + ¢=0.
8. Find the area of the parallelogram whose sidesare 3x + 4y + 5=0, 3x+ 4y -2 =0,
2x+ 3y+1=0 and 2x+ 3y—-7=0.

9. A person standing at the junction (crossing) of two straight paths represented by the
equations 2x—3y+ 4=0 and 3x+ 4y —5 = 0 wantsto reach the path whose equation is
6x—7y+ 8=0 intheleast time. Find the equation of the path that he should follow.

10. Array of light passing through thepoint (1, 2) reflectsonthe X-axisat apoint A and thereflected
ray passesthrough the point (5, 3). Find the coordinatesof A.

3.11 Concurrent lines— Propertiesrelated to atriangle

Therearevarioustriads of concurrent straight lines associated with atriangle, viz. medians, atitudes,
angular bisectors, perpendicular bisectors of the sides etc. Geometric proofsfor the concurrency of each of
thesetriadsareaready learnt inlower dasses. Inwhat follows, wegivetheanaytica proofsfor the concurrency
of suchtriadsof lines. Recall the vectoria proofsof thesea so.

Concurrency of themedians of atriangle
3.11.1 Theorem : The medians of a triangle are concurrent.
Proof : Let A(Xy, Y1), B(X,, ¥,) and C(xs, y5) bethevertices of thetriangle ABC and
L, =ax+by+c =0,
L, = ax+ by,y+c,=0 and
L; = agx+ bgy+ c3= 0 berespectively the sides é_é, CA and AB (seeFig. 3.26).
Then A, =ax+by,+¢ 0 for r=1,2,3
and ax+by+tc=0forrs=123andr #s
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SupposeD, E, F arethe mid pointsof thesides BC, CA
and AB respectively. Then the equation of the median AD is

L;+ AL,=0 where A (# 0)isgivenby (1)

g + X v, + V. 0
BB R of.

O [+ X Y2 + Vs 0 B D C
N T =

(o) Az+Ar2=0 .. (2

Eliminating A from (1) and (2), we obtain the equation of AD as

Similarly the equation of BE is AsLi— A4L3=0

and the equation of CF is Ail,— AL, =0.

and A;A,A3# 0, by Theorem 3.7.3, it followsthat the medians AD , BE and CF are concurrent.
Notethat G isthe Centroid of triangle ABC.

Concurrency of the altitudes of a triangle

3.11.2 Theorem : The altitudes of a triangle are A
concurrent. £

Proof: Let AD, BE and CF betheadltitudesof traingle F
ABC drawnfromthevertices A, B and C respectively. O

Let the altitudes AD and BE intersect at 'O’ (see
Fig. 3.27). Choose 'O’ asthe origin of coordinatesand a
pair of perpendicular straight linesthrough O (not shown

B 1
inFig. 3.27) asthe axesof coordinates. W.r.t. these axes, let " D c™
A=(x, %), B=(%, ¥,) and C=(x, ¥s). Fig. 3.27
Then AD 0BC O (x-0)(—x) + (1—0) (Yo~ ¥3) =0
(by Note 3 of 3.8.2)
- - O Xi(%—X3) + Ya(Yo—Y3) =0 ey
Smilaly BE OCA U X(X3— X)) + Yo (Y3—Vy,) =0 .. (2

From (1) and (2), we obtain X5(X,—X;) + Y3(Yo—Y;) =0
(i.e) (= 0)(—X) + (Y3—0)(y2—y1) = 0.
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Thisshowsthat CO and AB are perpendicular. But CF isthedltitudedravnto AB fromthe
vertex C.

Hence, CF passesthrough O. Accordingly, thealtitudes AD, BE and CF areconcurrent at'O'.
Notethat 'O'istheorthocenter of triangle ABC.

Concurrency of the internal bisectors of the angles of a triangle

3.11.3 Theorem : Theinternal bisectors of the angles of a triangle are concurrent.

Proof : Let A(Xy, Y1), B(X,, ¥,) and C(xs, y5) bethe verticesof the
triangleABCand L, = a,x+ b,y+ ¢ =0 (r =1, 2, 3) berespectively A(Xq, Y1)

thesides BC , CA and AB.
Then A, =ax+hy+c #0 (r=123) F E
ad ax+by+c=0(rs=123ad rz5s).
Suppose A_f), BE and CF aretheinternal bisectors of the angles
A, B, C respectively. With the usual notationin A ABC, we write
a=BC,b=CA and c=AB (seeFig. 3.28). Then D divides BC
internally intheratio AB: AC=—c:b

o toxg by, +oy;

B(X2 ¥2) D C(Xs: Ya)
Fig. 3.28

Equation of thebisector AD is Lg+ AL,=0 (D)

where A (# Q) isgiven by
O [ox, +cx3%+ bsﬂ)yz +Cys O [hx, +cxg E+ bZEpy2 + oy, E+ ng—o
b+c B

O
%ﬁsﬁ b+c H b+c EH:?’%H‘ %ﬂzﬁ b+c g
(i.e) casta(bry)=0 - (2

Eliminating A from (1) and (2), we obtain the equation of theinternal bisector AD of angleA as
Ul = (b)\ 2)L3— (C)\ 3)L2= 0

Similarly the other bisectors BE and CF are given by
u, = (cAz)L;—(an )L3=0 and
Us = (@A 1)L, —(bA 5L, =0 respectively.

Writi ng kl =aA 1 k2 = b)\ 2 and k3 =CA 3, WE observe that k1k2k3 z 0 and klul + k2U2 + k3U3 =0.
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Hence, by theorem 3.7.3, it followsthat the bisectors AD , E_E, CF areconcurrent. The point of
concurrency iscaledthelncenter of A ABC, usually denoted by I. (see 4.2.3, Example 2 for alternate
proof).

Concurrency of the perpendicular bisectors of the sides of a triangle

3.11.4 Theorem : The perpendicular bisectors of the sides of a triangle are concurrent.

Proof : LetD, E, Fbethemid-pointsof thesides BC, CA and AB respectively of triangle ABC; and let
the perpendicular bisectorsof thesides BC, CA meet at 'O’ (seeFig. 3.29). Choose 'O astheorigin of
coordinates and a pair of perpendicular lines through O as the axes of coordinates (not shown in the
Fig. 3.29).

Let (X, V1), (% V») and (X, y5) bethe coordinates Al Y1)
of theverticesA, B, Crespectively w.r.t. these axesof
coordinates.
E
_HetXs Ya*ysH B
Then D= 52 T2 o
E= Hetx Yty
0 2 2 0
D C(x3, ¥a)
B(x2, ¥2)
and F= BMMH Fig. 3.29
o 2 2 0

Also 3B 0BE 0 F2XX8Hy,—x) + 2228 Hy, vy =0
0 2 0O o 2 0
0 He -xaf+ Bz -vsf=0 (D)
and OE OCA O B’%E(xa—xw Q%E(ys—yro
Ol |

0 He - e -vig=0 -2
From (1) and (2), weobtain ﬁé - ><1ZE+ @% - yfﬁzo
(o)  B% tHe-x)+ Iy =0

But, thisimpliesthat OF 0O AB
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Since F isthemid pointof AB, OF is, therefore, the perpendicular bisector of AB. Thus, the
perpendicular bisectors of the sides are concurrent. The point of concurrence'O' isthe circumcenter of

A ABC.

3.11.5 Solved Problems
1. Problem : Find the orthocenter of the triangle whose vertices are (-5, —7), (13, 2) and (-5, 6).
Solution : Let A(-5,-7), B(13,2) and C(-5, 6)
betheverticesof thegiventriangle. Let AD bethe
perpendicular drawn from A to BC and BE AT =

be the perpendicular drawn from B to AG. (see B(13,2)
Fig. 3.30) : €9

6-2
-5-13

- -2
Then, dlopeof BC = 9

Since AD 0O BC, slopeof AD = 2 and
Fig. 3.30

. «—>

so, theequationof AD is

Ox—2y=-45+14=-31 . (D)
Equation of AC isx=-5 and therefore, AC isavertica line.

Hence, BE ishorizontal and itsequationis y=2. .. (2
The point of intersection of (1) and (2) is(—3, 2) whichistheorthocenter of A ABC.

2. Problem : If the equations of the sides of atriangleare 7x+ y —-10=0, x—2y + 5 = 0 and
x+y+2=0, findthe orthocenter of the triangle.

Solution : Letthegiventrianglebe ABC withthesides AB, BC and AC represented by

X—2y+5 =0 - (1)
7x+y-10=0 .. (2)

and x+y+2 =0 -3
(seeFig.3.31)

Let AD and BE bethe atitudesdrawn from A and B respectively tothesides BCand CA .
Solving the equations (1) and (3), weobtain A = (-3, 1).



TheStraight Line

Since AD O <B_(E,theequationof AD is
X—7y=-3-7=-10 .. (4)
Solving the equations (1) and (2),
weobtainB = (1, 3).

: «—> «> . «—>
Since BE O AC,theequationof BE is

X—y=1-3=-2 ... (5)
B D 7x+y-10=0 C
. . . . .02 40
Point of intersection of thelines(4) and (5) isH 51—3, EE Fig. 3.31

whichistheorthocenter of A ABC.
3. Problem : Find the circumcenter of the triangle whose vertices are (1, 3), (-3, 5) and (5, -1)

Solution : Lettheverticesof thetrianglebe A(1, 3), B(-3,5) and C(5,-1) (seeFig. 3.32).

Themid-pointsof thesides BC, CA arerespectively
D(1,2) and E(3, 1).

B(-3,5)
Let S bethepoint of intersection of the perpendicular
bisectorsof thesides BC and CA .
> 5+1 -3
Slopeof BC = 35- 4

« 4 , .
0 Slopeof SD |s§ and so, theequationof SD is

4-3y=4-6=-2 - (1)
— 3+1 Fig. 3.32
Slopeof AC = 1= =-1.
0 Slopeof SE is1 and so, the equation of SE is X-y=3-1=2 ..(2)

Solving the equations (1) and (2), weobtain S= (-8, —10) whichisthe circumcenter of A ABC.

4. Problem : Find the circumcenter of the triangle whose sidesare 3x—y—-5=0, x+2y—-4=0

and 5x+ 3y + 1=0.

Solution : Let the given equations represent the sides é_f:, CA and AB respectively of A ABC
(seeFig. 3.33).
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Solving the above equations by taking two at a
time, we obtain the vertices A(-2, 3), B(1, —2) and
C(2,1) of thegiventriangle.

The mid-points of the sides BC and CA are

-1
respectively D Eg ’7Eand E (0,2).

Equation of D , the perpendicular bisector of

BC is x+ 3y=0andthat of £, the perpendicular

bisector of CA is 2x-y+ 2=0.
Solving these two equations, we obtain the point

of intersection of thelines 54_5 and é_li whichistherefore,
S= B_—6 ’Z E the circumcenter of A ABC.
o7 70

5. Problem : Find theincenter of thetriangleformed
by the straight linesy = v3x, y= —+/3x and y= 3.
Solution : Thestraight linesy = v3xand y= —v/3x
make angles 60° and 120° respectively, with OX inthe
anti-clockwise sense (seeFig. 3.34). Sincey = 3isa
horizontal line, thetriangle formed by the three given
linesisequilaterd. Soitsincenter is sameasthe centroid
whichwill be at adistance of 2 unitsfrom the origin
(thevertex of thetriangle) onthepositive Y —axis(which
isamedian).
0 Incentre of thetriangleis 1 =(0, 2).

B(1,-2 3xy-5=0 D(32-12) C2 1
Fig. 3.33

YI
Fig. 3.34

Exercise 3(e)

|. 1. Findtheincentreof thetrianglewhoseverticesare (1, +/3), (2, 0) and (0, 0).

2. Findthe orthocentre of thetriangle whose sidesaregivenby x+y+10=0, x—y—2=0and

2xX+y-7=0.

3. Findtheorthocenter of thetrianglewhosesidesaregiven by 4x—7y+10=0,

x+y=5and 7x+4y=15.

4. Findthe circumcenter of thetrianglewhosesidesare x=1, y=1 and x+y=1.
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10.

1.

12.

13.

14.

15.

Find theincentre of thetriangleformed by thelines x=1,y=1andx+y=1.
Find the circumcentre of thetrianglewhoseverticesare (1, 0), (-1, 2) and (3, 2).
Find the values of k, if the angle between the straight lineskx + y+9=0and 3x—-y+4=10

i

is .

Find theequation of thegtraight line passing through the origin and d so through the point of intersection
of thelines 2x—y+5=0 and x+ y+1=0.

Find theequation of thestraight line parallel totheline 3x+ 4y =7 and passing through the point
of intersection of thelinesx—2y—3=0andx+ 3y—6=0.

Find the equation of the straight line perpendicular totheline 2x+ 3y =0 and passing through the
point of intersection of thelines x+3y—1= 0 andx—2y+ 4=0.

Find the equation of the straight line making non-zero equal intercepts on the coordinate axesand
passing through the point of intersection of thelines 2x—5y+1=0 and x—3y—4=0.

Find the length of the perpendicular drawn from the point of intersection of the lines
3Xx+2y+4=0 and 2x+ 5y—1=0 tothestraight line 7x+ 24y—15=0.

Find thevalue of 'a’ if the distances of the points (2, 3) and (-4, a) from the straight line
3x+4y—-8=0areequa.

Find the circumcenter of thetriangleformed by thestraight linesx+ y= 0, 2x+y+5=0 and
X—-y=2

. . X X
If 6 |stheanglebetweenthellne£a+% =1 and B+

Find the equations of the straight lines passing through the point (—10, 4) and making an
angle g withtheline x—2y=10suchthattan 6 =2.

Find the equations of the straight lines passing through the point (1, 2) and making an angle of
60° with the line J§x+y+ 2=0.

The base of an equilateral triangleis x+ y—2 =0 and the opposite vertex is (2,-1). Find
the equations of the remaining sides.

Find the orthocenter of the triangle with the following vertices

(i) (-2,-1), (6,-1) and (2,5)

(i) (5,-2), (-1,2) and (1,4)

Find the circumcenter of thetriangle whose verticesare given below

(i) (=2,3),(2,-1)and (4,0) (i) (1,3), (0,—2) and(-3,1)

Let PS bethemedian of thetrianglewith verticesP(2, 2), Q(6,—1) and R(7, 3). Find the equation
of the straight line passing through (1, —1) and paralel to the median Ps.

§=1,findthevalueofsine whena>b.
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[I1. 1. Find the orthocentre of the triangle formed by thelines x +2y =0, 4x+3y—-5=0 and

Xx+y=0.

2. Findthecircumcenter of thetrianglewhosesidesaregivenby x+y+2=0, 5x—y—2=0 and
X—2y +5=0.

3. Findtheeguationsof thestraight linespassing through (1, 1) and which areat adistanceof 3 units
from (-2, 3).

4. If p and q arethelengthsof the perpendicularsfromtheoriginto thestraight lines
XSeC a+ycosec a =a and xcos a—ysSin a = acos2a, provethat 4 p?+ ¢? = a2
5. Two adjacent sidesof aparallelogram are given by 4x + 5y =0 and 7x + 2y = 0 and one diagona
is11x+ 7y =9. Find the equationsof theremaining sidesand the other diagonal.
6. Findtheincenter of thetriangleformed by thefollowing straight lines
(i) x+1=0, 3x—4y=5 and 5x+ 12y =27
(i) x+y—-7=0, x-y+1=0and x—-3y+5=0
7. Atriangleisformed by thelines ax+ by+ c=0, Ix+my+n=0 and px+qy+r=0.
ax+by+c _ Ix+my+n
ap+bq Ip+mq

Given that thetriangleisnot right-angled, show that the straight line

passesthrough the orthocenter of thetriangle.
8. The Cartesian equations of the sides §(3 CHA and AB of atriangle are respectively
U =ax+by+c=0r=123. Show that theequation of thestraight line passing through

)

U3 _
aghy —aybs by —ahy

- Key Concepts ~

[J  Slopeof anon-vertical line containing the points (x,,y,) and (x,,Y,) ishYz
X

A and bisectingtheside BC is

Slope of ahorizontal lineiszero and slope of avertical lineisundefined.
Two non-vertical linesareparallel if and only if their slopesare equal.

Two non-vertical lines are perpendicular if and only if the product of their slopes
isequal to — 1.

[0 Equation of the horizontal line passing through (x,, y,) IS y =y, and equation of the vertical
linepassing through (x,, y,) IS x=Xx;.
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ID Equation of astraight linein different forms:

(8 Slope-intercept form: y=mx+ c.
(b) Point - slopeform : y -y, =m(x —x,).
(©) Two-pointform = (x=x)(¥; = ¥,) =(¥ =¥)(X =%) -
d) Interceptform : X+Y=1.
(d) Intercep e
(e) Normal form I Xcosa+tysina=p.
(f) Symmetricform : (x—x,): c0s0 =(y —Y,):sin 6.
(@) Generalform :ax+by+c=0 (a®>+b*>%0).
(h) Parametricform : x=x5 +rcos0, y =yprsin® (r OR).

[0 Lines ax+hy+c =0 and a,x+by+c, =0 areparallel if andonly if ab, =ab,.

[0 Thetwolinear equations ax+by+c, =0 and a,x+b,y +c, =0 represent the same straight
lineif andonlyif a:b:c =8a,:b,:c,.

[J  Thestraight lineax + by + ¢ =0 dividestheline segment joining (x,y,) and (x,,y,) inthe
ratio — (ax +by, +c):(ax, +by, +c).

[0 Thepoints (x,y,) and (x,,Y,) lietothesamesideor on either side of the straight line
ax + by + ¢ = 0 according as ax +by, +c and ax, +by, +c have the same sign or of
oppositesign.

] Point of intersection of theintersecting lines ax+by+c, =0 and a,x+b,y+c, =0 is
etk e S o B
b, —3b &b, —ah g

O If uy=ax+hy+c =0 and u,=a,x+h,y +c, =0 represent two linesintersecting at P, then
(i) any straight line passing through Pisof theform Au, +A,u, =0 (A +A 2 20) (i) theequation
Ay, +A,u, =0, forall rea A,A, with A?+A2 20, representsastraight linethrough P.

[ If theequations ax+by+c =0, a,x +h,y +c, =0 and a,x+b,y +c, =0 represent threelines,

no two of which are parallel, then a necessary and sufficient condition for these linesto be

a b ¢
concurrentisthat a, (b,c, -b,c,) =0 (or) (&, b, ¢=0.

a b ¢
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[0 A sufficient condition for the above lines to be concurrent isthat there exist non-zeroreals
A Ay Ag suchthat A (ax+hy+c) +A,(ax +by +¢,)) +A5(ax Hy +¢;) =0.

[0 Theanglebetweenthelines ax+hy+c =0 and a,x+b,y+c, =0 is
Cost__ |38 +hb|
V& +1) (@ +8)
[0 Thelinesax+hy+c =0and a,x+h,y+c, =0 areperpendicular if andonly if aa, +bb, =0.

[J Equation of aline parallel tothelineax + by + c=0isof theform ax + by = kand that of a
line perpendicular to the abovelineisbx—ay = k.

[l The angle between two non-vertical, non-perpendicular lines with slopes m and m, is
m-m, ‘

L+ mm, | e [ +byy +d
(] Thelength of the perpendicular from (x,,y,) tothestraight lineax+ by + c:O|sW

-1

=
[ Thedistance between the parallel lines ax+by +¢, =0 and ax+by +c, =0 is %.

|

o

Historical Note

Desargues. G (1593 —1662) and Pascal. B (1623 —1662) created projective geometry-
anew branch of geometry. Descartes. R (1596—-1650) and Fermat. P (1601 — 1665) invented
analytical geometry -a method of geometry. Analytical geometry, also known as coordinate
geometry, isanew and powerful method of solving geometrical problems. Asapplied to the plane,
it establishes a one-to-one correspondence between the pointsin the plane and orderd pairs of
real numbers - which in turn bringsin a connection between plane curves and equationsin two
variables. "The task of proving atheorem in geometry is clearly shifted to that of proving a
corresponding theoremin Algebraand Analysis'.

"Perhaps analytic geometry can be regarded as the royal road to geometry that Euclid
thought did not exist". There are several accounts about theinitial flash that |led Descartesto the
invention of cartesian geometry. According to one account, the flash occured to himin adream.
Another episode isthat the idea occured to him when watching afly crawling about the ceiling
near acorner of hisroom. Thisreminds usof the story of Newton and falling apple which motivated
Newton to propound histheory of gravitation.
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Exercise 3(a)

[ 1. -1,1 2. y+3=0
s
3. x=1=0 4. 5
h k
5 x+1=0 6. —+-=1
a b

()y—3=0, (i)y+4=0
8 ()x-2=0, (i)x+5=0
n. 1. () 1—5’ (ii) %3 (iii) _—32 (iv) -1 2. x=1

3. y=9 4. (i) —; (i) 5

5 () y=x (i) @x_y+(2—ﬁ):o, (i) x+y—1=0,

(V) x+y3y+ 2+43)=0
6. X=y, XxX=-y

7. (i) J3x—y+3=0, (i) x+3y—24/3 =0,
(i) x—y—2=0, (iv) 2x—3y+9=0
8. x+y-1=0 9. x—-y+6=0
. 1. 3x+2y—-1=0 2. X+2y+2=0
3. (I)2x=5y+15=0 (i) 3x-y=0 (lliyx+y=a+b+c
4. (i) 5x+14y—-106=0 (i)y=4 (i) 12x+5y+3=0

(iv) 28x—10y—-19=0.

Exercise 3(b)

X, Y_
—+ 2L =
. 1. 25 2. 0 q
m 2m |ab)
“ b Y

1. 1. (i) x++3y=10 (ii) /3x-y+12=0 (i) x-y-+/2 =0
(iv) y=4 (V) x=0 (vi)x+y+4=0
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- - x-1 -1
o () XT2-¥"3 Gy Xr2__ Y (i)~ =
cos sin cosj sini" cos— gn@
3 6 6 4 4
X y 0 40

3. (@)Y= ET4E 2 (5/3)+(5/4) =1 XCOS(x+ysm(x—IHx=Tan 30

X

(ii) y=ﬁ%§X+4, — % =1 xcosa +ysina =%ﬁa =n —Tan"l%

(iii) y=—/3x +4, (4/\/5) e Y o, xcosBéstng =2

X y 5n
=-x-2, — +—= =1, xcos— + sm— =2
(iv) y -2 2 L 4 Y

(V) y=-X+2, E+ =1, xcos— +ysm— =2

X y n Tn
+ =1, Xxcos— +ysin— =5
(-10/+/3) -10 6 'O

(vi) y=—J/3x-10,

T U b DX+D a Dy_ ab
il

1. 1. (=2+243,3) and (-2-24/3,-1)

275 and (-1-) 3 Jax-y+8=0 4 5. 18
Exercise 3(c)
l. 1. (i)27:22; oppositesides (if) 4: 1, opposite sides
. .07 30 Ol 10
(iif) =5:6; sameside 2. (i) 20" 10H (i) 0% oF
4. (i) (5, 4) (ii) (5,-5)
1 L1 .
5 3 6. () 3 (i) 6
. 1L (i)3x-5y+25=0 (ii) 8x—5y + 60 =0 (|||)%+% 2

9
2.x+2y—3:O,Z 3. 4x+3y-24=0
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4. 22 S0 (oo, ) IAL+ )
6. (4,-5) 7. ()2 (i)4
B 10
8. not concurrent 0. Bﬁ EH
10. (1,-2)

011 8+5/3001 8-5/3

. 1.(=2,2) 2. By EEZ 5
3.6 5. V2 7.9
Exercise 3(d)
m 2010 m m
— Cos - i
I 1. 2 2. %E 3. > 4.4
5 0 6 3 7 2 8.1
1
0. m 10. 2x+3y—-22=0 11.3x+5y+3=0
1
12. 3 13. 3 14. =1 or 6
15.x+7y-31=0
. 1. (i))2x+3y—-11=0 (ii)3x—-2y+3=0
X y_a
4+ 2L == — =
2. b 2 b 3. 4x-3y+16=0
(B 210 (49 240
4, 3x+y—-8=0 5. EE 5H 6. B1_3’13H
. 08 60 g D7 _60
- H5' s - H5' 5
10. x* +y? —ax—-by =0
. 2. x=-2y+7=0,2x+y+4=0
L0040 L0 130 L1030
3. Cos™[F—p}Cos’ and 71-Cos™ —
a¥ida NG H/ioH
5.y=14x+3y+5=0 6. (1, 5), (1, 9), (5, 9) and (5, 5)
2¢?
7.5 8. 56
_ 3 0O
9. 119x + 102y — 125 =0 10. A= BE’OH
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Exercise 3(e)

1 ELLE 2 -4, -6 3 1,2

Mm 10 g1 104
4 B2 > Hez'v2H 6 (1.2
7 2,—1 8. x+2y=0 9. 3x+4y-15=0

2
1

10.3x—2y+8=0 11. x+y+32=0 12. T

15 5 a’-b’

1. 1.3x+4y+14=0,x+10=0 2. y=2,y-2=/3 (x-1)

3. y+1= (2+3) (x-2) 4. () %gﬁ (ii) %,%ﬁ
5. (i) %gﬁ (ii) ﬁ%%ﬁ 6. 2x+9y+7=0
. 1. (-4 -3) 2. ﬁ%%ﬁ

3. 5x=-12y+7=0,x=1

ol

. IX+2y=9, 4x+5y=9 and x—-y=0

(o2}

. (i) %éﬁ (iv) (31++/5)



Chaptern4

Pair of Stuaight Lines

"One can measure the importance of a scientific
work by the number of earlier publications
rendered superfluous by it"

- David Hilbert

I ntroduction

Given the equations of two straight lines, the
methods of finding their point of intersection and the
angle between them were discussed in chapter 3. In
thischapter, we shall find the conditions under which a
second degree equationin x and y representsapair
of straight lines.

4.1 Equationsof a pair of lines
passing through the origin,
Angle between a pair of lines

Inthis section, wefind the nature of the combined
equation of apair of straight lines passing through the
origin.

4.1.1 Combined equation of a pair of
straight lines

Let L, and L, denotetwo straight lines and
let their equations be a;x + byy + ¢4 = 0 and

David Hilbert
(1862 - 1943)

David Hilbert was a German
mathematician, recognized as
one of the most influential and
universal mathematicians of the
19th and early 20th centuries.
He led the school of formalists
in the realm of mathematical
philosophy.
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aX+b,y+c,=0, i.e, whichare linearin x and y (i.e, a;, by arenot both zeroand a,, b, are
not both zero).

Consider the equation (a;x+ byy+cy) (apx+boy+cy) =0. .. (1)
Now P (a,B) isapoint onthelocusrepresented by (1)
= (a0 +hbB + ¢) (aa +bp +c,)=0
< aa+bf + ¢ =0 or aa +bf +c, =0
- PliesonL;or PliesonL.,.

We, therefore, conclude that the locus or graph of the equation (1) is the pair of straight lines
L, and L,. Wesay that (1) isthe combined equation or smply theequationof L;and L.
4.1.2 Example : The equation 6x*+11xy —-10y® =0represents the pair of straight lines 3x-2y =0

and 2x+5y =0, since (3x—2y)(2x +5y) = 6x% +11xy —10y?. (1)
Similarly, since (3x+2y -1) (2x =3y +1)
= 6x° —5xy —6Yy* +X +5y -, (i)

theequation 6x* —5xy —6y* +x +5y -1 =0 representsthe pair of straight lines
3Xx+2y—1=0 and 2x-3y+1=0.

4.1.3 Definition

If a,b, h arereal numbers, not all zero, then H = ax®+ 2hxy + by2: 0 iscalled a homogeneous
equation of second degreein xandy; and S= al+ 2wy+ by2+2gx+2y+ c=0iscalled a general
equation of second degree in x and .

Theequation (1) in4.1.1 and the combined equations (i) and (ii) of example 4.1.2 are second degree
equationsinx and .

We shall now investigate the conditions under which the above two equations represent a pair of
draightlines.
4.1.4 Theorem: If a, b, h arenot all zero and the locus of the equation

S=ad+ 2hxy + by’ + 2gx + 2fy + c= 0 containsa straight line L, then S can be written as
the product of two linear factorsinx and y (with real coefficients).
Proof : Let P(Xg, Yg) beapointonthesraight line L. By trandatingtheorigintothepoint and thenrotating
theaxesof coordinatesthrough asuitableangle 8 about the new origin, theequation of thestraight line L can
betransformed into the X-axisin the new coordinate system. Let a point (x, y) havecoordinates (X, Y) w.r.t.
the new system of coordinate axes.

Then x=xp+ X cosg—-Y sing
and y=yp+Xsne+Ycoso.
From these equations, weobtain
X= (X—Xp)cos @ +(y—Yo) Sin @ ..(0)
and Y= (y—Yo)Cos @ —(X—Xp)Sing ..(i)
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Writing thegiven equation S=0inthenew coordinates X and Y, wefind that the equation changesto
theform S = AX2+2HXY +BY2+2GX +2FY +C=0 whichisasecond degreeequationin X and Y.
(Wenotethat A, B, Harenot all zero, since a+b=A +B, ab—h?=AB-H? and a, b, harenot all Zero).

Sincethelocusof S=0 containsthe straight line L whose equationis Y = 0inthenew coordinate
system, every point onthelineY =0 satisfiesthe equation S= 0 and hence,

AX?+2GX +C=0 for al real numbers X.
Sincethisequation issatisfied by morethantwo valuesof X, wemust have
A =G=C=0.Hence
S = BY?+2HXY +2FY
= Y (BY +2HX +2F)
thatis, S can be expressed asaproduct of two linear factorsin X andY. But X and Y arelinearin xandy;
and sousing (i) and (i), S can befactorised asaproduct of two real linear factorsin x and .

4.1.5 Note

(i) If thelocus of a second degree equationin x and y contains a straight line, then the equation
representsapair of straight lines.
(i) If thelocusof asecond degreeequation S=0inthetwovariables x and y isapair of straight lines,
thenwecanwrite
S=(Ix+my+n)(Lx+my+n,),
where I1x+ my+ n; and Io)x+ mpy+n, arelinearin x and .
We now find the condition under which ahomogeneous equation of second degreein x and y represents
apair of straight lines.
4.1.6 Theorem: If a,b and h arenot all zero, then the equation H = ax®+ 2hxy + by? = 0
represents a pair of straight linesif and only if h?> ab.
Proof : Supposethat H =0 representsapair of lines. Then by 4.1.5. Note (ii), we can write
H = (Ix+my+n) (I,x+my+n,)
Here I x+my+n and I,x+m,y+n, arelinearin x and y.
Since (0, 0) isapoint onthelocusof ax? + 2hxy +by® =0, it followsthat (0, 0) isapoint ontheline
l,x+my+n =0 oronthelinel,x+m,y+n, =0.
Hence n, =0 or n,=0, say n =0.Then
ax? + 2hxy +by? =(I,x +my)(I,x +myy +n,) sothat I,n, =0=mpn,. Since |, and m arenot both zero,
weget n, =0. Hence
ax® + 2hxy +by?® =(I,x +my)(I,x +m,y) . Therefore LI, =a, mm, =b and I,m, +1,m =2h.
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Hence,

+1 -1
h’—ab = EMEZ_ ||y, = 1”122 Zmlgzo sothat h? > ab.

Conversdly, suppose that h? > ab.
Case(i): Let az0. Then
ax + 2hxy + by2

- i(azxz + 2ahy +aby?)

- Zi Hax)? + 2(ax)(hy) +h"y? +aby* —h*y’H

= 2 flaxehy) ~(F -y

- %1 Hax+hy ++/h? —aby)(ax +hy —h* -ab)y=, since h? -ab=0.
- i Cax-+(h++ 1P —ab)y L +(n I ).

Therefore, theequation H = 0 representsthe pair of straight lines

ax+(h++/h? —ab)y =0 and ax+(h-+/h* —ab)y =0.

Observethat each of theselines passesthrough theorigin.
Case(ii): Leta=0.Then

H = 2hxy + by2 = y(2hx+ by) and 0, inthiscase, theequation H =0 representsthe straight lines
y=0 and 2hx+ by= 0(since h and b arenot both zero), each of which passesthrough the origin.

4.1.7 Note
() If h®=ab, weobservethat thelinesrepresented by H =0 arecoincident.

(i) If h?> ab, then we canwrite H = (I;x + myy)(Iox + mpy) so that 14l,=a mym,= b and
l1mp + Iomy = 2h. Also I x+my =0 and I,x+m,y =0 arethestraight linesrepresented by H=0.

(i) If H=0 representsapair of straight linesand b # 0, thentheselinesare non-vertica (prove). If my
and m, arethe dopes of theselines, then

ax’ + 2hxy + by” = b(y —myX) (y — myX),

—-2h a
sothat my + mp= — - and mm, = .

When the equations of two straight lines are given separately, finding the angle between them was
discussed in 3.8. Thefollowing theorem aimsat finding the angle between apair of straight lineswhen their
combined equationisgiven.
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4.1.8 Theorem : Let the equation ax + 2hxy + by2 = O represent a pair of straight lines. Then the
|la+b]
(a-b)? +4h?

angle 8 between the linesis given by cos 6 = \/

Proof : Itisobviousthat (a—b)® +4h* >0.

Let H = ax?+ 2hxy + by? = (I3x + myy)(Ix + myy). Then the lines represented by the given
equationare [1x+ myy=0 and I,x + mpy =0. Further I, =a, mm, =b and I,m, +I,m =2h. Therefore,
theangle 6 between theselinesisgiven by

cos 6 = |1l + mm, |
2 #ne) (13 +mg)
_ [, +mm, |
\/(|1|2 - mlmz)z +(I1mz +|2m)2
Therefore Ccos 0 = [a+b]

J(a-b)? +an’

4.2 Condition for perpendicular and coincident lines, bisector sof angles

Itisalready observed in 4.1.7 that the equation H = O represents apair of coincident linesif

h? = ab.
Now thelinesgivenby H =0 are perpendicular
- €0sB8 =0
- a+b =0

(sum of the coefficientsof x* and y* in H=0iszero)
If a+b#0, thenthelinesrepresented by H =0 arenot perpendicular and in such asituation, the
angle 6 betweenthelinesisaso given by theformula

tane—ZhZ—_ab because cos 9 = __la*bl ives
" Ja+b| = Ja-b+an 9
_ 2Jh?-ab

sn 6 = .
J(a=b)? +4h?
4.2.1 Example: Letusfind the angle between the straight lines represented by the equation
2x% — 3xy — 6y? = 0.
Comparing this equation with ax + 2hxy + by2: 0, wefind a= 2, b=-6 and
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-3
h=-3

Therefore, angle 6 betweenthegiven pair of linesisgiven by
2 /7h2 +12 \/—
a+b| I2 6] 4

e

tan @ = —————

Hencetheangle betweenthelinesis Tan

4.2.2 Theorem : Let the equations of two intersecting linesbe L; = a;x + byy + ¢, =0 and
L, = a)x + byy + ¢, = 0. Then the equations of the bisectors of the angles (angle and its
supplement) between L, =0 and L,=0 are

axthyte _ (ax+by+c)

2,2 - 2,2

a +b \/az +b;
Proof : Thelocusof the pointsequidistant from L, and L, isthepair of lineshisecting the anglesbetween
L, and L,.Let PM, PN bethe perpendicular distances of apoint P(xy, y;) fromthelines L, and L,

respectively (seeFig. 4.1).

ThenPisapoint onthegivenlocus

- PM =PN
ax thy +¢g Xy +hy; +¢
vaf +bf a5 +bj

(X thys +¢) _ |, (ax thyy +0))

Note: Theequationsof thelineshisectingtheangles
between L, and L, arealsowritten as X'

i

(ax+by+c)  (ax+by+c)
4.2.3 Examples
1. Example

L et usfind the equations of the straight lines bisecting the angles betweenthelines 7x+ y+3=0
and x—y+1=0. By Theorem4.2.2, theequations of the straight lines bisecting the angles between the

givenlinesare
H7x+y+3E+ —y+1E_0
H Jso 0 H 2
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that is, (7x+y+3)+5x-y+1)=0
(or) X+3y—1=0 and3x—-y+2=0.
2. Example: Let usprovethat theinternal bisectorsof the anglesof atriangleare concurrent.
Let A(X1, Y1), B(X, ¥2) and C (Xz, Y3) betheverticesof agiventriangle ABC (see Fig. 4.2) whose

sides é_é, CA and AB are represented respectively by the equations
Ly =ax + by + ¢, =0,
Lry=ax + by + ¢,=0
and Lz=agx + bgy + c3=0.

Without lossof generality, we can assumethat the non-zero
numbers a;x + by, + ¢ (r=1,2, 3) are positive (that is, if
necessary, we rewrite the equations so that these numbers are
pogitive).

Also axs+byst ¢ =0 for rzsand r, s=1,2, 3.

Ja2end 22

L L
o) w=fF= - == =0
‘/a§+b22 "a§+b§
represents one of the bisectorsof theangle BAC.
Since agXy, + byys, + 3= ay X3 + boyz + ¢, =0, we have

Now theequation u; =

X, thyy, +C, agX, +byy, +¢5

>0 and
2 2 2 2
‘/a2+b2 ‘/a3+b3
X3t Y3 G X thyys ey o
2 .2 2 .2
‘/a2+b2 ‘/a3+b3

Hencethevertices B(xy, y») and C(xs, y3) lieon either side of the bisector u; = 0 and accordingly, itis
theinterna bisector of angle A of A ABC.
Similarly theinternal bisectorsof theangles B and C of thetriangle arerespectively

L3 Ly

U = - =
Lo
b b

WSy @

Now letting k; =k, =kz =1, weobservethat kju; + Kyu, + ksuz = 0 and therefore, by Theorem
3.7.3, the bisectors u; =0, u, =0 and uz=0 are concurrent.
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4.3 Pair of bisectors of anlges

4.3.1 Theorem : If the equation ax® + 2hxy + by? = O representsa pair of intersecting lines, then
the combined equation of the pair of bisectors of the angles between these lines is
h(* —y%) = (a—b)xy.
Proof : Sincethestraight linesrepresented by the given equation passthrough the origin, their separate
equations (in symmetric form) canbetakenasxsin® —ycosd =0 and xsin@ —ycos@ =0.
Therefore,
H ax? + 2hxy + by?

= )\ (xsng—ycosg) (Xxsing — ycosy)

forsomereal A # 0. Fromthis, weobtain

sin g sin cp:;,cosecoscp:;andsin(e+cp):_72h -
Theequationsof the straight lines bisecting the angles between the given pair of linesistherefore

(xsng—-ycosg)+ (xsn @—ycos @)=0.

Accordingly, their combined equationis
(xsin g —ycos g)?— (xsin @ —ycos §)>=0

thatis,  (sin“g —sin?@)x*—2(sin @ COS @ — SiN @ oS P)xy + (cos’p —cos”P)y* =0

thatis,  (sing —sin@)(}*—y?) =(sin2¢ — sin2@)xy

thetis,  [sin(e + @)sin(e — @)](X°~y?) =[2c0s (6 + P)sin(e — @)]xy

thatis,  [sin (e + @)](—y’) =[2c0s (8 + @)]xy (since 8 # @)

-2h 2(b -
(or) > (xz—yz) = Qxy (usingtherelations (1)) whichisthe sameequation
as (< -y’) = (a—b)xy.
4.3.2 Note
The sum of the coefficients of x? and y* in the bisector's equation is zero, which verifies their
perpendicularity.

4.3.3 Example: Let usfind the combined equation of thepair of bisectors of the angles between the pair
of straight lines represented by 6x? + 11xy + 3y =0.
11
Comparing the given equation with ad + 2hxy + by2:0, weobsarvethat a=6,b=3 and h= >
Therefore, the equation of the pair of bisectors of the angles between the given pair of linesis

hoC —y?) = (a—b)xy
that is, 1El(xz—yz):(s—s)xy (or) 11(x*—y?) —6xy=0.
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4.3.4 Solved Problems
1. Problem : Doestheequation x*+ xy + y*= 0 represent a pair of lines?
1

Solution : No. For,a=b =1, h= > and
ey
hz—abz%r—1<o,thatis, h’<ab. Y y_\ﬁx
2. Problem : Find the nature of the triangle
A
formed by the lines x*-3y? =0 and x= 2.
Soltuion : The lines x*-3y? =0, that is, 30’
1 1 i o th X N o X
=——X Yy=——=X areequ Inclinedto the x
y NE y NE equaly ;
x-axis, theinclination being 30° (seeFig.4.3). \
0 Y __ 1
Further OOAB-0 OBA 60" Fig. 4.3 y \/§X
Hencethetriangleisequilateral.
3. Problem : Find the centriod of thetriangleformed by thelines 12x* — 20xy + 7y =0
and 2x—3y+4=0.
Solution : The pair of straight lines 12x% — 20xy+7y2 =0 intersect the straight line
2x—3y + 4= 0 in the points A and B whose coordinates are given by the equation
3(3y—4)—10y(3y—4)+ 7y = 0 (eliminant of x from the above equations)
thatis, y2—8y+ 12=0(or) (y—2)(y—6)=0 and so, y= 2 or 6 and correspondingly
x=1or7.
Therefore, the pointsof intersectionareA (1, 2) and B (7, 6). Accordingly, the
. ) . . . . 8
triangle OAB formed by thegiven triad of lineshasits centroid at EE 5@
4. Problem : Prove that the lines represented by the equations x? - 4xy +y* =0 and
x+ y = 3forman equilateral triangle. v L
Solution: Thedopeof theline L=x+y-3=01is -1 *2
and hence it makes an angle of 45° with the negative /S‘V
direction of thex-axis. Therefore, no straight linewhich N
makesanangleof 60° withL isvertica. Let theequation
of aline passing through the origin and making an angle of = Ly
60° with L be y=mx. Then
x/§=tan60°:‘m_+l 45°
0 X
sothat (m+1)? =3(m-1)° X \

(or) m*-4m+1=0 Y Fig. 4.4
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whoseroots m and m, areredl anddistinct. Therefore, therearetwollines L, and L, passing through
the origin, each making an angle of 60° with L. Their equationsare y=mx and y=m,x where
m +m, =4, mm, =1.
Thecombined equationof L, and L, is
(y =mx)(y —m,x) =0
e, y*=(m+m)xy +mmx* =0
i.e, y?—4xy+x? =0, whichissameasthegiven pair of lines.
HencelL, L,, L, formanequilaterd triangle.

5. Prablem : Show that the product of the perpendicular distancesfroma point (a,B) to the pair of

|a012 + 2ho@ + b2 |

sraight lines ax® + 2hxy + by’ =0 is
Ja-b) + an?
Solution: Let ax? + 2hxy + by2 = (Ixx+ myy)(Iox + mpy).
Thenthelinesrepresented by theequationare I, x+ my =0 and 1,x+m,y =0.
Further, I1l,=a, mmp,=b and I;m, + oMy = 2h.
d; = length of the perpendicular from (a,B) to I,x+my =0
_ |10 +m B .
I +my
d, = length of the perpendicular from (a,B) to I,x+m,y =0
_ |1+ m, B[
Then, the product of thelengths of the perpendicularsfrom (a,) tothegiven pair of lines
_ | (ho+mB) (1o +mpB) |
{Fewe) (Eomd

a0

R A

(a-b)* +4n?

6. Problem : Let ax*+2hxy +by* =0 represent a pair of straight lines. Then show that the equation of
the pair of straight lines
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(i) passing through (x,,y,) and parallel to the given pair of linesis

a(x=%)? +2h(x =%,)(Y —Y,) +b(y —¥,)* =0 and
(if) passing through (x,,y,) and perpendicular to the given pair of linesis
b(x=%,)* =2h(x =%,)(Y =¥,) +a(y =¥,)* =0-
Solution : Let ax?+2hxy +by? = (I,x +my)(l,x +m,y).
Thentheequationsof thelinesare L, =I,x+my =0, L, =l,x +m,y =0.
Further, 11, =a, mm, =b and I;m, +1,m =2h.

()  Now theequationsof thestraight linespassing through (x,, y,) andparale to L, and L, respectively
are

L, (X=%,) +m(y —Y,) =0

and L, (x=3%) +m,(y —y,) =0.
Therefore, their combined equationis

[Il(X_XO) +"1(y _YO)] [|2(X _Xo) +mz(y _yo)] =0
(0r)  [a(x=%,)" +2h(x =%,) (Y =Yo) +b(y —¥,)* =0|.
(i)  Thestraight linespassing through (x,, y,) and perpendicular tothepair L, and L, arerespectively
mx—=lLy=mx, =1,y,

@)  mx=x%)=l(y-y,) =0 and m,(x=x,) =I,(y -y,) =0.
Hencetheir combined equationis

[M(X=%) =LY =¥o)l [My(X =%) =1,(y =Y¥,)] =0

thatis, | b(x—x)* —2h(x =) (¥ ~¥,) *+a(y ~¥,)* =0 -
Note: Thepair of lines passing through the origin and perpendicular to the pair of linesgiven by
ax® + 2hxy +by? =0 IS bx? - 2hxy +ay’ =0.
7. Problem : Show that the area of the triangle formed by the lines ax®+2hxy +by* =0 and

neJhi—ab |

|X+my+n=0 is am2_2h|m+b|2‘.

Solution : Let OA and OB bethe pair of straight linesrepresented by the equation ax® + 2hxy +by* =0
(seeFig. 4.5) and AB betheline Ix + my+ n=0.

Let ax?+2hxy +by? = (I,x+my)(,x +my) and OA and OB
bethelines I,x+my=0 and I,x+m,y=0 respectively.
Let A =(x, %), B=(%, ;). Then,

sinceA lieson OA and AB, l,x, +my, =0 and Ix, +my, +n=0.
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Since, by hypothess, thegiventhreelinesformatriangle,

l,m-Im #0 and I,m-Im, #0.
S0, by therule of cross-multiplication, we obtain

=~ ~7 . andhence

- —nl
Similarly, S L =M
Yoo % l,m=Im,’ ' V2 l,m—-Im,

Therefore, areaof triangle OAB
1
= > |X1y2 _X2Y1|
nz(llmz —1,m) |
(,m=Im)(I,m-Im,)|

nz\/(llmz +1,m)? = 4ll,mm, ‘
ll,m? =1m(l,m, +1,m) +mml 2‘
(sincell, =a, mm, =b and I,m, +I,m =2h)

NI NI

8. Problem : Two equal sides of an isosceles
triangleare7x —y+ 3=0andx+y - 3= 0and
itsthird side passes through the point (1, 0). Find
the equation of the third side.
Solution : Letthelines7x—-y+3=0andx+y-3=0
intersectat A. If wedraw lines (not passing through A)
perpendicular to each of the bisectorsof theanglesat A,
we get isoscelestriangles, equal sidesbeing along the
givenlines

(AABF U AAFC and AADG Ll AAGE)

Of them, werequirethosetriangleswhosethird
sidespassthrough (1, 0).

The equations of the bisectors of the angles
between 7x-y+3=0 andx+y-3=0are

7X-y+3 LOXty =30

sz 02 O

O 7x ¥ &+ 5 y 3
0 Xx-3y+9=0 and3x+y-3=0.

Yk

n?v/4h? - 4ab

neJh?-ab |

am? — 2him +bl |

am? — 2him+bl |
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Thethird sdeswill bethoselines perpendicular to E
the bisectors and intersecting at (1, 0). R

The side perpendicular tox -3y + 9=0 and ,?;/
passing through (1, 0) is3x+y—3=0. Theother one ,\j
is(x—1)-3(y-0)=0i.e, x—3y—1=0. Therefore, A G
3x+y—-3=0 andx—3y—-1=0aretherequired ones.
[Inthe Figure AABC and AADE areisosceleswith BC B F CX|L0
and DE asthird sides. N A

Fig. 4.7 @\\0
Exercise 4(a)

I. 1. Findtheacuteangle between the pair of linesrepresented by the following equations.
(i) XP—Txy+12y°=0
(i) y?—xy—6x°=0
(i) (xcosa — ysin a)?= (X% + y?)sin’a
(iv) X2 + 2Xy cota —y2 =0
1. 1. Show that thefollowing pairsof straight lines have the same set of angular bisectors (that isthey
areequally inclined to each other).

() 2xX*+6xy+Yy* =0, 4x° +18xy +y* =0
(i) a2 +2h(a+b)xy +b*y? =0,
ax® +2hxy +by? =0; a +b #0.
(i) ax® +2hxy +by* +A(X* +y?) =0; (A OR),
ax® + 2hxy + by’ =0.
2. Findthevdueof h, if thedopesof thelinesrepresented by 6x2+2hxy+ y2:0 areintheratiol: 2.
3. If ax® +2hxy +by? =0 representstwo straight lines such that the slope of onelineistwicethe
slope of the other, prove that 8h? =9ab.
4. Show that the equation of the pair of straight lines passing through the origin and making an
angleof 30° withtheline 3x—y-1=0is13x? +12xy -3y? =0.
5. Find the equation to the pair of straight lines passing through the origin and making an acute
angle a withthestraight linex+y+5=0.
6. Show that the straight lines represented by (x+2a)® -3y? =0 and x=a form an equilateral
triangle.
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Show that the pair of bisectors of the angles between the straight lines

(ax+by)® =c(bx —ay)?,c >0 areparallel and perpendicular totheline ax+by +k =0.

The adjacent sides of aparallelogram are 2x* —5xy +3y* =0 and onediagonal is x+ y+2=0.
Find the vertices and the other diagonal.

Find the centroid and the area of the triangle formed by the following lines

(i) 2y —xy—6x% =0, x+y+4 =0

(i) 3% —4xy+Vy? =0,2x-y=6

Find the equation of the pair of linesintersecting at (2, —1) and

(i) perpendicular to the pair 6x2—13xy—5y2 =0, and

(ii) parallel tothe pair 6x°—13xy—5y? =0

Find the equation of the bisector of the acute angle between thelines

3X—-4y+7=0 and 12x+5y—-2=0.

Find the equation of the bisector of the obtuse angle between thelines

X+y—-5=0and x—7y+7=0.

Show that thelinesrepresented by (Ix + my)* —3(mx —ly)* =0 and Ix+ my +n =0 formanequilatera

2

. . n
trianglewith area a2 +md)
Show that the straight lines represented by 3x? +48xy +23y? =0 and 3x-2y+13=0 forman

equilateral triangle of area f sg.units.

Show that the equation of the pair of lines bisecting the angles between the pair of bisectors of the
anglesbetween the pair of lines ax® + 2hxy +by? =0 is (a—b)(x* —y?) +4hxy =0.

If onelineof thepair of lines ax* + 2hxy +by® =0 bisectsthe angle between the coordinate axes,
provethat (a+b)* =4h?.

If (a, B) isthe centroid of the triangle formed by thelines ax® + 2hxy +by? =0 and Ix+my =1,
bl —hm am-hl  3(bl? -2him+an?)’
Prove that the distance from the origin to the orthocentre of the triangle formed by the lines

prove that

+ 2 =1 and al+ 2hxy + by?=0 is

B
|

Q| x

a+b aB
—2ha[3+b|3

)
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7. Thestraight line Ix+ my + n=0 bisects an angle between the pair of lines of which oneis
px+ qy+ r = 0. Show that the other lineis

(px + ay + r)(1% + ) —2(Ip + ma)(Ix + my + n) =0.

4.4 Pair of lines- Second degree general equation

We now obtain conditionsfor ageneral equation of second degreein x and y to represent apair of
lines
4.4.1 Theorem

If the second degree equation S = ax® + 2hxy + by? + 2gx+ 2fy + ¢ = 0in the two variables x
and y representsa pair of straight lines, then

(i) abc + 2fgh—af 2—bg?—ch? = 0and

(i) h?> ab, gzzac and f2> bc.
Proof : Since S= 0 representsapair of lines, we can write

S = (I4x+ my + ng) (Iox+ mpy + ny) (see Note (i) of 4.1.5).
Comparing the coefficients of liketermson either Sde,
weobtain [, = a; lymp+ lomy =2h
mm, = b Iy + Ionp =29
N, = € ; MmNy + mpng = 2f.

() 8fgh= (2nh)(20)(2f) = (lymp + lomy) (11N + 12ng) (Myng + Mpny)

(1 18408 ) + a2 412 1) + murmf(2 412 ) + 2

= a(4f 2—2bc) + b(4g® — 2ac) + c(4h? — 2ab) + 2abc
= 4af 2+ bg? + ch® —abc).
Therefore, abc + 2fgh —af >—bg? —ch? = 0.

[
(i) h—ab = g@g 14l mymy

_ DHlmZ ;lzmlg .0

Therefore h?> ab.
Similarly, it can be shownthat g®> ac and 2> bc.

4.4.2 Note

1.  Boththeabovesetsof conditionsare necessary for theequation S=0 to represent apair of straight
lines. Thatis, S=0 cannot represent apair of linesif any of the above conditionsfails.
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For example, intheequationx2+ y2+2xy+ 1=0,wehavea=b=c=h=1;, f=9g=0 and
therefore abc + 2fgh—af 2—bgz—c:h2 =0. Butthisequation whichisthesameas(x + y)2 +1=0
doesnot represent apair of straight lines. Infact, thelocusof thisequationistheempty set ¢ .
Similarly, in the egquation X + y2 =0, wehave a=b=1, c=f=g=h=0 andso
abc + 2fgh—af2—bgz—ch2: 0; f2=bc and 92: ac. But h’< ab; and once again thisequation
doesnot represent apair of straight lines. Thelocus of the equation X2+ y2 =0 istheorigin.

2. Theequation of second degreeinx and vy,
S=ad+ 2hxy + by2+ 2gx + 2fy + c=Orepresentsapair of straight linesif

(i) A = abc+ 2fgh—af 2—bg?—ch?=0

and (ii) h? > ab, gzz ac, f2>hc.
(The proof of thisisbeyond the scope of the book)
From 4.4.1 Theorem and 4.4.2 Note (2) we have

S = ax® + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents a pair of straight lines
- A = abc+2fgh-af? -bg® —ch® =0, h*>ab, g°>ac, f*=bc.

4.4.3 Theorem: Iftheequation ax®+ 2hxy + by? + 2gx + 2fy + c= 0 representstwo straight lines,
then the equation ax + 2hxy + by2 = 0 represents a pair of lines passing through the origin and
parallel to the former pair of lines.
Proof: Lettheequation S = ax?+ 2hxy+ by? + 2gx + 2fy + ¢ = O represent apair of straight lines. Then
wecanwrite S = (I1xx+ My + ny)(Iox+ mpy + ny) sothat I11,=a mm,=b and ;M + Iomy =2h.

Therefore, H = ax® + 2hxy + by2 = I1I2x2+ (I4mp + 1omy) xy + mlmzy2

= (Ipx+ mey)(Ix + myy).

Hencetheequation H = O representsthe pair of straight lines |.x+ myy= 0 and |,x+ mpy = 0 which
are respectively parallel to the pair of linesl;x+ myy+ ny =0 and Iox+ mpy + n, =0 represented by
S=0andthey passthroughtheorigin.

4.5 Conditionsfor parallel lines- Distance between them,
Point of intersection of pair of lines

In this section we find the condition for two lines to be parallel and to find the distance
between two parallel lines. We will also find the intersection of two lines when their combined
equationisgiven.

S = ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents a pair of straight lines. The angle
between this pair of lines is the same as the angle between the pair of lines represented by
H = ax®+ 2hxy + by2 = 0. Hence theangle between the pair of lines S=0is
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= Tan} m if @+ b)>0
(hy/h? - apt

= Tant et - if (a+b) <0

- ’_ZT if a+b=0.

Therefore, the linesrepresented by S= 0 are paradld if h? = ab, perpendicular if a+ b=0and
intersecting if h?>ab.
45.1 Theorem : If the equation S = axt + 2hxy + by2 + 2g9x + 2fy + ¢ = 0 represents a pair of
parallel straight lines, then (i) h* = ab (ii) af = bg> and

2 _ 2 _
(iii) the distance between the paralld! lines =2\/g ac —2\/f be

a(a+b) \b(a+b)’
Proof
Let thetwo parallel straight linesrepresented by S=0 be
X+ my+n=0 (1)
and X+ my+n,=0. (2

Then, S= A(Ix+ my+ ny) (IXx+ my + ny), for somerea A #0.
Fromthiswehave
|2-2 b c

h
__,mzz_, :_,lm:_,
) PR W

2 2f
I(n, +n,) =79 and m(n, +n) ==~

Now (i) 2 = A22n? =(AI2)An?) =ab.
(i) 4af * = (AI*)A*mP)(n, +n,)?
= (AmP)A%1?)(n, +n,)?
= b(4g?)

sothat af? = bg?.
(ili) Distancebetweentheparalé lines

_ In-ny :\/(m+n2)2-4ran2

12 + P 1%+’
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_ \//\z(rwnz)z-wmnz

A2(12+1rP)
2 2
4% —4Ac 4f2 —-4Ac
= (or) M
A(a+b) A(a+b)
Z-ac f2-bc
= J (or) 2 :
a(a+b) b(a+b)

4.5.2 Theorem

If the equation S = ax + 2hxy + by2 + 2gx + 2fy + ¢ = 0 represents a pair of straight lines
intersecting at the origin, then g=f=c= 0.
Proof : Let S=0 represent apair of lines. Then S=(I,x +my +n,)(I,x +m,y +n,)

and L, =l,x+my+n =0and L, =l,x+m,y +n, =0 arethelinesrepresented by S=0. Sinceorigin
isapoint onboththelines L, =0 and L,= 0, weget n, =0=n,. Hence

S = ax® +2hxy +by® +2gx +2fy +c
= (Ix+my)(,x +myy).

Comparing the constant terms and the coefficientsof x and y on either side,

weget g=f=c=0.
453 Theorem : If the equation S=ax® +2hxy +by? +2gx +2fy +c =0 represents a pair of

intersecting straight lines, then their point of intersection is Ea]fb:? : 22:2]; ﬁ
Proof : Supposethat S=0 representsapair of intersecting lines. Then h* >ab. Let P(x,,Y,) bethe
point of intersection of thelines S=0. Shiftingtheoriginto P(Xg, Yg) by thetrandation of axes, theequation
S=0changesto:

a(X + x0)” + 2n(X + x)(Y + o) + b(Y + yo)* + 2g(X + Xg) + 2f (Y + yg) + €= 0
thasis, (aX”+2hXY + bY?) + 2(axo+ hyo + @)X + 2(hxo+ byg + f)Y + Spo =0
where Syp = axg + 2hxgyg + byg +2g%, + 2fy, +C.

W.r.t. the transformed axes, the above equation representsapair of straight linesintersecting at the
origin. Therefore, by Theorem4.5.2, it followsthat

X+ hyp+g=0 - (1)
hxg+ byg+ f =0 (2
and  axg” + 2hxgyo + byg’ + 20% + 2fyg + ¢ = 0
thatis, (aXo+ hyo + g)xo + (hXo + byo + f)yo + (9% + fyo + ©) =0
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(or) X+ fyo+ c=0 (using (1) and (2)). - (3)

Solving theequations (1) and (2) for xo and yg by applying therule of cross-multiplication, we get
X Yo 1 . _ Hpf -bg gh—afE

hf —bg = gh—af —m and thlsylelds P(Xo,yo) = i:bb _ h2 ’ab _ h2 .

454 Note: If i*>ab, thenthe point of intersection of thepair of lines S=0 satisfiesthethreeequations
ax+hy+g=0, hx+by+f=0and gx+fy+c=0.

Observethat the eliminant of X, yofrom the equations (1), (2) and (3) aboveis

Q - o
—+~ O =
O =~ Q

1
o

which isthe same as one of the necessary conditions given in the Theorem 4.4.1 for the equation S=0to
represent apair of straight lines.

4.5.5 Example: Let usfind the point of intersection of the pair of straight linesrepresented by
X% + 4xy + 3y — 4x — 10y + 3= 0.
Comparing this equation with the general equation of second degreein x and vy,

weget a = 1 f=-5
b =3 g= -2
c =3 h=2

Therefore, the point of intersection of thelinesis

Hhf —bg gh - af B—10+6 -4+5
Hab-h2 ab-n2F 03-4  3-4
ab - h® ab-h g

Ez 4,-1).

Thepoint of intersection can aso be obtained by solving the equations
ax+ hy+g=0, thatis, x+2y—2=0

and hx+ by + f= 0, thatis, 2x+3y-5=0.

4.5.6 Solved Problems

1. Problem : Find the angle between the straight lines represented by

2x% + 5xy + 2y> —5x—7y + 3= 0.
Solution: Herea=2,2h=5and b=2and

a+b L0

- _ 4
0 =Cos™ =Cos'—— =Cos
J(a=b)? +(2h)? VO +5? 5
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2. Problem : Find the equation of the pair of lines passing through the origin and parallel to the pair
of lines 2x* +3xy —2y* —5x +5y -3 =0.

Solution : Equation of the pair of lines passing through the origin and parallel to the linesrepresented by
ax + 2hxy + by? + 2gx +2fy +¢ = 0is ax’ + 2hxy + by? = 0. Hence the required equation is
2 + 3xy — 2y = 0.

3. Problem : Find the equation of the pair of lines passing through the origin and prependicular to the
pair of lines ax® + 2hxy +by? +2gx +2fy +c =0.

Solution : The equation of the lines passing through the origin and parallel to the given pair of linesis
ax® + 2hxy +by? =0. Hencetherequired linesarethelines passng through the origin and perpendicul ar tothe
lines ax® + 2hxy + by =0. Hencetheir equationis bx* — 2hxy +ay’ =0.

4. Problem: If x> +xy-2y* +4x -y +k =0 represents a pair of straight lines, find k.
Solution : Sincethe given equation representsapair of lines,
abc+ 2fgh —af 2 —bg® —ch® =0.

1 1
Here, a=Lb=-2c=k, f =4 =2 h = Hence k= 3.

5. Problem : Prove that the equation 2 + xy—6y2 + 7y—2= 0 representsa pair of straight lines.

Solution: Here a=2 b=-6,c=-2 f 7,g:0 h—}.

2

Hence abc + 2 fgh —af > —bg® —ch®

= 2(-6)(-2) +2.7 01 —2%5 ~(-6).0 | —Z)HE

- 24—4—29 +% ~Lug-49+1) =0

M —ab = %+12 >0, % —ac =0 «(2)(2) =4 0,

f2—pc = 4——(—6)( 2) _4—9 12 -%1 0.

Therefore, h* >ab,g* >ac and f? >bc. Hencethegiven equation representsapair of straight lines.
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6. Problem : Prove that the equation 2x° + 3xy — 2y —x + 3y—1= 0 represents a pair of
perpendicular straight lines.

Solution: a=2, b=-2 c=4, h:§, g :—1, f =§
2 2 2
30 103 9 1 9
Hence abc+2fgh-af? —-bg® —ch? = 4 +2.-—= 2. —(-2)= -(-1).=
J o 202 22 27y
= 4_9_94_}4_9 :9 _9:0
4 2 2 4 2 2

hz—ab=9+4>0,g2 ¢ = 142 >0, fz—bczg—Z:E >0,
4 4 4 4

a+b=2-2=0. Hencethegiven equation representsapair of perpendicular lines.
7. Problem : Show that the equation 2x* —13xy —7y* +x +23y -6 =0 represents a pair of straight
lines. Also find the angle between them and the coordinates of the point of intersection of the lines.

Solution: Let S=2x* -13xy —-7y” +x +23y 6.
Now 12x* —=13xy —7y? =(X =7y)(2x +Y) .
Let us see whether we can find C, and C, such that 2C,+C,=1,C, -7C,=23 and C,C, = 6.

Fromthefirst two, weget C,=2,C,=-3. Thesevaluessatisfy C,C,= -6. Hencethereexist C, and C,
suchthat

S= (x=7y+C,) (2x +y +C,)
= (x-7y+2)(2x +y -3).
Therefore, the given equation representsthe straight lines2x+y—-3=0andx—7y +2=0.

2+1
Anglebetweenthelines = Tan™ — N=Tan*3,

1-=
7

Solving the equations 2x+y—-3=0 and x—7y+ 2 =0, weobtain the point of intersection of the
. . . ... 9 70
ivenpair of lineswhichis 5—~,—p.
givenpa % 155
8. Problem : Find that valueof A for which the equation
Ax? —=10xy +12y® +5x —16y —3 =0 represents a pair of straight lines.

Solution : A necessary condition for the given equation to represent apair of linesis
abc+2fgh—af > —bg® —ch? =0

where a=Ab=12,c=-3h =5 =g,f -y
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Therefore, -36) +2x -8 xg x5 -A(-8)?° -2 gg « 3)( 5)° 9.
Thisgives A=2=a.
Now h®-ab=25-24=1>0,

g’ —ac=2+6=2 >0,
4 4

f% —bc =64 +36 =100 >0
thatis, h? >ab,g* >ac and f? >bc.

Therefore, the given equation representsapair of linesfor A =2.

9. Problem : Show that the pairs of straight lines 6x* —5xy —6y? =0 and
6x*> —5xy -6y’ +x +5y —1 =0 forma square.

Solution: H = 6x* —5xy —6y* =(3x +2y)(2x -3y) and

S = 6x° —5xy —6y° +x +5y -1

(Bx+2y -1)(2x -3y +1).

Clearly, H=0representsapair of perpendicular linesand S=0aso representsapair of perpendicular
lines. Further thelinesrepresented by H =0areparale tothelinesrepresented by S=0. Therefore, thefour
linesformarectangle.

1
But the distance of each of thelines3x + 2y—1=0, 2x—3y+ 1=0fromtheorigin iSE' Hencethe

rectangleisasquare.
Aliter

Sincethe second degreetermsin both theequationsareidentical, they formaparalelogram. Also, sncethe

sum of the coefficients of X% and y2 is zero, the

parallelogram becomesarectangle. c B(B %)
If OABC representstherectangle,
then 6x2 —5xy — 6y + X +5y—1=0 (1)
represents the combined equation of AB and BC.
Comparing theequation (1) with +x 8
ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0, we get s,
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. _Ohf-bg gh-af0 g1 50
e B h a-wE T el

[0 Slope of OB is5.

Sincethe equation of AHC is x+5y—-1=0,itsdopeis —%.

> >
Clearly, AC isperpendicularto OB . OABC is thusasquare.

10. Problem : Show that the equation 8x* — 24xy +18y° —6x +9y —5 =0 represents a pair of parallel
straight lines and find the distance between them.

Solution: S = 8x* —24xy +18y” —6x +9y -5
= 2(2x-3y)* -3(2x -3y) -5
= [22x-3y) -9][(2x =3y) +1]
= (4x-6y-5)(2x -3y +]) .

Therefore, the equation S= O representsthe straight lines 4x — 6y =5 =0and 2x - 3y +1=0whichare
clearly apair of parallel lines.

Distance betweenthem = 2+5 = )
NI

Note: Thisproblem can also be solved by using theresult of 4.5.1 Theorem.
11. Problem: If the pairs of lines represented by ax® + 2hxy +by® =0 and

ax® + 2hxy +by? +2gx +2fy +c =0 form a rhombus, prove that

(a-b)fg +h(f? —g?) =0.
Solution : Let OA , OB bethepair of straight linesgiven by H = ax? + 2hxy +by? =0 and AC, BC bethe
pair of lines given by S=ax® +2hxy +by? +2gx +2fy +c =0. We know that the lines represented by
H=0arepardld tothelinesrepresented by S=0 thatis, Figure OACB (SeeFig. 4.9) isaparallelogram.

C, thepoint of intersection of thelines S=0

hf —bg gh-af O
Hab—h? "ab-n?
Since O and C are distinct points, hf-bg and gh—af are not both zero. Now the equation of the
diagona OCis

(gh —af)x — (hf —bg) y = 0.
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Since A isapoint onthelocus H=0aswell V%
asonthelocus S=0, coordinatesof A satisfy C
theequation S—H =0. Similarly, the coordinates
of B also satisfy the equation. Now
S - H=2gx +2fy +c =0, being linear in x and
y, represents a straight line, (note that g and f
are not both zero). Hence S—H =0 isthe
equation of thediagonal AB. Since, by hypothess,

figure OACB isarhombus, thediagonals OC and X' o
AB are perpendicular to each other. Hence
(gh — af)2g — (hf — bg)2f = 0 that is, v Fig. 4.9
(a—b) fg+h(f? -g?) =0.

12. Problem : If two of the sides of a parallelogram are represented by ax® + 2hxy +by* =0 and
px + gy =1 isone of its diagonals, prove that the other diagonal is

y(bp —hq) =x(ag —hp) .
Solution : Let OACB bethe parallelogram two of whose sides OA , OB are represented by the equation
H=ax? +2hxy +by* =0 (seeFig. 4.9). Sincethe other pair of sdesAC and BC arerespectively parald to

OB and OA their combined equation will be of theform
S = ax® +2hxy +by” +2gx +2fy +c =0.

Then the equation of thediagonal AB is 2gx + 2fy + ¢ =0 (seesolved problem 11). But thislineis
giventobe

px+qy=1(or)—pcx—gcy + c=0, since c#0.
Therefore, 2g=-pc, 2f=—-qc. (1)

Thevertex C of theparallelogram = EZL — l:f 22 _ ‘:; ﬁ. Therefore, the equation of the diagonal

OC is (gh—af )x=(hf —bg)y thatis, c(-ph+aq)x =c(-hg +bp)y (using (1))

(or) (ag-hp)x=(bp —hq)y, since c#0.
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1.

2.

Find the angle between the lines represented by 2 + xy—6y2 +7y —2=0.
Provethat theequation 2x* + 3xy —2y* +3x +y +1 =0 representsapair of perpendicular lines.

Provethat the equation 3x% + 7xy + 2y? + 5x + 5y + 2= 0 representsapair of straight linesand find
the coordinates of the point of intersection.

Findthevaueof k, if theequation 2x* + kxy —6y* +3x +y +1 =0 representsapair of sraight lines.
Find the point of intersection of thelinesand the angle between the straight linesfor thisvalue of k.

Show that the equation x2—y2—x+ 3y—2=0 representsapair of perpendicular lines, and find their
equations.

Show that the lines x2+2xy—35y2—4x+44y—12:0 and 5x+ 2y —8=0 areconcurrent.

Find thedistances betweenthefollowing pairsof parald straight lines:

(i) 9P%—6xy+y>+18x—6y+8=0

(i) 3%+ 243 xy + 3y?—3x—3/3y—4=0.

Show that the two pairs of lines 3x?+ 8xy—3y* =0 and

3C +8xy—3yP +2x—4y—1=0 form asquare.

Find the product of the lengths of the perpendiculars drawn from (2, 1) upon the lines
12x% + 25xy +12y* +10x +11y +2 =0.

Show that the straight lines y2—4y+3:O and X + axy + 4y2 +5x+ 10y +4=0 forma
parallelogram and find thelengths of itssides.

Show that the product of the perpendicular distances from the origin to the pair of straight lines
||

Ja-b)2 + an?

If the equation ax? + 2hxy + by2 +2gx + 2fy + ¢ = 0 represents apair of intersecting lines,

represented by ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0is

then show that the square of the distance of their point of intersection from the origin is

_2_ 2 —2 i
cla+b)-f*-g . Also show that the square of thisdistanceis f2+92
o h“+b

perpendicular.

if thegivenlinesare
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4.6 Homogenising a second degree equation with afirst degree
equationinxandy

Generdly, thelocus of asecond degree equation
ax? + 2hxy + by? + 2gx + 2fy + ¢ =0 (D
iscalled asecond degree curve. If the graph of the equation (1) contains more than one point, this second
degree curve can beeither apair of straight linesor acircle or aconic. Any such curve hasat most two points
of intersection withagiven straight lineif thegivenlineisnot contained in thelocus (1). Inthissection, wefind
the combined equation of the pair of linesjoining the origin to the points of intersection of asecond degree
curvewith agiven straight line (see Fig. 4.10(a), 10(b), 10(c)).

Letthestraightline Ix+ my+ n=0 (nz0) .. (2
intersect the second degree curve (1) intwo distinct points A and B. Then the equation of AB can betaken
Ix+

s
We homogenise equation (1) with the help of (2) asfollows:
Wewrite (1) as

ax® + 2hxy + by? + 2(gx + fy).1 + c.12=0.

Ix+
Inthis, we replacel by %‘y . Then we get ahomogeneous equationin x, y namely,
X+ +
2 + 2hwy + by? — 2(gx + fy) T2 B RELELL o e
g n 0 O n O
2
that is, Ea—Z_g'+c'_ZEx2 +2§1 _gm _fl +d—mey %b _2fm +_Dcrr2ﬁ] y? =0
0o n 0 n n ng 0 n n° 0
thatis, a'x*+2h'xy +bBy* =0 . (4)
Y4 Y
5B
X' - X ) & [
= » X
X' / / o)
L Y J
YY" Fig.410(@) Fig. 4.10(b)

YV A
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Yy Fig. 4.10(c)
2
where a’=a—2—gI +%,
n n
w=pogm_fl cdm
n n n
2
b,zb_me+cn21 .
n n

Since equation (3) issatisfied by both the (distinct) pointsA and B, it followsthat h'? > a3 .

Therefore, equation (3) representsthe combined equation of OA and OB .

4.6.1 Example : Let us find the lines joining the origin to the points of intersection of the curve
X2 —4xy +8y? + 2x— 4y —8=0 (1)

with the straight line 3x —y = 2 and also the angle between them. .. (2
Letthestraight line 3x—y =2 meet thegivencurveinthepoints A and B. Thentheequation of the

lines OA and OB isobtained by homogenising the equation (1) with the help of equation (2).

33X - .. . . . .
From (2), % = 1. Homogenising equation (1) with the above equation, we obtain

X% — 4xy + 8y? + (X — 2y)(3x —Y) —2(3x—Vy)? =0

that is, —8x° + xy+8y2:0 which isthe equation of the pair of lines OA and OB. Sincethesum
of the coefficientsof X andy? inthisequationiszero, thelines OA and OB aremutually perpendicular.
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Exercise 4(c)

1. Find theequation of thelinesjoining the origin to the points of intersection of X2+ y2: 1 and
x+y =1

2. Findtheanglebetweenthelinesjoining theorigintothepointsof intersectionof y* = x and x + y =1.

. 1. Show that the lines joining the origin to the points of intersection of the curve
X2 —xy +y? +3x +3y -2 =0andthestraigthline x - y —/2 =0aremutualy perpendicular.

2. Find the values of Kk, if the lines joining the origin to the points of intersection of the curve
2x% — 2%y + 3y? + 2x—y—1=0 and theline x + 2y = k are mutually perpendicular.

3. Find the angle between the lines joining the origin to the points of intersection of the curve
X2+ 2xy + VP + 2x+2y—5=0 and theline 3x—y+1=0.

1. Findtheconditionfor thechord Ix+ my = 1 of thecircle x* + y? = a® (whose centreisthe origin)
to subtend aright angleat theorigin.

2. Find the condition for the lines joining the origin to the points of intersection of the circle
X2+ yZ: a? andtheline Ix + my = 1 to coincide.

3. Writedown theequation of the pair of straight linesjoining the originto the points of intersection of
theline 6x—y+ 8=0withthepair of straight lines

3%+ Axy — 4y? — 11X + 2y + 6 = 0.

Show that the lines so obtained make equal angleswith the coordinate axes.

- Key Concepts ~

O If a, b, harenotall zero, thenthe equation H = ax? + 2hxy +by* =0 representsapair of straight
linesif,andonly if h? > ab.
[ Let ax* + 2hxy +by? =0 represent apair of straight lines. Then theangle 8 between themisgivenby
atb

Theabovelinesare mutually perpendicular if andonly if, a+b=0.

cos0 =

[ Let ax® + 2hxy +by® =0 represent apair of distinct straight lines. Then the equation of the pair of
bisectors of theangles between theselinesis h(x? - y?) =(a —b)xy.
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[0 Let H=ax? +2hxy +by® =0 represent apair of straight lines. Then
(i) theequation of the lines passing through the point (x,,y,) and parallel to thelines
H = 0is a(x=x%,)" +2h(x =x)(y =¥,) +b(y -¥,)* =0.
(i) the equation of the lines passing through (x,,y,) and perpendicular to thelines
H = 01is b(x=x)* =2h(X =%,)(Y =¥,) +a(y =¥,)* =0.
[J The general equation of second degreein x andy,
S=ax® +2hxy +by® +2gx +2fy +c =0 representsapair of straight linesif and only if
(i) A=abc+2fgh—af* -bg® —ch®* =0, and
(i) h*=ab,g*=ac f*>=hc
[J Equation of the pair of straight lines passing through the origin and parallel to the pair
of straightlines
ax? + 2hxy +by® +2gx +2fy +c =0 is ax® + 2hxy +by® =0.
[ Let ad +2wy +hy? +2gx +2fy +¢ =0 represent a pair of intersecting straight lines. Thentheir

-bg gh-af Qg
1 ab-n2H

point of intersectionis Eha];)

Historical Note

Coordinate Geometry gaveusameansof classfying curves. All Sraight linesdetermine equations
of first degreein x and y and al such equations determine straight lines. All equations of the second
degreein x and y i.e., equations of theform.

ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0, coefficients being real numbers, determine curves
including pairsof straight lines, which the ancient Greeks had studied and which result from cutting a
solid circular cone or two equal coneswith same axis, whose only point of contact isformed by the
vertices. It may be noticed that long after these curves (circle, parabola, lipse, hyperbolaand pair of
straight lines) wereintroduced as sections of acone, Pappus (later part of 3rd century A.D.) disovered
that they could be defined in aplaneasloci of apoint Pmoving in the plane subject to certain condition.
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Exercise 4(a)

F“

L () Tan G50 (ii)’—: (iil) 2a (iv)g

o|%

. 2. +

5 X +2xysec2a +y* =0 if ai% and xy=0 if a:%
H6_4 1.9

8. (010)1 0 5’ SD’ 0 5’ 5
. HO _44p 56
0 go e 3

E,(—l, -1); 9%x-11y=0

(i) (0, —4), 36

10. (i) 5@ —13xy—6y>—33x+14y+40= 0

(i) 6 —13xy—5y?—37x+ 16y + 45=0
11. 11x—3y+9=0
12. 3x-y-9=0

Exercise 4(b)

4
-1
l. 1. Cos %E

3 1
M. 1 E‘g- EE

_, Hs_1f B0 k= -1, B2 g4
2. k=4, 08 8 and Cos 5 (or) k= -1, 8770 and Cos o5

3. X+y-2=0, x-y+1=0

5. (i) \E (ii)g
. G %:’ (i) 245, 3

Exercise 4(c)

l. 1. xy =0 2. 90°

13
-1
. 2. +1 3. Cos %E

. 1 a%(1?+m)=2 2. a2+ m) =1 3. H%-y?=0



Chapter 5

Ihree Dimensional

Coardinates

" Geometry is the science of correct
reasoning on incorrect figures"

- G. Polya

I ntroduction

Geometric shapes|ike spheres, cubesand cones
do not exist in asingle plane. These shapesrequirea
third dimension to describetheir location in space. To
createthisthird dimension, athird axisisadded to the
co-ordinate system. Consequently, thelocation of each
point in spaceisdefined by three real numbers. Three
dimensional geometry dealswith geometry of solids
like cone, sphere, and a so planes, linesusing algebraic
equations. Thestudy of andytical geometry isimportant
because of itsmajor applications.

In this chapter we learn how to determine the
position of apoint in space and the distance between
two points. We derive aformulato find the coordinates
of apoint dividing aline segment in acertainratio. As
an application of this, we determine the coordinates
of the centroid of atriangle and tetrahedron.

Pierre de Fermat

(1601 — 1665)

Fermat was a French mathematician
who is given credit for early
developments that led to modern
calculus. In particular, he is
recognized for his discovery of an
original method of finding the
greatest and the smallest ordinates
of curved lines, which is analogous
to that of the then unknown
differential calculus, as well as his
research into the theory of numbers.
He also made notable contributions
to analytic geometry and probability.
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5.1 Coordinates

~— 7

Let )?6;( Y'OY be two mutually
perpendicular sraight linespassing through afixed point
'O Thes=two linesdeterminethe X QY -planeor briefly
XY -plane. Draw the line ZEZ perpendicular to

L
[

- Y
XY -plane and passing through O(thisisunique). The " \\'\«\\
fixed point O is called the origin and these three o)
mutually perpendicular Iin%ﬁx <Y_O>Y , ET)E /
are called Rectangular Coordinate axes. 6;( 6\7 v X

—_
OZ arethepogtivedirectionsof coordinate axes. In

Z|

Figure 5.1, the positive directions of these axes are -
ig. 5.

represented by arrow-heads.

The three coordinate axes taken two at a time determine three planes namely, XQY - plane,
YOZ - plane and ZOX - plane or briefly XY, YZ, ZX-planes respectively. These planes are
mutually perpendicular and they are called Rectangular coordinate planes. Thetriple of coordinate axes

~— e e
X'OX, Y'QY, Z0Z arecalledtherectangular frame of reference and iswritten asOXY Z.

Thisframe of referenceissaid to bearight handed systemif aright threaded screw advancesin the

. . - - - - '
direction of OZ, whenitisrotated from OX to QY. z
Otherwiseitissaid to bealeft handed system.

b

Givenapoint P inspace other than O, through P, e

wecan exactly draw three planespardld to the coordinate TP
e e

planes so that they meet the axes X'OX, Y'OY and
Z'OZ inthepointsA, B, C respectively. Let X, Y, z .
be real numberssuch that OA = | x|, OB =|y| and .
OC=|z| andthesignsof x, y, z arepositive or )
negative accordingas A, B, Clieon the positive or
negative directionsof the axes. Thenthereal numbersx,
y, Z takeninthisorder are called the coordinatesof P

with respect to OXY Z. We writethe coordinates of P
asthe ordered triad (X, Y, 2). The co-ordinates of the Y’ i

originare (0, 0, 0). Fig.5.2 X

Conversely, given an ordered triad of real numbers (x, y, z), we choose points A, B, C on the
X, Y, Z - axesrespectively sothat OA =| x|,OB=|y|,OC=| z|. Thepositionsof A, B, Conthepositive
or negative side of the axesare determined according as X, y, Z are positive or negative respectively. Through
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A, B, Cdraw planesparadle toYZ, ZX, XY planesrespectively. These planesintersect at aunique point P
in space. We observethat the coordinatesof P arenothing but (X, y, 2).

Thus, for every point P inspace, we can associate an ordered triad (X, Y, z) of real numbersformed
by itscoordinates and conversely, every orderedtriad (X, Y, 2) of real numbersdeterminesaunique pointin
spacewhose coordinatesare (X, y, z). Soweoftenrefer tothetriad (x, y, z) asthepoint P itself. The
set of all pointsin spaceisreferred to as 3-dimensional space or R -space.

If P(x Yy, 2 isapointin space

x iscalledthe X-coordinateof P
y iscaledtheY-coordinateof P
z iscdledtheZ-coordinateof P,

5.1.1 Remark : Given a point P (X, y, 2) othenthan O in space, draw three planes PLCM, PLAN,
PMBN parald to XY, YZ, ZX planesrespectively. (See Fig. 5.2). These three planes along with three
coordinate planes constitute arectangular parallelopiped. From  Fig. 5.2, wehave

| x| =OA =CL =BN = MP = perpendicular distanceof P from YZ - plane.

|y| =OB=AN=CM = LP = perpendicular distanceof P from ZX - plane.

| zZ| =OC=BM =AL = NP = perpendicular distanceof P from XY - plane.

O If thecoordinatesof P are(X, Y, 2), thenitsperpendicular distancesfromYZ, ZX, XY planesare
| x|, |y|. | z| respectively.

5.1.2 Remark : From Fig.5.2, OA isperpendicular tothe plane PLAN. Soit is perpendicular to every
line on the plane and in particular to PA. that is OA CPA. v P
Similarly, OB 0 PB and OC 00 PC . Thus if the coordinatesof P +
ae(x, y, 2,then|x|,|y|, | z| aretheperpendicular distances
fromtheorigin of thefeet of the perpendicularsA, B, CfromPto
X, Y, Z-axesrespectively. i

5.1.3 Remark : FromFig.5.2, NP=AL=0C=|z|,

AN=0B=|y|, OA=|x|. >
ZI

Thusif P(x, y, 2) isagiven pointinspace, from P draw
PN perpendicular tothe XY -planemesetingitat N. Draw NA
parallel to Y-axismeeting OX at A. (seeFig. 5.3)

ThenPN = |z|, NA=|y|, OA=]x]|.

Fig.5.3

5.1.4 Note

1. Ifapoint P(x Y, 2) liesinthe XY-planethenfrom Remark 5.1.1, | z| = perpendicular distance of P
from XY-plane=0. i.e.,, z=0.
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0 P isof theform (x,y, 0).

Similarly, the coordinatesof pointsin YZ and ZX planesmay betakenas (0, y, z) and (X, 0, 2)
respectively.
2. If P(x,y,2) liesontheX-axis, thenitsperpendicular distancesfrom ZX and XY planesarezero.

SofromRemark 5.1.1, y = 0, z = 0. Thusany point on X-axisisof theform (x, 0, 0).
Similarly pointsonY and Z-axesareof theform (O, y, 0), (O, O, 2) respectively.

5.1.5 Octants

The three coordinate planes divide the spaceinto eight equal parts called Octants. The octant formed
by the edges 6)? 5\7 OZ iscalled thefirst octant. Wewriteit as OXY Z. The octant whose boundi ng
edgesare OX, QY', 0Z' isdenotedby OXY'Z . Inasmilar fashiontheremaining six octants can befound.
Thefollowing table showsthe octants and the sign of coordinatesin each octant.

Table5.1

Octant OXYZ [OX'YZ |OX'Y'Z|[OXY'Z |OX'YZ'|OXYZ"|[OXY'Z'[OX"'Y'Z’

X - coordinates| + - - + - + + -
y - coordinates | + + - - + + - _
z-coordinates | + + + + — - - -

5.1.6 Distance between two pointsin space
First we find the distance between the origin and any point in space. Using thiswe find the distance
between any two pointsin space.

5.1.7 Theorem : The distance between the origin
'‘O" and any point P (X, Yy, 2) inspaceis

OP= X’ +y* +7° .

Proof : Wemay assumeP # O. Let theplanesthrough
P paralée tothecoordinate planesintersect the X, Y, Z

z |
C

X\

- axesrespectively at A, Band C. (Fig. 5.4). /

Since PA 0 OX,

Y i

in AOAP, OP? =0A? + AP?. -]
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Since AP isthediagonal of therectangle PDAF,
AP?=AF? + FP?.
From rectangle OAFC, AF=0C.

From rectangles PDAF and OBEC,
FP=AD =OB.

OP? = OA? + AP?= 0A? + AF? + FP? = OA? + OC? + OB?.
Sincethe coordinatesof P are(Xx,Y, 2),
OA= |x|, OB=|y|, OC= |z|.
O OPE x& y* 7
Hence OP= . X*+y*+27*.
5.1.8 Note: Distanceisanon negative number.
Thedistanceof the point (+/3, 0, —1) fromtheoriginis 3+0+1 =2.

5.1.9 Trandation of axes

If wekeep thedirection of coordinate axes unchanged and shift the origin to some other point, the
changeiscalled trand ation of axes. The coordinates of apoint in space changewhen theoriginisshifted.

Zl
Z 4 o P(X. Y, 2)
x,y,7)
Y
Xl
AP, K 1)
0(0,0,0) =X
Fig.5.5

Let P(x Yy, 2 and A (h, k, ) betwo pointsin space with respect to the frame of reference OXY Z.
Now treating A astheorigin, let AX',AY', AZ betheneNax&sparalleltoO_»X,O_\?,(Sf respectively
(Fig.5.5).

If (x', y', Z) arecoordinatesof P withrespectto AX'Y'Z ,then xX'= x-h, y'=y-k, z=z-1|.

For example, suppose the coordinates of two points P and Q are (1, 2, -3) and (1, 0, -1)
respectively, with referenceto OXYZ frame. Shiftingtheoriginto P, thenew coordinatesof Q are
(1-1,0-2,—-1+3) i.e, (0,2, 2).
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5.1.10 Theorem (Distance formula)
Distance between the points P(x, y;, z) and Q(x,, y,, z,) is

V0o =%)° +(y, ~v.)* +( -2)’ -
Proof : Shifting theoriginto P, thenew coordinatesof Q are(x, —=x,, ¥, —=V,, Z, —z).

Using 5.1.7, | Distance between Pand Q = PQ
= Distanceof Q fromthenew origin P

= J0o = %) +(Y, = W)? +(z, -2)?

Using the aboveformula, the distance betweenthe points (1, -1, 1) and (3, -3, 2) is
PQ= |3-17 +(B+)7 +(2 1) =/4 +4 4 =3
5.1.11 Note

1. Clearly QP=PQ.

2. Thefoot of the perpendicular from P(x, y, 2) to X-axisis A(x, 0, 0). Using 5.1.10 perpendicul ar
distanceof P fromX - axisis

PA= J(x=%) +(y -0) +(z-0)° =y* +Z*.

Similarly, perpendicular distancesof P fromY-axis and Z-axisare vx* +z*> and /x* +y?
respectively.
5.1.12 Solved Problems

1. Problem: Showthat the points A(—4, 9, 6), B(-1, 6, 6) and C(0, 7, 10) formaright angled isosceles
triangle.

Solution : Using distanceformula (Theorem 5.1.10)

C
AB = [(-1+4)> +(6 -9) +(6 -6)° =/ +9 3,2 -
BC = J(0+1)? +(7-6)° +(10 -6)> =1 +1 +16 =32 y
AC= \/(0+4)2 +(7 -9)% +(10 -6)* =V16 +4 +16 =6 y
AB=BC=3+2
0 Thetriangleisisosceles.
Also AB?+BC?=18+18=36=AC> 0O [B =90° A < _
Fig.5.6 B

0 AABC is aright angled isoscelestriangle.
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2. Problem : Show that locus of the point whose distance from Y-axis is thriceitsdistance from
(1,2,-1)is 8x* +9y* +87° —18x —36y +18z +54 =0.
Solution

Let P(x,Y, 2) beany point onlocus.

Distanceof P fromY-axis = \/yx? + 72 .

Distanceof P from(1,2-1) = /(x-1)? +(y —2)? +(z +1)? .

Giventhat, \/x? + 2 =3(x ~1)? +(y —2)? +(z +1)’
O x& 7= 9(x% 2% y* 4y 7% 27 6)
O 8xF 9y# 87 18x 36y 18% 54 O,
whichistherequired equation.

3. Problem : A, B, C are three points on 55(, C_)\>( oz respectively, at distances a, b, ¢
(@a#0,b#0,c#0) fromtheorigin'O'. Find the coordinates of the point which is equidistant from
A B, CandO.
Solution: Let P(X, Yy, 2) betherequired point. Thecoordinatesof A, B,CandOare(a, 0,0), (0, b, 0),
(0,0,c) and (0, O, 0) respectively.

Giventhat PA=PB = PC = PO.

PA= PO 0 PAZ POB x &2 42 2 K % 7
0 a 2ax 0

0 = (-az0)

o Nl
(@]

Smilarly,weget Y=+, Z2=—.

N
N

Ca b cO . . -
OB =y = .
BE > ZH is the point equidistant fromA, B, C and O

4. Problem : Showthat the pointsA(3, -2, 4), B(1, 1, 1) and C(-1, 4, —2) are collinear. (pointsare said
to be collinear if they lie on the same line. See definition 5.2.1).

Solution : By thedistanceformula,
AB=[(1-3)? +(1+2) +(1-4)> =4 +9 +9 =22
BC= (-1-1)? +(4-1)* +(2 -1)* =J4 49 49 =/22
ad  AC= [(-1-3)° +(4+2)° +(2 -4)> =16 +36 +36 =/88.
Now, AB+BC=2,22=./88 =AC.

Therefore, A, B and C arecollinear.
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Exercise 5(a)

I. 1. Findthedistanceof P(3,-2,4) fromtheorigin.

2. Find the distance between the points (3, 4, -2) and (1, 0, 7).
. 1. Find x if the distance between (5, -1, 7) and (x, 5, 1) is9 units.
2. Show that the points (2, 3, 5), (-1, 5,—-1,) and (4, =3, 2) form aright angled isoscelestriangle.
3. Show that thepoints (1, 2, 3), (2, 3, 1) and (3, 1, 2) form an equilateral triangle.
4. P is a variable point which moves such that 3PA = 2PB. If A = (-2, 2, 3) and

B =(13,-3, 13), provethat P satisfiesthe equation
X2 +y? +7° +28x —12y +10z —247 =0.
5. Show that the points (1, 2, 3), (7, 0, 1) and (-2, 3, 4) arecollinear.

6. Show that ABCD isasqguarewhere A, B, C, D arethe points (0, 4, 1), (2,3,-1), (4,5, 0)
and (2, 6, 2) respectively.

5.2 Section formula

Section formulagivesthe coordinates of a point that dividesthe line segment joining two given
pointsin agiven ratio. Using thiswe derive the coordinates of the centroid of atriangle and tetrahedron.

5.2.1 De€finition

If three or more points lie on the same line, they are said to be collinear points.

5.2.2 Division of a line segment in space
Suppose A, B, Parethree collinear pointsin space.

()  If Pliesonthesegment AB,wesay Pdivides AB intheratio AP: PB or Pdivides AB internalyin
theratio AP: PB. (Fig. 5.7).

A P B

Fig. 5.7
(i) If Pliesontheline AB and outsdethesegment AB , wesay that Pdivides AB intheratio- AP: PB
(or AP: —PB) or Pdivides AB externaly intheratio AP: PB.

A B P P A B
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5.2.3 Theorem (Section formula)
The point dividing the line segment joining thedistinct pointsA(X,, y,, z) and B(X,, Y,, z,) in

theratiom: n(m+n #0) isgiven by
z

Omx, +nx, my, +ny, mz, +nz [J H
m+n ~ m+n = m+n [T

Proof : SupposeP(x, y, 7) divides AB intheratiom: n. Draw
planesthrough A, P, B parallel tothe Y Z - plane so asto meet

—
OX in A', P,B .Then, A', P,B are the feet of the ““ﬁ-\\

perpendicularsof A, P, B onthe X-axis(seeFig. 5.9).
OA" =(x, 0, 0) //

P =(x,0,0) and B’ =(x,, 0, 0).
Sinceparalée planesdivideany two straight lines proportionaly |

— Fig.5.9
AP _AP _m
P' I ﬁ n
m x- +
0 —= al andso, x= m, * %
n x,—x m+n
+n +n
Smilaly, y="W -, e T NE
m+n m+n
+n +n +n
0 Coordinatesof P are: mez Xl, s, yl, M, ZLD.
m+n m+n m+n

524 Corollary
Themidpoint of thesegment AB whereA = (x, ¥, ) adB=(x,, ¥,, 2,) is

D +X Yit+Y, 7+Z
H2 2 ' 2 H
Proof: Sincethemid point divides AB intheratio1: 1, taking m=n= 1 in Theorem 5.2.3, weget

o DR Yy, 2 +Z [
ThemldpomtlsE 5 T 5 T 5 H

5.2.5 Note

1. If kz—1fromb5.2.3, thepoint whichdivides AB intheratiok:1 is

O, +% ky, +y, Kz, +20
Ek+1 " k+1 T k+1
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2. Further A =(X;,¥1,2), B=(X, Y, 2) and Carecollinear iff thereexist m, n, m # —nsuch that
C= Dmx2+nxl’ my2+nyl’ MZ *N2 L | thiscase C divides AB intheratiom: .
m+n m+n m+n [
5.2.6 Example

By section formula, the point which dividesthelinejoining thepointsA(2,-3, 1) and B (3, 4,-5) inthe
ratiol: 3is

Ix3+3x2 1x443x3 1x 54840 09 5 4
1+3 1+3 ' 1+3 HHa 4’ 2H

5.2.7 Example
We can use section formulato find theratio in which thelinejoining two points isdivided by agiven
point onit.
Consider thepoints A(7,0,-1), B(1,2,3)and C(-2,3,5). SupposeB divides AC inthe ratio
k:1.
C[kx=2+1x7 kx3+1x0 k>5 4 x40
Then, by Note5.2.5, B = B kil kel K+l
07 -2k 3k 5k - 10
“Hk+1 k+1 k+1 0

But, B=(1, 2, 3).

0 Equating the corresponding coordinates,

7_2k=L 3k =0 5k -1
k+1 k+1

Solving for k, weget k=2.
0 B Divides AC intheratio 2:1

=3,
k +1

Note that B divides AC internaly sincetheratioispositive.
5.2.8 Example

Using section formula, we can verify whether the given pointsare collinear or not. Consider the points
A(2,4, 3),B(4,5, 6), C(4,-7, 2).

A, B, Carecollinear iff C divides AB insomeratiosay m: n. Then, the coordinatesof C,

g ) I +4m+2n 5m-4n 6m+3nQ
accor mgtosectlonformuaareB m+n m+n ' m+n H

But, C=(4,-7, 2).
Equating the corresponding coordinateswe have
—4m+2n _ 4 Sm-4n _ 7 6m+3n _
m+n m+n m+n

2,
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From the above threerelationswe get aunique value m-_ %
n
So, weconcludethat 'C' divides AB externally intheratio1: 4.

0O A, B, Carecollinear.

5.2.9 Example

Let A, B, Cbethepoints(5, 4, 6), (1,—1, 3) and (4, 3, 2) respectively. If these pointsare callinear, C

= . : Om+5n -m+4n 3m+6nQ
must divide AB insomeratiosay m:n. Thencoordinatesof C areHerrl ' Tmen | men

Since C is (4, 3, 2), equating the corresponding coordinates,

m+5n -m+4n 3m +6n
we get =4, =3, =2
m+n m+n m+n
. . . m 1 1 -4
Theserelationsrespectively give " = 37 1

we can seethat thereare no valuesof m and n that satisfy al the three equations simultaneously.
So, weconcludethat A, B, C arenot collinear.

5.2.10 Definition

Three or more straight lines passing through a single point P are called concurrent lines and
the point P is called the point of concurrence.

We know that in atriangle, the medians are concurrent and the point of concurrenceis called its
centroid. The centroid of atriangletrisects each median.

5211 Theorem : The centroid of a triangle whose vertices are A(x, ¥;, ), B(X, ¥,, Z,),
A

. +X, + +y, + +z +z.[]
ey 2)is DF XX VY +Y 242, 42,
(Xs Y3 23) H 3 3 3
Proof : LetD, E, Fbethemidpointsof thesides BC, AC, AB
respectively. Then AD, BE, CF aremediansof AABC. (see
Fig. 5.10) 7 E
Since D isthemid pointof BC,

_ D6 tX Yty Z+z,0

, , Il 2.4.
D > > > H by corollary 5

Thecentroid G divides AD intheratio2: 1. Fig. 5.10
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O 0%, + %, [ %yﬁyﬂ %Zz”@ O

+2 + +
e.oH2H®H 202" 2HE
0 1+2 ’ 1+2 ’ 1+2 0.
0 0
O 0

_ DK% X VY, tYs 242 420

3 3 3
5.2.12 Example: Thecentroid of thetriangle whose verticesare (5, 4, 6), (1,1, 3) and (4, 3,2) is

(b+1+4 4-1+43 6+3+20_010 , 113

3 T3 ' 3 HHz*d

5.2.13 Tetrahedron
A

A tetrahedronisaclosed figureformed by four planes
not al passing through the same point. It hasfour verticesand
six edges. Each vertex isobtained asthe point of intersection
of three planes. Each edge arises asthe line of intersection of
two of thefour planes. If al edgesof atetrahedron are equal
inlength, itiscalledaregular tetrahedron.

InFig.5.11, A, B, Carethreepointsand D isapoint g -
not lyingintheplaneof A, B, C. Now ABCD isatetrahedron L .
withverticesA, B, C,D. AB, AD, AC, BC, BD, CD are
itsedgesand AABC, ABCD, AACD and AABD areits
D

faces. AB, CD; BC, AD; CA, DB arecalled three pairs Fig. 5.11
of opposite edges.

Itisknown that the line segmentsjoining theverticesto

the centroids of opposite facesare concurrent. The point of

concurrenceiscaled the centroid of thetetrahedron. It divides
eachlinessgmentintheratio3: 1. G
5.2.14 Theorem : The centroid of the tetrahedron whose

vertices are A(X, i, Z), B(%, ¥, 2,), C(X, Vs Z2), 5

D(X,, Y., 2,) is

X A%+ X%+ X N tY, *Ys +Y, 24 +Z, +Z; +Z,[]

4 4 4
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Proof: Let Sbethecentroid of ABCD . Then by theorem5.2.11

oo DEPNTX Vot HY, % 42 420

=H 3 E '
Let G bethe centroid of thetetrahedron ABCD.
Then G divides AS intheratio3: 1.

BOG+X*X) gy S0tV AZ*B*2) 0

_2_ 3 3 3
0G=0 ) ) 0.
ﬁ 3+1 3+1 3+1 ﬁ

_E&+&+&+& Yo tY, Y5 tYa 2 +Z, 2, 47,0
a 4 4 4 '

5.2.15 Example: Thecentroid of thetetrahedron whose verticesare (2, 3,-4), (-3, 3,-2), (-1, 4, 2),
(3,5,1)is

[2-3-1+3 3+43+4+5 4 -2 +2 10 01 15 I3

4 4 4 HHa 4 a

5.2.16 Vector Method : The study of analytical geometry isso far confined to cartesian methods only.
Thoughthisgivesaclear geometric and anaytical picture of the Situation, vector approach to 3D-geometry
makesthe study smpler and moreeegant. Sincethe sudentsarefamiliar with Vector Algebra, Vector methods
aresuggested for derivation of someformulae. According to convenience, either the classical method or the
vector method may be used to solve the problems.

Weknow thatif i, j, k aremutudly orthogonal unit vectorsalong OX, OY, OZ inaright handed
co-ordinate system, the position vector of apoint P(X, y, ) in spacewith referencetotheorigin 'O’ isgiven
by OP =xi +yj+ zk.

Conversely, for every vector xi +Yyj + Zk, thereisaunique point P(X, Y, 2) in space whose position
vector is xi +Yj + zk. Thusthereisaone-one correspondence between the set of points R® and the set of
position vectors. Weidentify the point (x, y, 2) withits position vector xi +yj + zk.

Now it followsthat

Distanceof P (, Y, 2) from origin O(0, 0, 0) isOP = | OP| = Magnitude of

OP =[i +yj+ZkD:1/x2+y2+zz.

Distance betweenthepointsA(x,, ¥, ) and B(X,, ¥,, Z,) iSAB =| AB | = Magnitude of
AB = |OB - OA|

=Uee—x) i +(Y2—y1) ] +(z—2z) kO

= J0, %)+ (%, ~%)° +(z -2)”-
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Section formula
SupposeP(x, y, 2)divides AB intheratio m:n where A(X, Y;, ) and B(X,, V,, z,) aregiven

AP
points. Then A, P, B arecollinear and B =%.
OnAR= nmPB
O nAP=mPB

O nlx=x)i +{y-y)j+(z-z)K
= mie=x)i +(2-y)]+(Z—-2)K]
O nGx x3 mbg x),n(y ¥ myz y).n(z zF mz- 2

Do Mo omy ety g ing

m+n m+n ' m+n
|:| E an2+nxl rr'V2+nyl rnzZ+nZlD
m+n ~ m+n = m+n [

5.3 Solved Problems

1. Problem: FindtheratioinwhichYZ-planedividesthelinejoining A(2, 4,5) and B(3, 5, —4). Also
find the point of intersection.
Solution : Supposethelinesegment AB meetsY Z-planein P. Then, A, P, B arecollinear. If P divides

AB intheratio k: 1, then
_ Bk+2 5k +4 -4k + 50
P= E k+1 ' k+1 ' k+1 E
SincePliesontheY Z plane, its X-coordinateis zero.
K+2 o =2
k+1

ThusYZ planedivides AB intheratio _—g 1, i.e,intheratio —2: 3.
Subgtituting thevalueof k, the point of intersection P=(0, 2, 23).
2. Problem : Show that the points A(3, -2, 4), B(1, 1, 1) and C(-1, 4, —2) are collinear.
Solution : Supposethepoint P divides AB intheratio k: 1.
a (k+3 k-2 k+40
Then P=H1 ket k+ 1] (D)
If Clieson AB, thenfor somevalueof k, thecoordinatesof P must besameasthoseof C.

k+3
Equating the X-coordinatesof P and C, 7 =-10k= 2.

Substitutingk=—-2 in (1)
P=(-1,4,-2)=C.
0 A, B, Carecollinear.
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3. Problem : Find the fourth vertex of the parallelogram whose consecutive vertices are (2, 4, -1),
(3,6,-1) and (4,5,1).
Solution : Let ABCD bethe paralelogram where A =(2,4,-1), B=(3,6,-1), C=(4,5, 1) and
D=(ab,c).

Then, mid point of 5

AC=midpointof BD (seeFig.5.13) =
0 2+4 4+5 -1+l O3+a 6+b -1+d4]

H2 "2’ 2002 2 ' 21

0 a 3b 38 1 A .
Fig.5.13

0 Fourthvertex D= (3,3, 1).
4. Problem: A(5, 4, 6), B(1, -1, 3), C(4, 3, 2) are
three points. Find the coordinates of the point in which the bisector of |BAC meets the side BC.
Solution : Weknow that the bisector of |BAC divides BC intheratio AB : AC. (seeFig. 5.14)

AB = \[(5-1)7 +(4+1)* +(6 -3)°

A
= 5/2
AC = [(5-4)* +(4-3)% +(6 -2)°
= 32 5
AB:AC =5:3. 3
If D isthe point wherethe bisector of |BAC meets BC,
then D divides BC inthe ratio5: 3
[(bx4+3x1 5x3+3x-1 5x2 +3 X3[
HRES , )
B 5+3 5+3 5+3 H B D C
_ 23 3 190 Fig. 5.14
“Hs 2 80
5. Problem : If (xq, y1, z1) and (X, Y5, 2) aretwo verticesand (a, [3, y) isthe centroid of atriangle, find

A

the third vertex of the triangle.
Solution: Let A = (Xq, Y1, 1) and B = (X, Yo, 2) be
thetwo verticesof thetriangle ABC.

Let G = (a,B,y) bethecentroid.

If C = (Xs, Y3, zg) isthethird vertex, then we have

X +X%+X Yit+Y, Y 24 +2, +7500 _
] ] - a1 1] . "
3 3 3 H (@.B.) Fig. 5.15
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O Xp+X+x3=30; y1+Ya+y3 =30; 71+ 2 +23=3y.

O X3=30-X ~X; Y3=3B-Yy1-VY2 =3y -2~ 2.

[0 Thethirdvertex C=(3a — X1 =X, 3B —Y1— VY2, 3Y —71 — 2).

6. Problem : If D(Xq, Y1, 20) , E(%, Y2, Z0) and F(Xg, Y3, z3) arethe midpoints of the sides BC, CA and
AB respectively of a triangle, find its vertices A, B and C. A

Solution :
Itisgiventhat D isthemid point of theside BC,

Eisthemid point of theside CA and Fisthe mid point

F(Xs, Y3, 23) - #
of theside AB. SeeFig. 5.16. = v 2
[0 DEF isthetriangleformed out of the mid | . ,
pointsof thethree sides. "'\ >
Consider theparalldlogran AEDF. LetA=(h, k5. = —
. . . . B D(Xq, Y1, Z1) C
Mid point of AD = Mid point of EF Fig. 5.16

Dh+X1 k+y1 S+21D:DX2+X3 y2+y3 22+23|:|
H2 "2 "28EH 2 " 2 " 2
O h=X+xX3-X;, K=Yo+y3-Vyi;S=2+23-12.

O

O Vertex A = (Xo+X3—Xq, Yo+tYa3—V1, 2o+ Z3— 7).
Similarly, thevertices B and C can be obtained as
B =(0c+tX1—-X, Y3+Y1- Y2, 3+ 2~ 2)
C=X+X=X3 Y1tY2— V3 21+~ 2).

7. Problem : If M(a, B, y) isthe mid point of the line segment joining the points A(Xy, Y1, 1) and B,
then find B.

Solution : (X1, Y1, 21) (@B, Y) (h, k 9
A‘ ,l\\/| AB =7
Fig. 5.17

Let B(h, k, s) bethe point required.
Itisgiventhat M isthemid point of AB.

x, +h +k + 9]
O Weha\/e(O(,B,y):Hxl2 1y12 ,212 g.

O 20=x3+h; 2B =y;+k 2y=z7+s
O h=20-%x;; k=2B-y; s=2y—-z7
O Point B is (20 — X1, 2B —v1, 2y —z).

8. Problem : If H, G, Sand | respectively denote orthocentre, centroid, circumcentre and in-centre of
a triangle formed by the points (1, 2, 3), (2, 3, 1) and (3, 1, 2), thenfind H, G, S I.
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Solution : ALZ 3
AB=/(2-1)*+(3-2)? +(1-3)2 =1+l +4 =/6.
BC= \/(3_2)2 +@1-3)2 +(2-1)? =J1+4 4 =J6.
CA=\1-3+(2-1)* +(3-2)" =441+ =6

SinceAB =BC=CA, ABCisanequilatera triangle.
We know that orthocentre, centroid, circumcentre and
incentre of an equilaterd trianglearethesame(i.e., al thefour

C(3,1,2
pointscoincide). 231 312
, +2+3 2+3+1 3+1+20 Fig.5.18
N = , ,
ow, centroid G E 3 3 3
=(2,2 2).

0 H=(222), S=(2,2,2),1=(2,2,2).
9. Problem : Find the incentre of the triangle formed by the points (0, O, 0), (3, 0, 0) and (O, 4, 0).

Solution: If a, b, ¢ arethe sides of the triangle ABC, where A = (X4, V1, Z1), B = (X, V2, ),
C=(Xa, Y3, Z3) arethevertices, then thein-centre of thetriangleisgiven by

| DR tbx tox ay, +by, toy, ag +bz, +oz) |
H a+b+c ' a+b+c ' a+b+c o .
Here, A =(0,0,0), B=(3,0,0), C=(0,4,0). \1
a=BC=9+16+0 =5 b | .
]
b=CA=,0+16+0 =4 \\
c=AB= Jg+0+0 =3 IR —

L, DB0)+4Q3)+3(0) 50) +4(0) +3(4) 5(0) +4(0) +3(0)0 Fig. 519
H 5+4+3 '~ 5+4+3 ' 5+4+3

=(1,1,0).
10. Problem : Ifthepoint (1, 2, 3) ischanged to the point (2, 3, 1) through trandation of axes, find the
new origin.
Solution :

Let (X, Y, 2) betheco-ordinatesof any point Pw.r.t. the co-ordinateframe Oxyzand (X, Y, Z) bethe
co-ordinates of Pw.r.t. the new frame of reference O'XY Z.



Mathematics- 1 B

Let O'(h, k, s) be the new origin so that 21 Pxy.2 - (XY.2)
x=X+h, y=Y+kand z=Z+s. 1,23 - (231

O (h k) =(x=X,y-Y,z=2)
O (hks)=(@1-2 2-3, 3-1)

z
= (— 1, -1, 2) o X'
(0,0,0) 7'
Xl
V4

0O =(-1,-1,2) isthe

new origin. Fig. 5.20

11. Problem: Find the ratio in which the point P(5, 4, —6) divides the line segment joining the points
A(3, 2,4) and B(9, 8, —10). Also, find the harmonic conjugate of P.

. I m
Solution : v N "
A P B Q

Fig. 5.21
Let Pdividethelinesegment AB intheratio | : m.
@ +3m 8 +2m -101 —4mJ

Bl+m ' T+m ' 1+m B

0 Wehave (5,4,-6) =
O I:m=1:2 or 2l=m.
Now, Let QdivideAB intheratio | : —m.

@ -3m 8 -2m -10 +4mJ

Then Q:Hl—m’ l-m’ | -m H
_[o-6l 8 -4 -10 +8
= B2 -2 -2

= (-3, 4, 2).
0 Q(-3, -4, 2) isthe harmonic conjugate of P(5, 4, —6).

Exercise 5(b)

I. 1. Findtheratioinwhichthe XZ-planedividesthelinejoining A(-2, 3, 4) and B(1, 2, 3).

2. Findthe coordinates of thevertex 'C' of AABC if itscentroid isthe origin and the vertices
A,Bare(l,1,1) and (-2, 4, 1) respectively.

3. 13,2 -1), (4,1,1) and (6, 2, 5) are three vertices and (4, 2, 2) is the centroid of a
tetrahedron, find the fourth vertex.

4.  Find the distance between the mid point of theline segment AB and the point (3, —1, 2) where
A =(6,3,-4)and B = (-2, -1, 2).
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1. 1. Show that the points (5, 4, 2), (6, 2,-1) and (8, —2, —7) are collinear.

2. Show that the points A(3, 2, 4), B(5, 4, -6) and C(9, 8,—-10) are collinear and find theratio
inwhich B divides AC.

. 1. 1f A(4, 8, 12), B(2,4,6), C(3,5,4) and D(5, 8, 5) are four points, show that the lines
AB and D intersect.

2. Findthe point of intersection of theli nesAB and CD where A = (7,-6,1),B =(17,-18,-3),
C=(1,4,-5) and D = (3, 4, 11).

3. A(3,2,0),B(5,3,2),C(-9, 6,-3) arevertices of atriangle. AD , the bisector of |BAC meets
BC at D. Find the coordinatesof D.

4. Show that the points O(0, 0, 0), A(2, -3, 3), B(-2, 3, —=3) are collinear. Find theratio inwhich
each point dividesthe segment joining the other two.

J Key Concepts \

<  Distanceof P(x,V,z) fromtheorigin= /x? + y +7° .

<  Thedistanceof thepoint P(x,y, z) fromthex, y and z axes are respectively
\/yz +22, 322+ X2 and X2 + V2.

<  Distance betweenthepoints(x, ¥;, z) and (X,, ¥,, z,) IS
VO, =%)° +(y, =%, +(z, -2)” -

<  Thepointdividingthesegment AB whereA = (X, V,,2), B= (X,, ¥,, Z,) in

OMX, +nx, My, +ny, Mg, +nz 0
Em+n "m+n ' m+n O

theratiom:n is

%  Pointdividingthesegment AB ink: 1 ratiois

Okx, + % Ky, +y, kz, +z 0
Hk+1 ' k+1 k+1 o

% Midpointof AB is Kt %t atnU

2 2 H

<  Centroid of atrianglewithvertices(x, Vi, z), i=1,2,3 is

N +X% % Yty +Ys 2 +Z +2,0

3 3 3
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A P B Q
AP:PB=1:m
AQ:QB=1:-m
PdividesAB internally intheratiol : mwhereas Q dividesit externally inthe sameratio.
P and Q are harmonic conjugate pointsof A and B and vice-versa.
< Centroid of atetrahedron with vertices(x;, Vi, z), i =1,2,3,4 is:
(X +X + X +X Y +Y, tY; +Y, 7 +Z, +Z; +7,[]
H 4 ! 4 ! 4 '
| Y -~

Historical Note

Euclidean geometry isdivided into two sub-sections.  Plane geometry-dealing with figuresin
aplane and Solid geometry - dealing with solids such as sphere, cylinder, cone, polyhedraetc. in
3-dimensional space R®.

The basics of solid geometry are described by the Greek Mathematician Euclid (3rd century
B.C.) in hisbook XI of "The Elements'. Thisbook covers definition of asolid, pyramid, sphere,
cone, cubeetc., inclination of figuresin 3-dimensional space and smilarity of figures. Many theorems
related to these solids were proved.

Vachaspathi (850 A.D) anticipated in arudimentary way the principle of coordinate solid
geometry. According to him, the position of any simple atom in space with reference to another may
beindicated with reference to three-axes. To conceive positionsin space, Vachaspati takesthree
axes. The position of any point in space, relative to another point may now be given by measuring
distances along these directions.

In 17th century Rene Descartes advanced solid geometry by inventing cartesian coordinates
to express geometric relations, in algebraic form. Pierre de Fermat also made commendable
contributionsto the subject initsearlier days.

Exercise 5(a)
. 1. J29 2. J101 1. 1. 8,2
. 1 -3:2 2. (1,-5,-2) 3. (3,33 4 .14 1. 2. 1:2

(B8 57 /0 OA_-1 AB_—2 OB_,
1. 2. (2,0,3) S He'16'16H * AB 2 BO 1 OA



Chapter 6

Q)wectmneaome/aand

Direction Ratios

"Mathematics is the tool specially suited for
dealing with abstract concept of any kind and
thereisno limit to its power in thisfield"

- PAM. Dirac

I ntroduction

Any twolineslying onthesame planeareeither
parallel or intersecting. When two non-paralléel lines
on aplanemeet at apoint, an angleisformed and we
know how to measure that angle. Some times we
come acrosslinesin spacein space which are neither
parallel nor intersecting. For example, the diagonal
of therectangle formed by thefloor and the opposite
diagonal of therectangleformed by theroof of aroom
aretwo suchlines, called skew lines. Measuring angle
between such linesisvery important.

In Analytical geometry of two dimensionsthe
orientation of a line is given by sope. Whereas in
3-dimensional geometry it is measured in terms of
direction cosines. In this chapter we learn about the
direction cosinesand direction ratiosof alineand use
them to deriveaformulato find theangle between lines.

Julius Plucker

(1801 - 1868)

Julius Plucker was a German
Mathematician and Physicist. He
made fundamental contributions
to analytic and projective
geometries. His first major work
was"Analytisch-geometrische
Eniwickelungen" published in
two volumes, first in 1828 and the
second in 1831. In each volume
he discussed the plane, the line,
circle and conic sections and
many facts and theorems related
to solid analytic geometry .
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6.1 Direction cosines

Consider a ray OA passing through O and making
angles a, B,y respectively with 5;( 6; 82 T
(i.e., positivedirections of X, Y, Z axes). The numbers
cosa, cosB, cosy are called the direction cosines
(d.c's) of theray OA. Usually they are denoted by
(I, m, n) where | =cosa, m=cosf3 and n=cosy .
(see Fig.6.1)

By reversing the direction, we observe that the ray

AD makesangles - a, - B - yrespectively with

Fig. 6.1

positivedirectionsof X, Y, Z axes.
So cos(rm—a) = —cosa =, cos(rr — ) =—cos B =-m, cos( 7T —) =—COSy =-N

arethed.c.'sof AO. If L isadirectedlineinspace, wedraw alinepardlé to L passingthroughoriginso
that thedirection of thislineissameasthat of L. Thedirectioncosinesof L aredefined asthedirection
cosinesof thislinethrough 'O’

6.1.1 Note

1. Since alinein space hastwo directions, it hastwo setsof direction cosines, onefor each direction. If
(I, m, n)isonesetof d.c.'s then (—I,—m,—n) istheother set. Soit isenough to mention any one set
of d.c.'s, of aline.

2. Itisclear from thedefinition and note (1) that if (I, m, n) are d.c.'s of alinethenthed.c.'sof its
pardle lineL are + (I, m, n).

6.1.2 Example: Since OX makes angles 0°, 90°, 90° with OX, OY, OZ respectively,

cos0°, cos90°, cos9° i.e., (1, 0, 0) arethed.c.'sof X-axis. Similarly d.c.'sof Y, Z-axesare (0, 1, 0),
(O, 0,1) respectively.
6.1.3 Theorem : Suppose P(x, Yy, 2) isany point in space suchthat OP = r.

—

If (I, mn)ared.c.'sof OP then x=Ir, y=mr, z=nr.

Proof: From P draw PA perpendicular tothe X-axis.Let A bethefoot of the perpendicular. Suppose
C_)IB makesangles a, B, y withthepostivedirectionsof X, Y, Z axesrespectively.
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In Fig. 6.2, AOAP isright angled. Y

. : : z
Since A isthefoot of the perpendicular from P to A
X-axis, A =(x,0,0). it
If x>0, A isonthepositivesideof X-axis. ‘
OA =x and oA _X ’
0 and cosa = oP 1 "
If x<0, Aisonthenegativesideof X-axis. L7
U OA =—x ‘
OA X X
U cos(mr—ad)=— =— [0 cosx — i
S ) op T . v Fig. 6.2

X
Thus |=— or x=lIr.
r

Similarly, by dropping perpendicularsto Y and Z-axesrespectively, weget y=mr, z=nr.
6.1.4 Note: If OP=r andd.c.'sof HP are (I, m, n) thenthecoordinatesof P are(lr, mr, nr).
6.1.5 Example: Suppose P isapointin space such that OP= J3 and oP makesangles g E

—_ —> —

I
3
with OX, QY, OZ respectively.

hend.c'sof OF . cos, cos”, cosl je, oL 1 1
Thend.c.'sof OP are: 3" 7 3 HE\/E ZH'

03 3 B0

0 By 6.1.4 coordinatesof P are E—
N

6.1.6 Corollary : If P(x, Y, 2) isapointin the space, then thed.c.'s of OP are
O X y z O

@\/X2+y2+22 ! \/x2+y2 +ZZ’ \/XZ +y2 +72 @
Proof : If P=(x,y, 2 then OP =r = /x2+y2+zz.

By 6.1.3 dc's of OP are =%, Y, ZE
r r I'H

U H
e O X y z 0

He+y +2 W +y +72 ¥ +y? +2H
6.1.7 Example: Consider thepoint P(2, 3,-1). By 6.1.6 direction cosinesof OP are
-10

ELFrrEr
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6.1.8 Corollary z

If (I, m, n) aredirectioncosinesof alineL, then 1

12 +m? +n® =1.

Proof : Draw alineparalé tothegivenlineand passing

through 'O. Let P(x, Yy, 2 beapointonthislinesuch
that OP=r. Then r= \/x* + y* + 22 . By Theorem6.1.3

X=xlr, y=4£mr, z=%nr

Zl
wherethe sign should be taken positive or negative Fig. 6.3
throughout, by Note6.1.1.
Now r?=x?+y® +2> =(I” +m? +n°)r? O 1% m* n= 1.
_ . N : 01 1 10
6.1.9 Example: We can not have aline whose direction cosines are , —, ——[] because
SVERNFENFIS

1f oadf oo’ 4

B0 THEH B T

6.1.10 Theorem : The direction cosines of the directed line % joining the points P(x, V;, )

and  Q(x,, Y,, Z,) are Exzr_xl "% 22_Zlﬁ,where r=~206=%)%.

r r

Proof: Shiftingtheoriginto P(X,, V,, z) without changing thedirection of axes, the coordinatesof Q are

(% —=%,Y, =Y, 2 —2). Bycorollary 6.1.6 d.c.'s of P_(Q are.

2 %% Y.~ Vi 2 -2,

1 , [
H/06-%)7 306 -%)7 3% -x)*H

H

6.1.11 Solved Problems

1. Problem: If P(2,3,-6), Q(3,-4,5) aretwo points, findthe d.c.'s of JD (56 andE)Q where

O is theorigin.

Solution : OP =.4+9+36=7 QO =+/9+16 +25 =5\/2.
PQ = .(3-2)7 +(-4-3)? +(5 +6)* =1 +49 +121 =/171.




Direction Cosinesand Dir ection Ratios

0O d.c.'s of aDare : B;$7ﬁ

de'sof GO are [0-30-(4) 0-50. O3 4
- Be 52 sz H'C Hsf 502’ fﬂ
' 03-2 -4-3 5460, -7 11 0

71 ir1’ vid ' B\/ﬁl Ji71’

2. Problem : Find the d.c.'s of a line that makes equal angles with the axes.

d.c.'sof FQ are

Solution : Supposethelinemakesanangle a with OX. Sinceit makesequal angleswiththeaxes, its d.c.'s
are(cosa, cosa, cosq).

But cos’a + cos’a + cos’a = 1.

0 3cos’x T cos=a D% oKy

) 01 1 10
0 d.c'sof thelineare: Ht—,i—,i— .
B BB

Hencethere are eight such directionswhich reduceto four lines.

o 1 10

ti-

3. Problem: Ifthed.c.'sof alineare ,—, — find c.
Ep_ c C
Solution:iz+ iz+i2=1 0 —32= 0 = 3
C c C c
O e+ /3.

4. Problem : Find the direction cosines of two lines which are connected by the relations
[+m+n=0 and mn-2nl-2Im=0.

Solution : Giventhat [+ m+n=0 (1)
and mn—-2n —2Im= 0 (2
from (1) = —m-n

Subdtitutingin (2)
m—-2n(—m-n)—2m(—-m-n)=0

O mn+2mn+2n® +2m* +2mn =0
O 2m*>+5mn+2n* =0
O (2m+n)(m+2n) =0
O 2m+n=0or m+2n=0
m_ -1 m_ -2
0o 575 % 771 .(3)
from (1), %:?—1 ..(4)
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m
n
I
n
qpm Lo Vemien 1
I 1 2 Jevre(2¢ 6
T R
NN RN
Againfrom(3) and (4) %:—2 gives Iﬁ:+2_1:1'
L m n VP+mP+n’_ 1
1 -2 1 m J6
E 1 mF —, IF 1
V6’ JE’ J6

Thusthed.c.'sof thetwo linesare
01 1 2001 2 10
6’ V6 Joli Hve' Vo' Ve
5. Problem: Aray maksanglesg, gwith 5;( and OY respectively. Find the angle made by it
with OZ.
Solution: Let the angle made by theray with OZ bey.
. g T o_ @1 0
d.c.'sof theray are: cos—, cos—, cosyf = [i= — COSY[].
VAC sy 53 T iy 2
l+1+coszy =1 0 cos’yg % L 1 oS @t =
4 2 2 J2
[]
O g Coslﬂ

&IH

T 3
O — o —
‘i‘4 4

Exercise 6(a)

I. 1. Alinemakesangles 90°, 60° and 30° withthepositivedirectionsof X, Y, Z-axesrespectively.

Find itsdirection cosines.

If alinemakesangles a, B, y withthepositivedirectionsof X,Y,Z - axes, whatisthevalue
of sina+sin’p +sin’y?
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3. If P(4/3,1, 24/3) isapointin space, find direction cosinesof OP.

4. Findthedirection cosines of thelinejoining the points (-4, 1, 7) and (2, -3, 2).

. 1. Findthedirection cosines of the sides of thetriangle whose verticesare (3, 5, 4), (-1, 1, 2)
and (-5, -5, -2).

2. Show that the lines ?Q and Eé are parallel where P, Q, R, S are the points (2, 3, 4),
(4,7,8), (-1,-2,1) and (1, 2, 5) respectively.

II1. 1. Findthedirection cosines of two lineswhich are connected by therelations | —5m+3n =0
and 717 +5m* -=3n* =0.

6.2 Direction ratios

Any threerea numberswhich are proportional to thedirection cosinesof alinearecalled direction
ratios (d.r.'s) of that line.

If (a, b, c) aredirection ratios of aline then for every A#0, (Aa, Ab, Ac) aredsoits
directionratios. Thusaline may haveinfinite number of direction ratios.
6.2.1 Determining the direction cosines with given direction ratios

Let (a, b, c) bedirection ratios of alinewhose direction cosinesare (I, m, n). Then (a, b, ¢) are
proportional to (I, m, n).

0 2=2=2=k(sy)
n

I:] a2 +b2 +C2 :k2(|2 +m2 +n2) :k2

0 k = ++Ja® +b® +¢?

O direction cosinesof thelineare:

a b cg_ O a b Cc 0
(. m.m)= bk k' kH igx/az +b2 +c? Ja? +b? +c® Ja? +b? +c? S
6.2.2 Note

1. If (a,b,c) aredirectionratiosof aline, a®> +b* +¢® #1 ingenerdl.
2. Thedirecton cosinesof alineareitsdirection ratios, but not viceversa

6.2.3 Direction ratios of thelinejoining the points (X, ¥;,z) and (x,,Y,,z).
By Theorem 6.1.10, the direction cosines of the line joining (X, y;, z) and (X, Y,, z,) are

3 %% Y, = ¥, z-7z o

WE06 %) 2% -%)? 306 —%)*H
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Since(x, — %, Y, = Yi, Z, —z) areproportional to direction cosines of theline, they aredirection
ratiosof theline.

—>

6.2.4 Note: If P(x, y, z) isapointinspace, by corollary 6.1.6, directioncosinesof OP are
O y O

0 , , z 0
H\/Xz_l_yz + 72 \/XZ +y2 +72 \/XZ +y2 +72 E

Since X, y, z are proportional to these values, direction ratios of OP are (X, ¥, 2. Thusthe

coordinatesof any point on alinethrough the origin may betaken aredirection ratios of theline.
6.2.5 Example: If P(-2, 4,-5) and Q (1, 2, 3) aretwo points, directionratiosof line <P_>Q are
(3,-2,8).

3 -2 g U
4+64 \J9+4+64" J9+4 +64ﬁ

O
Direction cosinesof thelineare E\/
9+

03 -2 810

SN

i.e.,

6.2.6 Angle between two lines

Let L,, L, betwolinesinspace. Draw lines L, , L, paralel to L,, L, and passing through the

origin. Theanglebetween L, and L, whichliesin E} ggisdefinedastheanglebetween L,and L,.

6.2.7 Theorem: If (I, m,n),(l,, m,n,) aredirectioncosinesof twolines,and @ istheangle

between them, then cos 6 = |L,l, +mm, +nn,|.
Proof : Let L,, L, bethegivenlineswithdirectioncosines (I, m, n)) and(l,, m,, n,) respectively.
Case(i): If thelinesL,, L, areparalel theng =(". So cos6 =1.
From6.1.1 Note (2),
[Lb=kl,m =km,n,=kn, where k = +1.

sothat |1, +mm, +nny| = |17 +m? +n?| =1

0 The result holdsgood inthiscase.
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Case (ii) : Suppose L,, L, arenot parallel. Draw Z

L,,L, padldtoL, and L, and passingthrough —h

the origin. Let A, B bepointson L, and L, 1l S
Y 2

respectively at adistanceof 1 unit from 'O'. X
Then A=+ (I, m, n) and

B=x(l,,m,n)

O AB?=(,-1,)> +(m -m,)* +(n, -n,)?

or (I, +1,)% +(m +m,)* +(n, +n,)?

(2 +m? +n?) +(1,7 +m? +n,%) £2(l], +mm, +nn,)

1+1 +£2(1, + mm, +nn,)
Using cosinerule, from AOAB,
OA? + OB?- AB?
cos 0 =
20A .OB

14114 ¢ 2gllz MM oAz op =)

=+ (Il, +mm, +nn,).

Since 6 O @ g@ cos 0 isnon-negative.

0 cos = |I,+mm, +nn,|.
6.2.8 Note: If thelinesare perpendicular, e=7—2T, so cos6 =0.
O From 6.2.7, |, +mm, +nn, =0.
6.2.9 Lagrange'sidentity : For any two ordered triads of real numbers (a,, b, ¢) and (a,, b,, c,),
then (a° +b° +¢°) (,° +b,” +¢,°) ~(aa, +hb, +cc,)" = F(ab, -ah)*.

Noticethat smplification and rearrangement of termson theleft yieldstheright side.
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6.2.10 Note
1. If ¢ istheanglebetwentwo lineswithdirectioncosines(l,, m, n;) and(l,, m,, n,) then,

2

sin?0 =1-cos’0 =(I,> +m? +n?) (I,> +m,? +n?) —(1, +mm, +nn,)
= y(I,m,-ml,)*> (by Lagrange's identity)
O sing \i (I,my- rrilz)2

sno _ ystm-ml,* o7
cos® [l I, +mm, +nn,| 2
2. If 0 istheanglebetweenthelineswithdirectionratios (a,,b, ¢;) and (a,, b,, c,), thenthedirection

cosinesof thelinesare

and, tan0 =

O O
(,, m, n)=+0—22 , B , G 0

B\/alz_l_blz +C12 \/312 +b12 +012 \/312 +b12 +Clza

0 0
(I, m, n)=+0 % % %

O
B\/azz_l_bzz +C22 ' \/azz +b22 +sz ! \/azz +b22 +C225

0 from Theorem 6.2.7 and from above Note 6.2.10(1),

cos = |2 *hb, +c)
\/a12+b12+c12\/322 +b22 +C22
o V(@b -ah)’
aa, +bb, +cg,|

3. If (a,b,c) and(a,, b, c,) aredirectionratiosof twolinesand @ istheangle between them, then
(i) thelinesareperpendicular - e:g = cos0=0
< aa,+hbb,+cc, =0 by 6.2.10 Note 2
(i) thelinesarepardlel - 0=0°
= Y(ab,—-ah)*=0by 6.2.10 Note 2
= ab,-ah =0, bc, -bc =0,
ca, ~Ca =0
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6.2.11 Vector Method : If P(x, y, z)isapointinspacesuchthat OP=r and(l, m, n) arethed.c.'s
of OP, thenfrom Theorem6.1.3. weknow that x=1Ir, y=mr, z=nr.

So, OP = xi+yj+zk=Iri+mrj+nrk

A unit vector inthedirectionof OP is ﬁzgzlr|+mr1+nr K
opl op T
=li+mj+nk

Sincethisisaunit vector, (1i +mj+nk=1
e, 17+m’+n®=1
Thusif (I, m,n) aredirection cosinesof line, aunit vector aong thelineis
li+mj+nk and |2+m? +n® = 1.
If (a, b, c) are the direction ratios of the line whose direction cosines are (I, m, n) then
a=Al,b=Am,c=An forsome A £0.

O A(li+ mj+nk)=ai+ b+ ck isavector aongtheline.

Also noticethat aunit vector dong thelineis M
|ai +bj +ck|
_ai+bj+ck a . b , c

= = 1+ J
\/a2+b2+c2 \/az +b? +2 \/az +b? +c2 /az +h? +c?
O Thedirection cosinesof thelinewhosedirectionratiosare(a, b, c) are
E a b c S
Va2 +b2 +c? a2 +b? +¢? Va? +b? +2 O
If P(x,VY,z)and Q(x,Y,, z,)aretwo pointsin space,
then OP=xi+yj+zk
0Q = xi+y,]+7k
O PQ =0Q-0P
= (% =x)i+(y, =) j +(z —z)k
[PQ| = Y0, =%)* +(y, ~¥,)* +(z, ~2)*.
X TX i+ Y ™Y j+ 5 ~4
V506 =x)" 506 -%)" 306 -x)
Hence the direction cosines of the line joining P(x, VY;,z) and Q(X,,Y,, z) are
E X X , Yo =W , Z, -7 E
WE06=%)7 306 =%)° JZ% -x)H

0 A unit vector along PQ is
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Alsothedirectionratiosof thelineare (X, = x,, ¥, = Y;, Z, —%).

Let (I,, m, n), (I,, m, n,) bethedirection cosinesof twolinesand 6 betheangle between the
lines

Unit vector dong thelinewith d.c's (I, m, n) is a=Il, i+mj+nKk.

Unit vector dlongthelinewith d.c.'s (1,, m,, n,) isb=1i+m, j+nk.
If § istheanglebetweenthelines, a.b =|a||b|cos6, by the definition of dot product.

O, i+mj+nk).(l,i+m,j+n,k)=11.cos0 (- |a|=[b[=1)

O cos& Ll mmy nn,.
Also axb=|a||b| sin6 N, where N isaunitvector perpendicular to both a and b.

Oa b sind N ¢ |a|=|b| =1)
0 (a b sin®0 (- N*=N.N=1)
i ]k
But axb=l, m n
|2 mz n2

= (mn, -mn) i+l -nl) j + (I,m, —mi)k.
O sin® 8 =(axb)® =(axb).(a xb)
= 3(mn, —mn,)°.
Condition for perpendicularity
Thelinesare perpendicular
- a.b=0
o (i+mj+nk).(ILi+m,j+n,k) =0
- L, +mm, +nn, =0.
Condition for parallelism
Thelinesarepardld = thevectors a and b arecollinear.
- a=Ab forsomerea number A #0
o (pi+m j+nK)=A(,i +m, j +n,k)
= |, =Al,,m=Am,, n =An,

Let (a, b, ¢), (&, b, c,) bethedirectionratiosof twolinesand 6 bethe angle between them.
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Then, avector dongthelinewithdr.'s (a,, b, ¢) isA =ai +Db j +c k andavector dongtheline
with d.r.'s (a,, b,, c,) is B=a,i+b,j +c,k.

A= o P0G [8]=aF B ve

Proceeding asabove, wefind that

cosH = aa, +hb, +cc, _
\/312+b12+C12\/azz +b22 +022
Thelinesareperpendicularif — aa, +bb, +cc, =0.
: Loa_b._g
Thelinesare parallel if a, b, ¢

6.2.12 Solved Problems
1. Problem : Findthe d.r.'s and d.c.'s of the linejoining the points (4, — 7, 3), (6, -5, 2).
Solution : A setof dr.'s of thegivenlineare: (6—4,-5+7,2-3) i.e, (2,2,—-1) (by6.2.3)

2 2 -1 O
¥4+1 JA+a+1 Va4 +4 -]

00 d.c.'s of thegivenlineare + 0
H/a

_ .2 2 10
“53 30
2. Problem : Ifthed.c.'s of alineare proportional to (1,—-2,1) finditsd.c.'s
: . o 1 -2 1 O
Solution: By 6.2.1d.c.'s of thelineare + , ,
Y T HVI+4+1’ Vi+d+1 V1+4 0

-2 10

ie + ol =2 1
- * H6' V6 Ve
3. Problem : Show that the linejoining the points P (0, 1, 2) and Q(3, 4, 8) isparalld tothe
L . 0.3 .0 b 0
linejoining thepoints R /2, =, -37 and Si. 6 6.
jonng theports R 2. 3. -4 o Shp &%

Solution: dr's of PQ = (3,3,6)

_ 3
dr's of RS : %Q, 6—5, 6+3 ﬁ
ie, 2394
57
20 9 0O
Observe that EBE > QH_ (3.36).
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O dr's of PQ areproportiona tothed.r.'s of RS.
O PQ isparallelto RS (by 6.2.10, Note 3).
4. Problem : Show that the line joining the points A(2, 3,-1) and B(3, 5, —3) is perpendicular to
thelinejoining C(1, 2,3) and D(3, 5, 7).
Solution : dr's of AB:(1,2 -2
dr'sof CD: (2 3,4)

21+23-24=0
O Thelinesare perpendicular to each other (by 6.2.10 Note 3.).

5. Problem : For what value of x thelinejoining A(4, 1, 2), B(5, x,0) isperpendicular totheline
joining C(1, 2,3), D(3,5,7)?

Solution : dr's of aAg: (1,x-1,-2)
dr's of cD : (2,3,4)
If AB O CD, 2+3(x—-1)—-8=0

6

O x % 2] =x 3.

6. Problem: Show that the points A(1, 2, 3), B(4, 0, 4), C(-2, 4, 2) arecollinear.
Solution: dr's of AB are: (3,-2, 1)
dr's of BC are: (-6,4,-2)=-2(3,-2,1).

Thusd.r's of AB and BC areproprotional. Ké <B_(E areparalel and B isacommon point. Sothe
points A, B, C lieonthesameline i.e., they arecollinear.
7. Problem : A(%,8,4), B(0,-11, 4), C(2,—3, 1) arethree pointsand D isthefoot of the perpendicular
from A to BC. Find the coordinatesof D.
Solution : Suppose D divides BC intheratiom:n.

O2m -=-3m-1In m+4nQg

Then D=[p -~ = in b ()
L . —  Om-n -11m-19n -83mQd
Direction ratiosof AD Bm+n’ —n m+nH
Direction ratiosof BC: (2,8,-3)
- Om-n O-11m-19m) -3nJ
[l 2 8 = =
AD OBC Bmﬁ H men B‘ m+h1 0

O 2m 2R 88m 152/ 9n¥ O
O m- 2n.

Substitutingin (1), D = (4,5,-2).
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8. Problem : Lines 465\ OB are drawn from O with direction cosines proportional to (1, -2, -1);
(3,2, 3). Find the direction cosines of the normal to the plane AOB.

Solution: Let (a,b,c) bethedirectionratiosof anormal totheplane AOB. Since 5& <O_I§ lieonthe
plane, they are perpendicular to the normal to the plane. Using the condition of perpendicularity,

al+b(-2) +c(-1) =0and (1)
a3+b(-2) +c(3) =0 (2
Solving (1) and (2) _?a :_?b :% or %: % =_%
O The d.c.'s of thenormal are:
O 4 3 -2 O
H/16+9+4 ' V16+9+4 1649 +4r

U4 3 -2 0

9. Problem : Find the angle between two diagonals of a cube.

Solution: Let 'O, one of the vertices of the
cube, betaken asthe origin and thethree coterminus
edges OA, OB, OC as coordinate axes. Let
OA =0B =0C =a. Thefour diagonalsare OF,
AG, BE and DC. (Fig. 6.5) F

The coordinates of the vertices of the cube
aregiven by O(0, 0, 0), A(a, 0, 0), B(0, a, 0),
C(0, 0,a), F(a a, a), D(a a, 0), E(a 0, a),
G(0, a, a). o) A __ X

The d.r.'s of diagonal OF are:

(a-0,a-0, a-0),i.e, (a a a).

Thed.r.'s of diagonal AG are: (—a, a, a).

If 6 istheanglebetween OF and AG, Fig.6.5
then
a(-a) +a(a) +a(a)
Ja? +a% +a2/a? +a? +a
L0

06 = Cos EéH

Similarly, theangle between any pair of diagonalscan befoundtobe Cos™ %ﬁ

cos o =

!
2‘_3
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10. Problem : Show that the lines whose d.c.'s are proportional to (2, 1, 1), (4,+/3 -1, /3 -1) are

inclined to one another at angle 3

m

Solution

Thedirection ratiosof thegivenlinesare (2, 1, 1), (4, J3-1, -3 —1).

If 0 istheanglebetweentheselines,

cosf = ‘ 2x4+3 13 1 ‘: 6
Ja+1+1,16 + (3 -1)? +(~/3 1)?| V6+16+8
__6 _1
624 2

ot B T
06 =Cos EE 3

Exercise 6(b)

1. Findthedirection ratios of thelinejoining the points (3, 4, 0) and (4, 4, 4).

2. Thedirectionratiosof alineare (-6, 2, 3). Find itsdirection cosines.

01 1 10
3. Findthe cosine of the angle between the lines whose direction cosines are % e 3%
01 1 [0
and , —— 0.
W2 V2’ H
4.  Find the angle between thelineswhose directon ratiosare (1, 1, 2), («/1_3 -3, 0).
how that the i ith directi ines =, —, 20 0 B2 12,30
5. Show that the lines with direction cosines Hl_B 13’ 13H an % 13’ 1BH are

perpendicular to each other.
6. Oistheorigin, P(2,3,4) and Q(1, k, 1) are pointssuchthat OP OQ . Find k.

1. If thedirectionratiosof alineare (3, 4, 0) find its direction cosines and a so the angles made

with the coordinate axes.
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Show that the line through the points (1, -1, 2), (3, 4, —2) is perpendicular to the line through
the points (0, 3, 2) and (3, 5, 6).

Find the angle between DC and AB where A =(3,4,5),B=(4,6,3), C=(-1, 2, 4) and
D(1,0,5).

Find the direction cosines of alinewhich is perpendicular to the lineswhose direction ratios
are(1,-1,2) and (2, 1, -1).

Show that the points (2, 3, 4), (1, -2, 3) and (3, 8, —11) are collinear.

Show that thepoints (4,7, 8), (2,3, 4), (-1,-2,1),(1,2,5) areverticesof aparalelogram.

Show that the lineswhose d.c.'s aregivenby |+ m+ n=0,2mn+ 3nl -5Im=0 are
perpendicular to each other.

Find the angle between the lines whose direction cosines satisfy the equations
l+m+n=0, I1> +m* -n* =0.
If a ray makes angles a, B,y, d with the four diagonals of a cube find

cos’ a +cos’ B +cos’y +cos’ d -

If (I, my, ny), (I, My, ny) are d.c.s of two intersecting lines, show that d.c.s of two lines
bi secting the angles between them are proportional tol; + |, my + m,, n; + n,.

A(-1, 2,-3), B(5,0,-6), C(0, 4, -1) are three points. Show that the direction cosines of the
bisectors of |BAC are proportional to (25, 8, 5) and (11, 20, 23).

If (6, 10, 10), (1, 0,-5), (6,10, 0) are vertices of atriangle, find the direction ratios of its
sides. Determinewhether it isright angled or isosceles.

Theverticesof atriangleare A(L, 4, 2), B(-2, 1, 2), C(2,3,-4).Find |A,|B, |C.

Find the angle between the lines whose direction cosines are given by the equations
3 +m+5n=0 and 6mn-2nl +5im =0.

If a variable line in two adjacent positions has direction cosines (I, m, n) and
(I +dl, m+dm, n+ dn), show that thesmall angle 56 between thetwo positionsisgiven by
(56)° =(31)* +(3m)* +(&n)’.
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Key Concepts \

The direction cosines of aray OPare | = cosa, m=cosf3, n =cosy Wwhere a, B,y
are angles made by OP with positive directions of 5;( oy, 52
If (I, m, n) aredirection cosines of 65thendirection cosines of E)O are (—I,—m,—n).

Thedirection cosinesof alinearethedirection cosinesof any line paralle toit and passing
through theorigin.

Triad of numbers (a, b, c¢) proportional to direction cosines of aline are called its
directionratios.

If (I, m, n) aredirection cosinesof aling, then 1 + m* +n* = 1.

Direction cosines of a line whose direction ratios are (a, b, c) are

| a c ]
+ 3 ] .
B ﬁx/az +b2 +c2 +Ja? +b? +c? a2 +b? +CZE

Directionratiosof thelinejoining (x, y;, z) and (x,, ¥,, z)ae(x - X, ¥, “ ¥, Z, —Z7)
anditsdirection cosnesare

3 %% Y2 ~ Vi B=d o

HVE00 -%)7 " V5% -x)? " V5% —%)?H
Angle between two linesin space is the angle between the lines parallel to the given
lines and each passing through the origin.

Angle between the lines whose direction cosines are (I,, m, n;)) and (l,, m, n,)is

Cos™|l,|, + mm, +n,n,|. Thelinesareperpendicular if 1,1, + mm, +nn, =0
Thelinesarepardle areequal if |, = kl,, m = km,, n, =kn,, where k=+ 1.

Angle between the lines whose direction ratios are (a,, b, ¢) and (a,,b,c,) is

cosi| @ thb+as, |
\/312+b12+C12\/322 +b22 +C22|
Thelinesareperpendicular if aa, +bb, +cc, =0.

Thelinesarepardld if ESL

a, b ¢
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Historical Note

Hypatia (4th century A.D.) wasdistinguished in Mathematics, Medicine and Philosophy and is
reported to have written commentaries on Euclid's elements, Diophantus Arithmetica and
Apollonius's Conic sections. Sheisthefirst woman Mathematician to be mentioned in the history
of Mathematics.

Books X11 and X111 besides the Book XI of the Elements of Euclid concern themselves
with solid geometry. Volumesaretreated in Book X1 and thefive regular polyhedra(Platonic
solids) aredealt within Book XI11. Julius Plucker was aleader in the development of Modern

geometry.

Exercise 6(a)

| 1%0,%,735 2.2
03 1 V30 06 -4 -50
o Ha a2 i T T

Exercise 6(b)

6 2 30

. 1. (1,0,49 2. B7$$E
. , 7
3 2
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. L 040 , g1 5 30
Cos g0 SN
. 2 u 3 ﬂ
2 3 3

6. (=5,-10,-15), (5,-10, 5), (0,20,10) AABCisrightangled

T 4030 L, U190
A=—,|B=Cos™ |C=Cos™ g |— L0
I_ > |_ 0S T,?H |_ 0S E\/;E 8. COSlEEH

~



Chapter 7

Jhe Plane

"Mathematicians do not study objects, but
relations between objects’

- Jules Henri Poincare

I ntroduction

A planeisaproper subset of R* whichhas
at least three non-collinear pointsand issuch that for
any two pointsinit, thelinejoiningthemasoliesinit.

GivenalineL andaplane N intersecting
it at apoint P wesay that L isnormal or
perpendicular totheplaneat P if everylineinthe
plane M passingthrough P is perpendicular
toL. Moreover every linethat passes through P
and perpendicular to L liesontheplane.

7.1 Cartesian equation of a plane -
Simpleillustrations

Inthissection wederivetheequation of aplanein
itsgenerd form. Wea so seevariousformsof equation
of the plane. We determine the angle between two
planes, using the concept of angle between lines.

Poincare
(1854 - 1912)

Jules Henri Poincare was born on
29th, April 1854 in France. He
believed that the structure of the
space can be known analytically.
He wrote three books 'Science and
Hypothesis, 'The value of Science
and 'Science and Method that
made his philosophies known. The
famous 'Poincare conjucture’ is
one of the seven millennium prize
problems. It is solved by Gregory
Perelman in 2006.
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7.1.1 Equation of a planeunder given conditions
L et usconsider thefollowing cases.
Case 1: Equation of the plane passing through a given point and perpendicular to a given line.

Let A(X,,Y,,z)beagivenpoint ontherequired plane, whichisperpendicular toagivenlineL whose
directionratiosare(a, b, ¢).

Let P(x, Y, 2) beany pointintheplane. Now d.r.'sof AP are
(x=X%,Y-V,,zZ-2).Since A andPlieontheplane, AP liesonthe
plane. So, L and AP areperpendicular (Fig. 7.1(a)).

O a(x=x)+b(y-y,) +c(z -2) =0 e (1)
SincePisarbitrary, every point on theplane satisfies (1).

Conversdly, every point satisfying (1) lieson the plane.
. . Fig.7.1(a)
O (1) representsthe equation of therequired plane.
Case 2: Equation of the plane when d.c.'s of the normal to the plane from origin and perpendicular
distance from origin to the plane are given.
Suppose the perpendicular drawn to the plane Y
from origin‘O’ meetstheplaneatP. Let OP=p(>0).

Let (I, m, n) bethe d.c.'sof thenormal OP. Hence
atleast oneof (I, m, n) isnon-zero. Since OP = p,
coordinatesof P are (Ip, mp, np).

Let R (X, y, 2 beany point on the plane.
Directionratiosof PR are:
(x=Ip, y—mp, z-np).
Then, OPOPR since PR lieson the plane.

(SeeFig. 7.1(b)). Fig. 7.1(b)
Ole¢ Ipr m(y nmp} n(z npF O.
Ok my nz = pl>+m*+n*)=p, (1

SinceRisarbitrary, every point on the plane satisfiesthisequation of first degree.
Conversaly, supposeA (X, Y, 2) isapointinspacesatisfying (1) . Then (x—pl, y— pm, z-pn)
aredirectionratiosof PA. |(x— pl) +m(y - pm) +n(z —pn) = Ix +my +nz —p(12 +* +?)
= Ix+my +nz - p =0 from (1)
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O PA liesontheplaneandso A isapoint ontheplane. Thusevery pointin space, satisfying (1) lies
ontheplane. Hence (1) representsthe equation of the plane.

Case 3: Equation of the plane passing through three noncollinear points.
Suppose the plane passes through three noncollinear points A (x,, v,, z), B(X,,Y,,z) and

CO Y5 ).
Sincethe plane passesthrough A, itsequation may betaken as

a(x-x) +b(y -y;) +c(z -z) =0 - (1)
by case(1). Here(a, b, ¢) ared.r.'sof thenormal to the plane.

Since B and C lieonthisplane
a(x, = x) +b(y2 -y) +¢(z, —7) =0 - (2
a(x; = %) +b(y3 —-Y) +¢(z; —7) =0 )
Eliminating a, b, ¢ from (1), (2) and (3) of case 3 above, the equation of the planeis obtained by
X=% Y=Y Z-74
expandingthedeterminant |x, —x, Y, -y, 2z —z| =0.
X=X Y3=Y 474
7.1.2 Note

1. Theequation Ix+my+ nz=p iscaledthenormal form. Here (I, m, n) arethedirection cosines
of thenormd totheplanefromorigin‘O’ and p (> 0) istheperpendicular distanceto the plane from
origin.

2. The equation of theplanein case 3 can a so be obtained by solving the s multaneousequations (1),
(2) and (3) by taking two equationsat atime.

3. Planepassingthrough thepoints A, B, C isdenoted by ABC.

7. 1.3 Theorem (General form of the equation of a plane): Every equation of first degreein
X, Y, Z representsa plane.

Proof: Consider the general first degreeequationinx, y, z as ax + by +cz+d=0, .. (1)
where a, b, c arereal numbers, and at least oneof a, b, ¢ isnon-zero.
Thenthereareat |east three non collinear pointssatisfying (1).
Let A (x,Y,,z) and B (X, Y, z) betwodistinct pointsonthesurface represented by (1).
Then ax +by +cz +d=0 .. (2
ax, +by,+cz,+d=0 .. (3)
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Let‘P beany point onthelinesegement AB and suppose ‘P divides AB inthe ratio m:n.

Then p= e tMY My, +ny, me, +nz [0
m+n m-+n m+n

Multiplying (2) withn, (3) withm and adding

a(mx, + nx) + b(my,+ ny ) + c(mz,+ nz) + dim+n) =0
O, +nx [ DIy, +nyp] [ g, +n
- m+nﬁtﬁm+n%%m+n%¢0'

This shows that ‘P liesonthesurfacegivenby (1). Since P isan arbitrary pointon AB , every

point on AB lies on the surface represented by (1) and sincethere are at least three non-collinear points
satisfying (1), it followsthat the surfaceisaplane.

7.1.4 Note
1. ax+by+cz+d=0 iscalledthegeneral form of the equation of aplane.

2. In7.1.3weobservethat directionratiosof AB are(X, =X, ¥, =V, Z, =)
From equations (2) and (3) above, we get
a(x, —x) +b(y, -y;) +c(z, -z) =0.

0 Thelinewithdirectionratios (a, b, ¢) isperpendicularto AB. But AB isanylineonthe
plane. Therefore, thelinewith directionratios ( a, b, c) isperpendicular to any line onthe plane.
Henceitisnormal totheplane.

3. Ifthepoint (x,Y,, z,) liesonthe plane, then ax + by, +cz +d=0.

0 d=—(ax +hy+cz).
0 Equationof plane passingthrough(x,, y,, ) isgiven by

a(x=x) +b(y-y,) +c(z~z) =0.
7.1.5 Reduction of general form of the equation of a planetoitsnormal form

Thegenerd equation of theplaneis
ax+by+cz+d=0 .. (1)
with at least oneof a, b, c isnon-zero.

Let (I, m, n) bethedirection cosines of the normal tothe planeand p be the perpendicular
distance of theplanefrom‘O'.

Then, theequation of theplanein norma formis

IX+my+nz =p .. (2
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Since (1) and (2) represent the sameplane

F_m_n_p_1P+nf+r
a b ¢ d J@+pr+d
1
:i— X . 2 > _
Ja2+17 +¢& (I, mn aedc'slZP+mP+n?=1)
Ole & e b o c

d
= $ _—_—
p [aZ + bZ + C2
Substitutingin (2), normal form of the equation of the planeisgiven by
ax by cz d

+ + + S 3)
JaZ+b? +c?  Ja? +b? +c@ a2 +b? +c2  Ja? +h? +c?
+d
Signin (3) should bechosensuchthat p = ———
Ja? +b? +¢?

7.1.6 Note: Fromequation (3) of 7.1.5, the perpendicular distance of the plane represented by (1) from

d|
/a2+b2 +CZ
7.1.7 Example: Let usreducethe equation of the plane x + 2y —2z -9 =0 to the normal form and

hencefindthedirection cosinesof thenorma tothe planeand thelength of the perpendicular drawnfromthe
origintothegivenplane.

isalwayspositive.

theoriginis

Theequation of thegivenplaneis x+2y -2z -9 =0.
Bringing theconstant termto R.H.S,,

X+2y—-2z=9 .. (1)
Squareroot of the sum of the squares of the coefficientsof X, y, z in(1)is

VI +22+2° =43
h p= FHof = 3
weobservethat +%H .

1.2 2
dividing (1) by +3, =Xt -y ¥ -z=%3
3 3 3

Choosing the sign of the equation so that the constant on theright ispositive, we get,

E + g y - E z=3 2
373773 - (2
(2) representsthe equation of the planein thenormal form. Henced.c.'s of thenormal totheplane

2 20

are; % 3 _§H and thelength of the perpendicular fromtheorigintotheplaneis3.
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7.1.8 Definition (Intercepts on the axes)

If a plane 7 which does not pass through the origin, intersects the axes of coordinates at
A(a, 0,0), B(O, b,0), C(0,0,c)thena, b, carecalled X, Y, Z-intercepts of the plane respectively
(Fig. 7.2).

7.1.9 Equation of a planein theintercept form Y

Theorem: Theequation of theplanewhose X, Y, Z - intercepts

X z
area b, c is X4 Y2 M

a b c

X
B(0, b, 0)

Proof: Suppose the equation of the planeis Ix+my +nz=p.
This passesthrough the points(a, 0, 0), (0, b, 0), (0, O, ¢). C(0.0,0) O /A@@0,0 X
O la=p,mb=p, nc=p o

i.e., :B, m:E, n:E_
c

a

Fig.7.2
O Equation of theplaneisﬁ+£ + 2 - p. o
a b c
i.e, Z+X+E:1.
a b c

Conversely, supposethe equation of the planeis X +% +Z-1. . (D)
a c
If thismeets X-axisat A, thenforA, y=0, z=0
X
Subgtitutingin (1), 5=1D X a,
0O A=(a0,0).
Similarly, we can show that the planeintersects Y and Z-axesrespectively at B =(0, b, 0) and
C=(0,0,c).
O X, Y, Z-interceptsof theplaneare a, b, crespectively.
7.1.10 Example: Suppose a plane makes intercepts 2,3,4 on the X,Y,Z-axes

respectively. From 7.1.9, the equation of the planeis: g +% +Z21

4
e, 6x + 4y + 3z=12.
7.1.11 Example: Consider theplanewhoseeguationis x -3y +2z =9.

X 'y z
Dividingby 9, =+-2+ —— =1.
vidingby 9, o+ =2+ o5
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Comparing thiswith XY 2 =1
a b c

9

a=X—intercept=9, b= Y —intercept =—3, c=Z —intercept = 5
7.1.12 Angle between two planes

Theangle between two planesisdefined asthe angle between their normals.

If ax+by+cz+d =0 - (1)

a,x+hby+c,z+d, =0 - (2

areequationsof two planes, then, directionratios of thenormal totheplanesare (a,,b,,c) and (a, b, c)

respectively.

Hence |anglebetweentheplanes = angle betweenthenormals

L2 [aa+bb+cg| [
= Cos 2 222 [22 42 2]
Ha +1 +& &+ +S ]
Theplanesare perpendicular if their normasare perpendicular

i.e, if aa, +hbb, +cc, =0 (by 6.2.10, Note 3)

Theplanesarepardld if thenormasareparald

ieif &a-R_¢ (by 6.2.10, Note 3)
a b ¢

Also notethat equation of aplaneparallel to ax+by +cz+d =0is ax+by+cz+k =0

wherek isaparameter.

7.1.13 Solved Problems
1. Problem : Find the equation of the plane if the foot of the perpendicular from origin to the plane
is(2, 3,-5).
Solution : Theplanepassesthrough A andisperpendicularto OA , sothelinesegment OA isnormal to
theplane.

Thedirectionratiosof OA are(2-0,3-0, -5-0) i.e, (2, 3, -5).

Let theequation of theplanebe ax+by+cz+d =0.Since(2, 3, -5) are d.r.’s of thenormal
to the plane, the equation of the planeis 2x+3y—-5z+d=0.

Since(2, 3, -5)liesontheplane, 4+9+25+d=0
Od& - 38.
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Hencetheequation of the planeis
2x+3y—-5z—-38=0.
Thiscanbeobtained by using 7.1.1 case (1) a so.
2. Problem : Find the equation to the plane through the points (0, -1, 1), (4,5, 1) and (3, 9, 4).
Solution : Any plane passing through (0, -1, —1) isgiven by

ax—-0)+by+D+c(z+1)=0 (D)
If thispassesthrough (3, 9, 4) and (4, 5, 1), these two points satisfy the equation (1).
0 3a+10b+5c=0 .. (2
4da+6b+2c =0 )
Solving (2) and (3)
a _ b _ c

30-20 6-20 -18+40

a_ b ¢

5 -7 11

Substitutingin (1), therequired equation of theplaneis 5x = 7y +11z +4 =0.
3. Problem : Find the equation to the plane paralléel to the ZX - plane and passing through (0, 4, 4).
Solution: Equation of theZX - planeis y = 0.
Equation of theplane pardle tothisis y = k.
Since(0, 4, 4) liesontheplane, k = 4.
0 Equationof therequired palneisy = 4.

4. Problem : Find the equation of the plane through the point (a, B, y ) and parallé to the plane
ax + by + cz=0.

Solution : Theequation of any planeparallel toax+by+cz=0is
ax+by+cz+k=0 - (1)
If (1) passesthrough (a, B, y),then
aog +bfB +cy+ k=0 e, k= -aa-bgB-cy
Subgtituting thevalueof k in(1), theequation of therequired planeis
ax+by+cz-aa -bB -cy =0

O a(x-a)+b(y -B) +c(z -y) =0.
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5. Problem : Find the angle between theplanes 2x-y+z =6 and x+y+2z=7.

|21-11+1.2| O
ﬁ\/4+1+1\/1+1+4§
ost A0

Cos* B3

6. Problem : Find the equation of the plane passing through (2, 0, 1) and (3, -3, 4) and perpendicular
tox—2y+z=6

Solution : Equation of any planepassing through (2,0, 1) is

Solution: If ¢ istheanglebetweentheplanes, 6 =

a(x-2) +b(y-0) +c(z-2)=0 ()
If thispassesthrough (3, -3, 4), then

a-3b+3c=0 - (2
If the plane (1) isperpendicular totheplane x -2y +z =6

a-2b+c=0 )
Solving (2) and (3) for a, b, ¢ weget

a_b_c¢

3 2 1

Substituting thesevaluesin (1), equation of therequired planeis 3x+2y+z =7.

Exercise 7(a)

l. Find the equation of theplaneif thefoot of the perpendicular from origintotheplaneis(1, 3, -5).
Reducetheequation x+2y—3z—6=0 of theplanetothe normal form.

Find the equation of the planewhoseintercepts on X, Y, Z- axesare 1, 2, 4 respectively.
Find theintercepts of the plane 4x + 3y—2z + 2=0 on the coordinate axes.

Findthed.c.'s of thenormal tothe plane x+ 2y +2z—-4=0.

o a0k~ wDdE

Find the equation of the plane passing through (-2, 1, 3) and having (3, -5, 4) asd.r.’s of its
normdl.

Writethe equation of the plane 4x—4y + 2z+5=0 intheintercept form.
Find the angle between the planes x + 2y + 2z—5=0 and 3x + 3y + 2z-8=0.
[I. 1. Findtheequation of theplanepassingthrough (1, 1, 1) and parallel to the plane
X+2y+3z-7=0.
2. Findtheequation of the plane passing through (2, 3,4) and perendicular to X-axis.
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Show that 2x + 3y + 7 = 0 represents aplane perpendicular to XY -plane.

Find the constant k so that the planes x—2y +kz =0 and 2x+ 5y—z=0areat right angles.
Find the equation of the planethrough (1, —1, —1) and perpendicular to these planes.

Find the equation of the plane through (-1, 6, 2) and perpendicular to thejoin of (1, 2, 3) and
(-2, 3,4).

Find the equation of the plane bisecting theline segment joining (2, 0, 6) and (-6, 2, 4) and
perpendicular toit.

Find the equation of the plane passing through (0, 0, —4) and perpendicular tothelinejoining the
points (1,-2,2) and (-3, 1,-2).

Find the equation of the planethrough (4, 4, 0), and perpendicular to the planes
2X+y+2z+3=0 and 3x+3y+2z2—-8=0.

Find the equation of the planethrough the points(2, 2,-1), (3, 4, 2), (7, 0, 6).

Show that the points (0, -1, 0), (2, 1,-1) (1, 1, 1), (3, 3, 0) are coplanar.

Find the equation of the planesthrough (6, -4, 3), (0, 4, —3) and cutting of interceptswhose sum
iszero.

A plane meetsthe coordinateaxesin A, B, C. If thecentroidof AABC is(a, b, ¢) show that

theequationto theplaneis XY, 2 =3.

a b c
Show that the planethrough (1, 1,1) (1,—1,1) and (—7,—3,—5) isparallel toY-axis.

Show that the equations ax+by+r=0, by+cz+p=0, cz+ax+q=0 represent planes
perpendicularto XY, YZ,ZX - planesrespectively.

< A planeisasurfacewith at |east three noncollinear points such that the linejoining any two
pointson thesurfaceliesentirely onit.

< Equation of aplaneisafirst degreeequationin X, y, z

< Every first degreeequationin x, y, z representsaplane.

< Equation of theplaneinnormal formis Ix+my+nz=p where (I, m,n) ared.c.’s of the
normal totheplaneand p istheperpendicular distanceto the planefromtheorigin.

< General equation of theplaneis ax+by+cz+d=0, where (a, b, c) aredirection ratiosof

N thenormal tothe plane.

Key Concepts ~
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7
: . . o dl
Perpendicular distancefromtheorigintotheplaneax+ by +cz+d=0is Z4bl i

X z

< Equation of the planeinintercept formis a +g +E =1 wherea, b, ¢ areinterceptson X, Y,
Z - axesrespectively.

< Equation of the plane parallel toax + by + cz+ d=0isof theform

ax+ by + cz+ k=0, wherekisaparameter.

& Equation of the plane passing through apoint (x,, y,, z)is

a(x—x) +b(y -y,) +c(z -z) =0.
& Anglebetween two planesistheangle between their normals. Thusif 8 istheangle between

theplanes a,x+by+cz+d, =0and a,x+b,y+c,z+d, =0

then cos 0 = |a1a2 +hb, +C1C2|
ol +f +clal +b5 +c:
< Aboveplanesareperpendicular if &a, +bb, +cc, =0.
.8 _b _g
andarepardld if —=—=— :
> a b G
N
Historical Note

Geometry, to start with, is concerned with the properties of space and objects such as -
points, lines, angles, planes, surfaces, solids and curves in space. In the work of German
mathematician David Hilbert (1862 - 1943) at the turn of the 20th century, the foundations of
geometry were generalised. The classical concepts of space and objects, which depended very
much on intuition, were replaced with abstract ideas. Before this, a decisive step towards
generalization of classical geometry of Euclid wastaken by thework of Descartes and others
and thusthe analytical geometry was born.

The basis of analytic geometry is the ideathat a point in space can be specified by an
ordered triad of numbers, giving its position. The notion that any point, for example, can be
indicated by its latitude, longitude and height above the earth goes back to Archimedes and
Apollonius (3rd century B.C. and 2nd century B.C.).
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The 16th - 17th century German Astronomer Johannes Kepler conceived theideaof extending
the Euclidean plane, and later the concept of projective plane wasintroduced. The projective
geometry was enriched by Girard Desargues, Poncelet and several othersthere after.

In 1866 Kar| Theodor Reye proposed using capital lettersfor pointsand small |etters (Greek
alphabet) for planesin aremarkable two volume work on geometry.

Thedesignation of points, linesand planesby | etterswasin vogue among the ancient Greeksaso
and had been traced to the work of Hippocrates of Chios (ca. 440 B.C.)

Exercise 7(a)

1

= 0 o >

x+3y—-52=35

Ix+2y+z=4

1220
B33

X y ,_ 2

+ =1
(-5/4) (5/4) (-5/2)

X+2y+3z-6=0

k=-8, 42x— 15y + 92— 48=0
—-8x+2y—2z2— 8=0
—4x+2y+3z+ 8=0

5X + 2y — 3z =17

§+X+£ =1- Z+l+i =

2.

X 2y 3z 6

+ —
V14 14 14 14

-2

— +1
3

1
2!
3X-5y+4z-1 =0

L, 013 0
“* Bzt
X=2
3X-y—-z+11=0
4x -3y +4z +16 =0









Chapter:

Limits and

"Wth the Calculus as a key, Mathematics can be
successfully applied to the explanation of the
course of Nature"

- A.N. Whitehead

I ntroduction

Calculus can be considered as the subject that
studies the problems of change. This mathematical
disciplinestemsfromthe 17th century investigations of
Isaac Newton (1642-1727) and Gottfried Leibnitz
(1646-1716) and today it stands as the quantitative
language of scienceand technology.

Thevery basic notion of alimit was conceivedin
1680s by Newton and Leibnitz simultaneously, while
they were struggling with the creation of calculus. They
gavealooseverba definition of limit which led to many
problems. There were other mathematicians of the same
era who proposed other definitions of the intuitive
concept of limit. But none of these were adequate to
provide abasisfor rigorous proofs. Of coursethere are
evidences that the idea of limit was first known to
Archemedes (287 - 212B.C))

Cauchy
(11789 — 1857)

Augustin Louis Cauchy was a
French Mathematician. He started
the project of formulating and
proving the theorems of calculus
in a rigorous manner and was thus
an early pioneer of analysis. He
wrote extensively and profoundly
in both pure and applied
mathematics and he can probably
be ranked next to Euler in volume
of output.
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It is Augustin-Louis Cauchy (1789 — 1857) who formulated the definition and presented the
argumentswith greater care than his predecessorsin hismonumental work 'Coursd' Analyse'. But the
concept of alimit still remained eusive.

The precise definition of limit, that aswe usetoday, was given by Karl Weierstrass (1815 - 1897).

8.1 Intervalsand neighbourhoods

First welook into the concepts of interval s and neighbourhoods, which are very much useful in
studying limits and continuity.

8.1.1 Intervals
Let a,b0R suchthat a< b. Then the set
() {xOR:a<x<1H,denoted by [a, b], iscalled aclosed interval.
(i) {xOR:a<x<b,denotedby (a, b), iscalled an open interval.

In asimilar way, some more intervals are given below.
(i) (a, b] {xOR: a<x<t

(iv) [a,b) = {xOR: asx<t
(V) [a ») = {xOR: x=2
(Vi) (8, w) = {xOR: x>3g

(Vi) (-~0,a] = {xOR: x<
(Vi) (-w,a) = {xOR: x<3g

Theintervalsin (i), (i), (iii) and (iv) aresaid to beintervalsof finitelengthb—a. Othersareintervals
of infinitelength.

8.1.2 Neighbourhoods

Let adR. If & >0,thentheopeninterval (a— d,a+ d)iscalledthe d- neighbourhood
of a. Thatis{xOR:a-d<x<a+d}. Figure8.1showsthelocationof (a— d,a+ &) on
the number line.

a'— d a a; o
Fig.8.1
The set obtained by deleting the point a from this neighbourhood is called the deleted
neighbourhood of a. Thatis, thedeleted & - neighbourhood of ais

(@a-9%,a) Uy (a,a+d) or (a—0d,a+ d) \ {a}.
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8.1.3 Note
1. Anyinterval (c,d) isaneighbourhood of some a [J(c, d). Infact, take

Ep+d d-c c+d d-c
Then(@-3s,a+38) = g5 "5 "3 "o ¢

= (c, d).
Therefore(c, d) isthe §- neighbourhood of a.

2. Theset{xDR :0<|x—a|<6} isthedeleted &- neighbourhood of a, because
0<|x-a]<d = |x-a|<dand xza
- -8d<x-a<d and xza
- a-d<x<a+dand xza
~ x0O(@-3 a+8)and x#a
- x0O(a-9, a+d)\{a}.
3. If 8,8, ..., 8, arepositivereal numbersand a OR then

n
a-9, a+9,) isasoaneghbourhoodof a.
K, k
k=1

For, take 5= min {3, 8,,..., 8,} . Thenclearly 5>0 and

n
(@a-9%,a+d)= ﬂ(a—ék'a+6k)_
k=1

xO(@a-25, a+d)
0 a-9 <x<a+d, (k=1,2 ...n)
0 xO(@-8,a+3,) foral k
O xDrn](a—ék,a+6k).
k=1

n
Conversdly, if x O ﬂ(a—ék’a+6k)then
k=1
a-9 <x<a+, forall k.
But & =min{&,, 5,,.., 5.} impliesthat 3 =, for somei among1,2, ..., n.

Hence xD(a—éi,a+6i)= (a-5,a+9).
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8.2 Limits
Y
Weillugtrate someexamplesto get familiarity on 3]
the concept of limits. .
1. Example o]
Let f: R - R bethe function defined by 5 feg=x*+1
f(x) =X+ 1, x 0 R. Herewe observethat as x takes L5
valuesvery closeto 0, thevaueof f(X) approaches]. '
(SeeFig. 8.2). Inthiscase, wesay that f(x) tendslas i
xtendsto 0, and wewriteit as 05
limf(x)=1. 5 1 05 005 1 15
-0.5]
Thatis, limit of f(x) islasxtendstoO. Fig. 8.2
2. Example
Let us define f : (RN {1}) - R by
2 _
f(x) = X 1,x¢1.

In thefollowing table, we compute the values of f(x) for certain valueson either side of x = 1.

X 0.9 099 | 0.999 | 09999 | 1.0001 | 1.001 | 1.01 11
f(x) | 1.9 199 | 1999 | 19999 | 20001 | 2001 | 201 21

Table8.1 Y /

f(x) = (-1)/(x-1), x# 1

From Table 8.1, we observe that these 159
valuesarevery near to 2. Thiscan beillustrated 1]
by considering the graph of thefunction f given

-0.5-

in Fig.8.3. Herewenotethat thelimitof f at 1
existseventhough f isnot defined at 1.

Fig. 8.3
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3. Example

x-1
x+2'
Congder thefollowing table of valuesof x closeto x =3 on either side and the corresponding values
of f(x):

Let f:(R\{-2}) - R bedefinedby f(x)= foreachx O (R \ {-2}).

X 29 2.99 2999 | 29999 | 299999 | 3.00001 | 3.0001 | 3.001 3.01 31

f(x)| 0.38776( 0.39880| 0.39988| 0.39999( 0.399999 | 0.400001 | 0.40001 | 0.40012 | 0.40120 | 0.41176

Table8.2
Table8.2 showsthat as x getscloseto 3, thefunction f (x) isapproachingto 0.4.

4. Example

2
Let f:(RN\{2}) - R bedefined by f(x)=LX2‘1°.
X_

Hereisatableof valuesof x near 2 and corresponding f(x).

X 1.9 199 | 1.999 1.9999 | 20001 | 2001 | 201 | 2.1

f(x) 6.9 6.99 | 6.999 6.9999 | 7.0001 | 7.001 | 7.01| 71
Table8.3

Though f isnot defined at 2, but f (x) isapproachingto 7 as x isnearing to 2. The same can be

seenfrom Table 8.3 and Fig. 8.4 Y A
5. Example o (=t
Let f: (0, ») -~ R bedefined by 6-
f(x) = Vx.

Let uslook at thevaluesof x near O
and corresponding f(X).

x | 0.01 | 0.001 0.0001 | 0.00001
f(x) | 01 | 0.0316 | 0.01 0.0031 7 % 3 3 1 01 3 X

Table8.4 Fig.8.4

From Table 8.4, we observethat, f(X) approaches zero, as x approaches zero.
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In each of the above examples, it isclear that f(x) approachesvaluel when x isnearingto a
particular point c. Thisleadsto animportant concept called thelimit of afunction. Inthethird century
(B.C) Archemedes of Greece (287 - 212 B.C.) wasthefirst person who formulated this concept. But
aprecisedefinition of thelimit of afunction, that we usetoday, is due to the German mathematician Karl
Weierstrass (1815 - 1897). We introduce thisconcept in the present section.

8.2.1D¢finition of the limit

Let EDRand f: E -~ R. Let a0 R besuchthat ((a-r, a+r)\{d) n E isnon
empty for every r > 0. If thereexists areal number | satisfying the condition below then |
issaid to bealimit of f at a:

Given € > 0, thereexistsa 5> Osuchthat | f (x)-I| < & whenever xJ Eand 0 < |x-a| < 3.

In this case, we say that limit of the function f(x) as x tends to 'a’ existsand it is'l' and we
write it as
limf)=1or f(x) - las x - a.

X—a

If such an | does not exist, we say that |jm f (X) does not exist.

X—a

8.2.2 Note
Let f, E, a, | beasgiveninDefinition8.2.1. Alsoletm 0 R besuchthat lim f(x)=m. Then
X—ba

it can be shown that | = m. In other words, the limit of afunction at agiven point, if exists, isunique.

Thisisproved asfollows.
Giventhat lim f(x) =1, and lim f(x)=m.
X-a X->a

In order to show that | = m itissufficient to show that || - m|< € for every €>0.

Let €>0.

Since lim f(x) =1, for §>0, 004 > 0 suchthat

X-a

x O E and 0<|x—a|<61D|f(x)—||<§ . (1)

Since lim f(x) =m, for E>O, 05,> 0 such that
X-a 2
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xOEand0 < [x-a| <& O |[f(x} m|< % (2

Let 5=min{3, 8,}. Then if xOE

and 0<| x - a|<3, wehave, by (1) and (2),

[l =m|=|1-f()+ f(x)-m]|
€ € _
< |1 = f(x)]+] f(x) m|<§+§—s
ie, |I—m|<e.

Since €> Qisarbitrary, weget | = m.
8.2.3 Examples

Inthefollowing, weillustratethe definition of limit through exampleswith €, & notation.

1. Suppose f:(0, ) — R isdefinedby f(x) =+/x. Then )l(i% f(x) =0.
Let €> 0begiven. Choose 3=¢%. Then 5>0 andfor al x with x0(0, ©), 0<|x|<d
i.e, 0<x<dwehave

1 £(x)-0| =Jx <Jd = ¢
Hence lim +/x =0.
X-0

1 1
2. Suppose f:(R\{0}) - R isgivenby f(x) = X foreachx # 0. Then Iirrg);does not exist.
X —

If possible, supposethat Iirr(l)%existsandisequal to, say, I.
X -
Thenfor € =1, thereisa & >0 suchthat

0<|x|<3a D‘l—l <1l
X
1 1
i.e, 0<|x|<5 O ‘;‘ = ;—I+I
1
=-
S ol R LN
< 1+]|1].
Thatis, | x| > L whenever 0<x< §. . (1)

1+|||
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But if we choosea y, suchthat 0<y,<min é% T 1| l% then 0 < |yg| = Yo < & and

1

e

=

Yol = Yo<

contradicting (1). Therefore )'(in% does not exist.

-0 x
8.2.4 Note

limx=a. (Try togiveaproof!).
X—Pa

8.2.5 Theorem

Wegtatethefollowing theorem (without proof) whichishdpful infinding thelimits.

Let f: E - R, g:E - R and let adR besuch that

E ﬂ((a —r, a+r)\ {a}) is non-empty for every r > 0. Let k 0 R. Suppose that

lim f(X) =1 and lim g(X) = m. Then the following are true.
X—-a X—-a

() lim(f+g=1+m lim(f-=g) (¥ =1-m, lim(fg)(x)=Im,
lim (kf) (x) = K

(i) Ifh:E - R and limh(X)=n #0 then h isnever zeroin

En((a-r, a+ r)\{a}) for some r > 0, lim E@ = — and
LEZCRE

Asanillugtration we provethefollowing:

8.2.6 Theorem

If p is apolynomial function (i.e. a function p(x) of theform a;+ a;x +
k> 1) then Ilim p(X) = p(a).
X-a

Proof : From Note 8.2.4, we have !('[‘; X=a.

Weuse Theorem 8.2.5to prove the conclusion.
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I|mx = lim (x.x) =lim xim x =a@=a’.

-a X-a X-a X-a

Thus, by mductl on, itiseasy to seethat

lim x"=a".
X-a

Let p(X) = ay +ax+ax® +... +a.x<.

Then by Theorem 8.2.5(i), wehave

lim p(x) = lim [a, +ax +a,x* +.... +a,x*]
= limag + lim(a,x) + Iim(azxz) +... +Iim(akxk)

= a0+a1I|m x+a2I|mx +...+a, limx*,
X-a

= g, taa+aa’ +... +aa"

= p(a),
proving thetheorem.

8.2.7 Remark

During the course of proof of Theorem 8.2.6, we proved that
lim x"=a", aldR,nON. Yy
X—>a

8.2.8 Theorem

Let EOR, Let f, g: E - R betwofunctions. Let
aORbesuchthat ((a—r, a+r)\{a})n E#@ for
every r > 0. Assume that f(x) < g(x) for all xin E
with x za. If both lim f(x)= | and I|m g(x) m,

X—-a -t

then | <m. That is, I|m f(x) <lim g(x) This is
illustrated in Fig. 85 "¢ . /

8.2.9 Theorem (Sandwich theorem)

Let EOR, f,g,h: E- R andleta 0 Rbesuchthat ((a—r,a+ r)\{a}) n E isnon-empty for
every r>0. If f(X)< g(xX)< h(x) forall xOE,x# aand if |im f(X)=1= lim h(x),

X—a X—a

then |im g(x) existsandisequal tol.
X-a
- -

Proof : Followsfrom Theorem 8.2.8.
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8.2.10 Theorem
If Fand G are polynomials such that F(x) = (x—a)*f (X), G(X) = (x—a)*g(x) for some
k O N and for some polynomials f(x) and g(x) with g(a) #0 then )'('”; EEE( X) = %,

We shall now make use of these theoremsto compute some limits.

Hereafter if thedomain of afunction f isnot explicitly given, then, by convention, the domain of
f isto betaken asthe set of all thosereal x for which f(x) isreal.

8.2.11 Solved Problems

) 1
1. Problem: Evaluate lim ——.
X -3 X+2

1
Solution: Consider f(X) = 2’ X# =2
Write h(x) =x+ 2 fordl x OR.

1
Then f(x) “h() and Xqurrl?’h(x) :Xllrrls(x+ 2)=-1.

: 1
Therefore lim f(x)= lim =-1.
X—7_3 X—>_3 X+2

2. Prablem: Compute lim 3 .
X-2 x° -8

. . -2
Solution: Write f(x) = X3 5’ X # 2 sotha f(x) =
X —

X2 +2x+4°
Write h(x) = X+ 2x + 4 so that Iim h(x) = 12.

Hence lim f(x) = I|m Tj

X—2

3. Problem: Find Iiml(x+ 2)(2x+ 1).
X
Solution: lim(x+ 2)(2x+1) = lim(x+ 2) lim(2x+1) = 3.3 =09.
X—>l X—»l X—»l

4. Problem: Compute limx sm1
X-0 X

1
Solution: For x # 0, we know that —1ssm;51.

Therefore—XZSXZSin%SXZ- But lim(- x*)=0=limx?

X-0

. 1
Hence, by Sandwich theorem (Theorem 8.2.9), we have )l(l m X s n== 0.



Limitsand Continuity

x> -5
5. Problem: Find lim )
x-24x+10

Solution: Wedefine f :R - Rby f(x)=x*-5and g: R - Rbyg(x)=4x+10.
lim f(x) = Iin;(x2—5) =(22-5=(4-5 =1
X X—

and Iin;g(x):lirr;(4x+10) =8+10 =18 #0.
X- X—

Hence, by Theorem 8.2.5 (i), we have

_ x*-5 1
lim =—-_.
x-24x+10 18

X3 — 6x2 +9x

6. Problem: Find |im >
x-3  X°=9

Solution: Write F(X) =x3 — 6x% + 9x = x(x— 3)? = (x— 3) f(x) where f(X) = x(x— 3).
Write G(X) =x? -9 = (x— 3) (x+ 3) = (x— 3) g(X) where g(x) = x+ 3.
F(X) _ (x=3)f(x) _ f(x)
G (x-3g() 9
Now, by applying Theorem 8.2.10, we get
”mx3—(zx2+9x _imF) _f(® _8B8-3 _0 _,
x-3  X°-9 x-3G(X) g(3) 3+3 6

7. Problem: Find Iimﬁ.
x-3X°—5x+6
Solution : We write F(x) = x3 —3x? = x(x—3) = (x— 3) f(x) where f(x) = X2,
and G(X) =x2-5x+6=(x—3)(x—2) = (x—3) g(x) where g(x) = x— 2, with
093)=3-2=1#0.
Therefore, by applying Theorem 8.2.10, we get

. xX=3¢ . F(x) _f@@ _ 3
lim— =lim = = =0.
x-3x°-65x+6 x-3G(x) 9B 3-2

Exercise 8(a)

|. Computethefollowing limits.
2_.2

Therefore, and g(3) =6 #0.

1. limX ~28 2. lim(@+2x+3)
X->a X—a X-1
3 lim—2t A lim L
X=0 x2 —3x+2 x-3 x+1
2
5 lim__2x*1 6 limX_*2

x-13x2 —4x+5 x-1x2_2
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7 1im B2 -3H 8. |im%ﬂ
x-2 [X+1 X[ x-0 Ox2 + 4

o ]

9. lim x2 (x>0) 10.  lim %HZ% (x>0)
X-0 X-0
2 _
1. 1imxe cos? 12 lim——2X"3
X0 X x=-3X2 —6X° +9x +1
_ Ox-1 1 0 . xX-a
13. lim - 4. lim——2=
x-15¢ —x X3 —3x2 +2xH x-32%% —5x -3
2
-8x +

x-3 x2-9
16. 1f f(X) = -v25-x thenfind Iirrll%.

8.2.12 Right and left hand limits

We studied thelimit of afunction f at agiven point x = a asthe approaching value of f(x) when x
tendsto 'a’. Herewe note that there are two ways x could approach 'a’, either fromtheleft of 'a’ or from
theright of 'a’. Thisnaturaly leadsto two limits, namely 'theright hand limit' and ‘theleft hand limit'. Right
hand limit of afunction f at x=aisthelimit of thevaluesof f(x) as x tendsto'a’ when x takesvalues

greater than'a’. We denotetheright hand limitof f at'a’'by lim f(x). Similarly, we describethe left
X a+
hand limit of f at'a’ and wedenoteitby lim f(Xx).

X—-a—
if x<0

EIL
1. Example: Define f : R - Rby f(x) = 8L+xif «>0.

SeeFig. 8.6. Weobservethat thelimitof f at Owhich
isdefined by thevaluesof f(x) whenx<Oisequaltoli.e,

theleft hand limit of f(x)at'0'is /M f() =1. v o
- o
Similarly, the limit of fat O which isdefined by the jm/,\’
. : . _ 21
valuesof f(xX) whenx>0isequa tol i.e, theright hand limit f00=1,x<0
of f(x)at'0'is Iir(r)w f(x) =1
X0+

Herewe notethat theright and left hand limitsof f a0 : 5 :

exist and are equal to 1 and in this casethelimit of f(x) asx B SR

tendsto O existsanditis 1.
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D 1if x<0 Y4

2. Example: Define f : R - Rby f(x) = 1|f x>0 -

From Fig.8.7, we observe that |im f(x) =1 ©D

X-0-

and lim f(x) = -1.
X0+

Hencetheright and left hand limitsof fatOare 0 X
different. We observethat thelimit of f(x) asxtendsto
0 doesnot exist.

0,-1)
To formulate these concepts anal ogous to the
definition of alimit (asgivenin Definition 8.2.1) we
havethefollowing:

8.2.13 Definition (Right and Left hand limits)
Let EOR and let f:E.R.

(i) Suppose adR issuchthat E N(a, atr) isnon-empty for every r > 0. Wesaythat|l 0 R

isaright hand limit of fat a, and wewrite |im f (x) = I,
X a+

if, given €> 0, thereexists a & > 0 suchthat | f(x)-1| < € whenever 0<x-a< § and
x O E.

(i) Suppose ad Rissuchthat E N (a—r, a) isnon-empty for everyr > 0. Wesaythatm O R
isaleft hand limit of f at a, and wewrite lim f(x) = m

Fig. 8.7

X—-a—
if, given € > 0, thereexists a & > 0 suchthat | f(x)-m| < & whenever O<a-x< & and
x O E.
Thelimits lim f(x)and lim f(x) arecalled one-sided limits. Theselimits (if exist) areunique.
X-at X-a—

8.2.14 Note

(i) If E=(ab) thenitisclear from Definitions8.2.13 and 8.2.1 that f:E - R haslimit
at a ifandonly if it hasright hand limit at a. Inthiscase

lim f (x) = lim f (X).
X—a X-at
(i) Alsof haslimitat bif and only if it hasleft hand limit at b. In this case
I|m f(x) = Ilm f (x).
-b ~b-

(i) If a<c<b,f hasllmltatmfandonlylftheleft hand limit and the right hand limit both
exist at ¢ and are equal. In this case,
lim f(X) = lim f(X)= lim f(x).

X—-C X—C— X - C+

Thefollowing theorem relates|limit of afunctionto onesded limits.
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8.2.15 Theorem
Let E=(a—r, at+r)\{a} forall r>0and f : E- R.
Then Iim f(x)=1 - lim f(X)=1= Ilim f(X).
X—a X—at X o a—
8.2.16 Note
[1f  lim f(x) and lim f(x) exist then
X a+ X > a—

lim f(x)= I|m f(a+h) and

X-at
h>0

lim f(x)= I|m f (a—h).

X-a—
h>0
8.2.17 Solved Problems
. X
1. Problem: Showthat lim u =1 and lim u =-1 (x £0).
X—»0+ X X—»O_ X
. le g1 if x>0
Solution: Here ~ " %_1 it x<0
Therefore lim m = lim1=1and lim u = lim (-1) =-1.
X—>O+ X X—>O+ X—»O X X—>O_

Remark : In Problem 1, we observe that I|mI | doesnot exist.

x-0 ¥ 61
2. Problem: Let f : R_ R bedefined by i y=f(x)
O2x-1if x<3 n
=05 if x3
Show that limf(X) =5. 2

X-3

Solution:  lim f(x)=5, since f(X)=5

X3+

-2 y 2 4 5 "
forx>3and lim f(X)= I|m (2x-1) = 5.
X—>3_
. _ 2]
Hence lim f (x) =5.
X-3

Thiscan be seenfromFig. 8.8. Fig.8.8
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3. Problem: Showthat lim vx2 -4=0= limvx%-4.
X2

X—>_2

Solution: Observethat vx2 - 4 isnot defined over (-2, 2).

But lim vx2 -4 =0 and lim ¥x2-4 =0.

X2+ X——2—
Therefore limvVx2 -4 =0= lim Vx2 - 4.
X2 X =2

2 <1
4. Problem: If f(x)= ?IZ(X,—l §>1,then find lim 09 and lim f(x. Does lim f () exst ?

Solution:  lim f(x) = rI]in?)f(1+h) = lim(2(1+h)-1) =1

X1+

h>0
and lim f(x)= lim f(1-h) = lim(1-h)2=1.
X—»l_ I?];'(()) h—>0

Since lim f(x)= lim f(x) =1, wegetthat
X -1+ X-1-

lim f (x) existsand lim f(x) = 1.
X-1 X-1

Exercise 8(b)

Find the right and left hand limits of the functionsin 1,2, 3of | and 1,2 of Il at the point a
mentioned against them. Hence check whether the functions have limitsat those a's.

-x if x<1
. 1L f(¥)= EHX it x>1 a=1
5 flx) = x+2 if -1<x<3 _ 3
- T= 02 if gexes ? 273
X if x<2
3. f(x) = %2 ; a=2.
X if x>2
H3
a if x<0

. 1 f()=px+1 if 0sx<l; a=1.
BSX if x>1
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2 jf x<1

2. T(x) =X if 1<x<2; a=2

§<—3 if x>2

3. Showthat lim [x-2] =1,
X 2— X-2

X
4. Showthat lim %+x+1§z3.
X-0+[] X

5. Compute I|m ([x]+x) and Iim_([x]+x).

6. Showtha lim x3cos>=0.

X 0- X
[X—-1if x<0
. 1. Find I|mf(x) where f(X) —E 0 if x=0.
B><+1|f x>0
01 01
2. Define f: = H Rby f(X)=+1+2x, xOF=
g7 4R 1 73 B

Thencompute  lim_ f (x) . Hencefind ||m f(x)-

X*(‘?)* 3

8.3 Standard limits

Weshdl now obtain thelimitsof some standard functionsin thefollowing theorems. Using thesewe can
findthelimitsof somefunctionseeglly.

8.3.1 Theorem

X—a

If a>0, nOR then lim x"=a". ]

Proof: Wefirst provetheresult for n< 1.
Case (i) Supposen< 1.
x>a O x""'<a"™ ! (sncen-1<0)
O x"< a"x

O x"—-a"< a""?! (x—a) .. ()
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O<x<a 0O a"!'< x"1 (since n-1<0)
O a"x < x"
O a" - am" < x"-a"
O a" Y(x—a)< x"-a"
0 a"-x"< a" Ya-x) (2
From (1) and (2), for x # a, x> 0 we have

n n

x -—a' |<a"t|x-al.

Since lim a"~!|x-a| =0, wegetby Sandwich theorem that

X-a

n n
X —a

lim
X-a

=0.

Therefore limx"=g",
X-a

Case (ii) Suppose n>1.
Write n=m+ o, mON, 0< a <1.

Then x"=x"Mx%. Now using Case (i) and Remark 8.2.7, we can see that the theorem
istruein this casetoo.

8.3.2 Theorem

Let n bearational number and a be a positive real number.

Then lim
X-a

Proof: Weshall provethetheorem in each of thefollowing cases.
Case (i) : Suppose n= 0. Then

x"—g"
lim
X-a X—a
Case(ii) : Suppose n isapositiveinteger. Then

=0=na"L

x"—a"=(x—a)(x""1+x""?.a+..+xa""2+a""1) and hence

x"-a"
lim = lim(x""1+x""2a+..+xa""?+a""}
X-a X—a X-a
= a" t+a" 1+ . +a" ! (by Remark 8.2.7)
= na"~ 1L

Case(iil) : Suppose n isanegativeinteger. Then

n=—-m, wheremisapositiveinteger.
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. X —a .
Hence lim = lim
X-a X—a X-a X—a

1 1 1
= lim B?— o
x-a XM a -a

. -X
= lim a—
x-a xMaM(x-a)

= lim EME lim —
X-a X—a ' x—a xMam
1

Case(iv) : Suppose n |sarat|onal number syn= g ! wherep,q 0 Zandqg>0.

q q

Let y= X' and b=a'. Then x=y" a=b" and
P P
n__.n - =
lim 2 =2 = jim x?-a“
Xx-a X—a X-a x—g
yp_bp
= )I/m?) y9 — b
0 yb
= I|m
E Y- bﬁ
_ pbp_l _ P, p-q
= W =—=hb
p 5
= n(bQ)a_l: na"-1
Note: Theabovetheoremisvalidfor al real numbers n. The proof,
in the case of irrational n, is more complicated and beyond the
scope of thisbook. P
8.3.3 Theorem
() limcosx=1
x-0
PA
ad ) fim3"X = o
x-0 X

Pr oof
First we provetheinequality

snx<x<tanx for xOJ H) ’—TE
O 2C

] o Fig.8.9
Consider theunit circlecentered at O.
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Let DAOP=x 0<x< g (Fig. 8.9). Then
theareaof A AOP< areaof thesector OAP< areaof the A OAB

1 1 1
O > OA.PM < > X.1< 3 OA.AB

; 1 1
(sincethe areaof the sector = 5 Ir = > r2g)

1 1
O —smx<—<—tanxD snx< x<tanx for xEIEb ”H

X 1 sin X
Thereforel < — < —— andhence cosx< — < 1.
sSinX  CoSX X

Thesameinequditieshold good eveniif —g <x<0,

sin x
cosx< — < 1.
X

Hence 051—ﬂ < 1—cosx:23in21 < 2&g X—.
X 2 RO 2
2

. X
Also lim =— =0.
X-0

Hence, by Sandwich theorem, we have

lim ﬁ_smxm_ = I|m (1 —cos x).
x O

x-0
Now by Theorem 8.2.5, we get

sin x
lim cosx=1and lim — =1.
X-0 X0 X

Now we state three more important theorems, whose proofs are beyond the scope of the book.

8.3.4 Theorem

X[

[)I(i%(1+x) =e ]

8.3.5 Theorem

)l(ifg) %‘XTE logea.
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8.3.6 Corollary

Proof: Take a= e in Theorem 8.3.5

8.3.7 Theorem

[ 109,04 _, ]
X-0 X

8.3.8 Solved Problems

tan X

1. Problem: Showthat Ilim —= =1.
X-0 X
tan x _ sin X

Solution: We have (x# 0

X X  COSX

Hence lim —/—= = lim &E lim B—E

Xx-0 X x-0 0 X [ x-0[COSX[
=1.1=1.

) ] 1+x-1
2. Problem: Find lim EJ;H
X-0 X

Solution: For 0< |x|<1, wehave

VXx+1-1 _A1+x-1 Nl+x+l

X - X "1+ x+1
1
T V14 x+1C
. A1+x-1 . 1 1
Therefore Im ——— = |im ——— = —.
X-0 X x-0 V1+x+1 2

He'-1 H

. Probl : m I|m

3 oblem: Co pute m H\/m 1H

Solution: For 0<|x|<1,
e -1 e*-1 )(V1+x+1
V1+x-1 T lex-1 J1+x+1

-
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. X _ . ef-1
Therefore, lim & 1 = lim

-_— lim
Xx-0 41+ x -1 Xx-0 X x-0 (\/1+_X+1)
1.2 =2

4. Problem: Showthat lim _Xc - 0.
X—>3 ‘XZ —9‘

x-3 ‘ - ()

Solution: For ¥ #9, ‘ -
X° -9

X—
l —3| = lim = l ~— | =o,
But lim |x-3| =0 and lim |x+3| =6 sothat lim ‘ ‘ 0

X-3
-3
Thereforefrom (1), lim X =0.
X—>3 ‘ X2 —9 ‘

X

.a -1
5. Problem: Compute !im —— (a>0,b> 0, b#1).
x-0p*t -1

Oa* =10
a’-1 H «x L
= o ()
X

aX-1

Solution: For x # O,

But, by Theorem 8.3.5, Iin% =log.a
X

X

and lim
X-0 X

X logea
Therefore, from (1),  lim 2 1_ 202
X—»O bX _1 Iogeb

=logeh.

6. Problem: Compute lim>2X b # 0,a # b.
x-0sinbx

) . _Snax ,. [kinax _ bx O
Solution: lim =limg—— D—Dé
x-0sinbx x-0[] ax  sinbx b%

sinax .. bx
[ Oim—
x-0 ax x-0sinbx

A0 (since,asx » 0, ax —» 0 and bx - 0)
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e -1
7. Praoblem: Compute |im )
X-0 X
3X _ 3X _
Solution: We have |ime 1:3|ime !
Xx-0 X 3x-0 3X
y _
=3Iime 1,wherey:3x
y-0
=3.1= 3.
X _ o _
8. Problem: Compute IianXl.
X-0 X
X _ o _ X _ i wl]
Solution : We have IianX1 = Iim%;l—ﬂg
X-0 X X—»OD X X D
" —10 sinx
= limg——- - lim——
X—»OD X D X-0 X
=1-1=0

9. Problem: Evaluate |lim Iog_ex.
x-1 X-=1

Solution: Puty=x-1. Theny - Oasx - 1

Now lim logex lim 1oge(1+)
x-1 X=1 y-o0 y
= 1 (by Theorem 8.3.7)

Exercise 8(c)

Computethefollowing limits.

| x4l _ cos
1 limE— E Z :
x-1[Bx —4x+5 X=3 B< n
T =T
O 20
i snax 4 lim Sn(x-1)
X0 XTOSX Xt %z _15
= lim Sin(a+bx)-sin(a-bx) 6. lim D=3 (4 g
X-0 X x-a X2_a2
- 3+x _ A3
7 lim e 1 5 -
ym X X-0 X
§ s sinx
- - [ e -
9 IIme € 10. lim
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. 1. lim 2, |.mB’MH

x-1 (2x2 +x—3) x-a[]

3. lim %osax—zcosbxg 4 lim (2x —7x—4)
x-0 X 2 (2x-1) (Vx-2)

: 2
5 lim log, (1+5X) 6 1im sin(t czos X)
Xx-0 X X-0 X
1
. 1+X8— 1 x§ X _
1. 1. lim E( E 2 lim MH
- 3 3
3 lim a+2x —/3x 4 fim YIHX=V1=Xx 1+x-¥1-
X-a 3a+x - 24/x Xx-0 X
. sin(x-a)tan? (x-a) 6. lim 129052™ (1 h o 7)
5  lim Yol a2
X-a 2 — 52 sin“nx
7. lim 108X 8 lim X2X71
X-0 X X0 X
— X _
o limiZCSM™ 140 10. 1im X€=D
x-0 1—cosnhx x-0 1—cosx
3 -
11 1im Iog.(lérx) 12 lim Xtan 2x 2xt:;1nx
x-0 sindx x-0  (1-c0os2x)

8.3.9 Infinite limits and limits at infinity

Consider f(x) =x* for x # 0. At the pointsvery closeto zero the values of f (x) would be
increasing rapidly. Thuswe can't have the concept of limit at zero for thisfunction. We shall try to
describe this nature of afunction in the present section.

() LtEOR, f:E-R and alR besuchthat EN((a-r,a+r)\{a})isnon-empty for
every r>0.

We say that f (X) tendsto «© as x - a, andwrite lim f(x) = o
X—Pa

if given o O Rthereexistsa 8 >0suchthat f(X)> o foral x OE with 0<|x-a| < 3.

(i)  f(x) issadtotendto — as x —. a andwrite lim f(x) =—o0, if given B0 R thereexists
a5 >0suchthat f(x) < foral x 0 E with0<|x-a|<s.

(i) Let EDR and f : E . R. Suppose (a, o) OE forsome all R. Thenwesay that | R
isalimitof f(x) asx - o, andwrite lim f(X) =1, if given € >0thereexistsa K >a such that
| (x)-1]|< & foral x>K. o

Such an [, if exists, isunique.
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(iv) LetEOR and f:E - R. Suppose (—o,a)0E forsome a0 R. Thenwesaythatl ORis
alimit of f(x)as x - —oo, and write XETOO f(x) =I, ifgiven € >0 thereexistsa K <a such
that | f(x)-1| < € for al x<K. Such anl, if exists, isunique.

(v) Let EOR and f:E - R. Suppose (a, ) OE for some ald R. Thenwesay that f (x) tends

to © as x -, o, and write XILm

f(X)> a foral x>K.

f(x)= o, ifgiven a OR thereexistsaK >a such that

(vi) Let EOR andlet f:E - R. Suppose (a, ) OE for some a 0 R. Thenwe say that f(x)
tendsto—o as x _, o0, andwrite I|m f(X) =—o0,if given a OR thereexistsaK >a such that
f(x)<a foralx>K.

(vi) Let EOR andlet f:E - R. Suppose (-, a)UE forsome a 0 R. Thenwe say that
f(X) tends to @ as x . —oo, and write lim f(x) = oo, if given a OR thereexistsa
K<a suchthat f(X)>a foral x<K. 7

(viii) Let EOR andlet f:E - R. Suppose (—,a)JE for some a 0 R. Thenwesay that f (x)
tendsto—w asx - —o, andwrite lim f(x)=—o0,if given o O R thereexistsaK< a such
that f(x)<a foral x<kK. 7

In order to computethelimitsdefinedin (i) through (vii), the following theoremisof great use.
We state the theorem without proof asthe proof is beyond the scope of this book.

8.3.10 Theorem

Let EOR, f:E_-R and alR besuchthat ((a-r,a+r)\{a})N E |snonerrpty
for every r > 0.

() Suppose lim f(x)= oo. Then lim %X) - 0.

X-a X-a

. , . 1
Su lim f(x) = —oo. Then lim =0
(i) Suppose XI_I:T; (X) = —0. Then ™

X-a

@iy 1f lim f(x) = 0 andfis positive in a deleted neighbourhood of &, then lim f%) 00,

X—-a X—a

(iv) If lim f(x) = 0 and fisnegative in a deleted neighbourhood of a, then

X-a

lim — = —o00

s T09
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8.3.11 Theorem

Let EOR.f:E5> R,g:E-5> R,h:E-5 R andlet (a,o)0E for some allR. If
limg(x) =1 =limh(x) and g(x) < f(x) <h(x) for all XxOE then lim f(x)=1.
X — 00

X — X—

8.3.12 Solved Problems

1. Problem: Showthat Iim

: : 1
Solution: Given € >0, choose a = T >0. Then
€

1 1
X>0[0 X>— [0 X¢>-0 —=<¢ [
Ve e
Hence Iimi:o_
oo 2

2. Problem: Showthat lim eX= oo,

X - 00

Solution: GivenK >0, let a=logK. Then x>a O e*>e% =K.

Hence lim e*X= oo,
X - 00
2 _
3. Problem : Compute lim X+2x-1
x-2 X2 —4x+4

x2-ax+4  (x-2)
X2 +2x-1  x2+2x-1

Solution : Write f(x)=

Clearly f (X) >0 inadeeted neighbourhood of 2.
Moreover lim f(x)=0sothat lim N
X2 +2x-1
Hence lim ———— = = o0,

X2 x2 —4x+4
3x° -1
4. Problem : Evaluate lim X2 :
X0 4X°+1

Solution : Both the numerator and the denominator approach © as x . .

st 1
-1 XEB 5%

XU_ o
x-0 4X°+1  xo o %H_LE
X2
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X" +...+ax+ag

5. Problem: If f(x)= with a,> 0, b,> 0 thenshowthat lim f(X)=
X — 00

by x™ + ...+ by x + by
if n>m.
= n—1+ L+, %
Soluti f(x) XX
ution : =
Xm%ﬂ_,_ m—1+ + bl bOE
1oxm

e e
WY

AS X - «, al thequotients an—I’ bm—l" approach zero. Thereforethe quantity inthebig bracket
X X

above approaches S—”(>O). But lim x""™= o (sincen>m). Hence Ilim f(x)= oo
m X — 00 X — 00

2 _ -
6. Problem: Compute lim X ~SNX,
X — 00 XZ -2

Solution: -1<sinx <1 impliesthat -1<-sinx <1.
Therefore x? -1< x? —sinx < x? +1.

Since x - o, wecan supposewithout loss, that x2 —2>0.

x2-1  x®-sinx x°+1
< <

Therefore < < )
X2 =2 X2 =2 X2 =2
: 3-8
_ 2
Hee  lim > L. lim —X =1
IR
X2
10
X+l El1‘L+X2E|
and lim > = lim —2-[=1.
cextz ta-E
XZ
. X?-sinx
Henceby the Theorem8.3.11, weget lim ——— = 1.

X0 X =2
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Exercise 8(d)

Computethefollowing limits.

. X2 +3x+2 . 1+5%°
L lim=—=—— 2. lim >
x-3 X°—6x+9 x-1- 1-X
2 2 _
3 lim 3x +4x+5 4 lim & TXH7
X 233 4+3x~7 x-@  X+3
2
. —y? +
5 lim e~ 6. lim Xz 6
X— e Xx—0 2% -1
. 8| x| +3x . 2
.1 lim 8| x| +3x 5 lim X +9X+2
X 3| x| - 2x X~® 22 _Bx+1
. 2 _ 3 _ay .y
3, lim 2XT—x+3 4 lim w
X - —00 X2_2X+5 X — 0 13X _5X _7
: 1 4 34
5. lim E*— 5 E 6. lim X*4
X= X_2 X _4 X > —00 '2X4+1
7. Xllngo (\/X+l—\/;) 8. lim B/XZ + X - XH
— X — 00 |:|

01 tim 0230 lim 2*SinX

xﬁ—malxz_la T Xo0 o 4243

3 lim 2+cos’x 4 lim 6X° —cos3x
X=® x+ 2007 X=X +5

N

5. lim cosx+sin®x
’ Xs0 —————————
X+1

8.4 Continuity

In thissection, we shal define one of the most important concepts of mathematical analysis, namely,
the continuity of afunction at apoint and on aset. We shall also discuss the relation between limits and
continuity.

We start this section with some examples.

1. Example: Define f: R - Rby f(x) =2x+1,x O R. Notethat thisfunction isdefined at every point
of R. Thegraph of thisfunctionisgiveninFig. 8.10.
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We observe that the left hand limit of f at x=0 2qY
f(x)=2x+1
islandalsotheright hand limitof f atx=0is1.
Thus Iir(r)1 f(x) = Iiry f(X) =1 and thisvaueis
X- 0+ X-0-

equal to f(0) = 1.

Here, it isworth mentioning that it ispossible
to draw the graph of the function around the point I1 X
x = 0 without lifting the pen from the plane of the
paper. Sincethesameistruefor every pointin R,
graphically thefunction f(x) =2x + 1 definesaline
without any breaks.
2. Example: Define £:R — Rby f(9= fo X"

. Example: ‘R o =

ample ine y f(X) %if 0.

Thisfunction isdefined at every point of R.
Thegraph of thisfunctionisgivenin Fig.8.11. Itis

AY

to seethat

=y f(xX)=2,x>0
28

Iirgl f(x) =2 # f(0) and
X 0+
X”jy_ F(x) =1, f(x)=1,x<0 I

Here we note that it is not
possible to draw the graph of the 5 E; . 5 v
function on the plane of the paper
without lifting the pen at x = 0. The

Fig. 8.11

graph of the function has two broken

lines, and hasabreak at x=0.
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3. Example: Define f:R - Rby f(x)= 52 xOR, 3}
We observe that Iirgl f(x) =0 and
X -0+ 2_
lim f(x) =0 with f(0) = 0, so that fg=x*
X-0-
limf(x) = lim f(x) =lim f(x)=0=f(0). 1
X0 X -0+ x-0
Thegraph f(x) = x? isacurved path which
- _ 0
touchesthe X-axisat the origin, without any breaks 2 1 ! 2 X
(seeFig. 8.12). 1
Fig. 8.12

8.4.1 Definition

Let EOR, f: EL R and a E. Thenwesay that f iscontinuousat a if given €> Othere
existsa § >0 suchthat | f(x)- f(a)|]< € whenever x 0 E and |x-a]| < 8.

If f is continuous at every point of E then we say that f is continuous on E.
If f isnot continuousat a, wesay that f isdiscontinuousat a.

Observe that, we talk of continuity or discontinuity of f atapoint 'a’ only when 'a’isinthe
domain of f.

8.4.2 Remark

Let EOR, f:E - R and a [ E. Supposethat there exists apositive real number r such that
(a-r,a+r) n E={a}. Then f iscontinuousat a. abeingarbitrary, f iscontinuouson N.

For, let € >0begiven. Then
xOEand|x—a|<r O x=a(since(a-r,a+r) n E={a})
O f(x)=f(a)
O [f(x) -f(@[=0<e.
Asaparticular case, any function f : N - RiscontinuousonN. Infact, for any given a0 N,

1 1 . . : . . :
Ea_i’ a+§§ n N ={a} . Hence f iscontinuousat a. Asabeingarbitrary, f iscontinuouson N.
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8.4.3 Geometric interpretation of continuity at a point

If f:R - R isafunction, recall that theset{(x, f(x)) U R x R:x U R} iscalled the graph
of f.

If [a, b] and [c, d] areintervalsin R then the YA

cartesian product [a, b] x [c, d] iscaled arectangle

Rintheplane. Infact, R=[a,b] x [c,d] = {(x, )
ra<x<b, c<y<d}. (see Fig.8.13). Notethat

b —aisthewidth and d - cisthe height of the

rectangle. - - X

Now recall that f iscontinuousat a point Y Fig. 8.13
XpinRif andonly if toeach €> 0, thereisad>0
such that x O (xo — 9, Xg + 0) implies
f(x) O(f(xg)) — €, f(X) + €). Thatis f is
continuous at xq if andonly if to each € >0
thereisa & > 0 such that (x, f(x))O (X — 5, f(x)+e1----- N

X0+ 8)x (f(x0) — €, 1(x) + £) = Re 5 (say). 4= ---- VA VARV,

~N
4

Thus f iscontinuousat Xy [0 R if and only f(xo)—€4 - -[- - -

if toeach € >0thereisad > 0 such that the part

{(x T(0):x0O (X~ 8% +9d} U Res (see
Fig. 8.14). = a  x-0

1
1
1
of thegraph of f given by :
1
1

That is, asthe height 2€ of the rectangle

Re sissufficiently small, apart of thegraph of f Y

iscontainedinR g 5.
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8.4.4 Remark

Let EOR, f:E- R and adE besuchthat ((a-r,a+r)\{a})NE isnon-empty

forevery r>0. Then f iscontinuousat a if andonly if lim f(x) = f (a).
X-a

If ((a-r,a+r)\{a})NE isnon-empty for every r >0 then
for f tobe continuousat a thefollowing conditions should be valid.
(i) f shouldbedefinedat a,

@) lim f(x) must exist,
X—>a

(i) f(a)= lim f(x).

Theorem analogousto Theorem 8.2.5 can also be had for continuous functions.
8.4.5 Theorem

Let EOR, f, g, befunctionsfrom E into Rand cOR. Suppose allE and f,g are
continuous at a. Then

(i) f+g, f—g,fg, cf areall continuous at a.

(i) if, inaddition, g(a) 0 then the quotient é iscontinuous at a.

8.4.6 Observation

When f and g arecontinuous at 'a’, wehave lim f(x) = f(a) and limg(x) = g(a). Now, by
X-a X-a

Theorem 8.2.5, we get
() lim(f +g)(x) = f(a) +g(a)
(i) lim(f -g)(x) = f(a) -9(a)
(i) lim(fg)(x) = f(a)g(a)

(iv) lim(cf)(x) =cf(a) foranycOR

(v) Also,if g(a) # Othen Iim%f_g(x) _f@

X-a a '
8.4.7 Theorem 90 9(@)

Let EOR, f, g bereal valued continuous functionson E and cOR. Then
(i) f+g, f—g,fgandcf areall continuouson E.

f
(i) if, inaddition, g(x) 20 for all x O E then E is continuous on E.

Proofs of these two theorems are not given, asthey are beyond the scope of thisbook.
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8.4.8 Definition (Right and Left continuities)

Let EUR, f:E- R beafunction. Leta Eand ((a-r,a+r)\{a}) n E# ¢ for every
r>0.
We say that a function f isright continuous at 'a’ if lim f(x) existsand isequal to f(a).

X-at

Smilarly, we say that f is left continuous at 'a’ if lim f(x) existsand isequal to f(a).

X—a—

8.4.9 Theorem

Le EURand f: E- R beafunction. Let a O E. Then f is continuous at a if and only if
I|m f(x)and lim f(x)bothexistand lim f(x) = lim f(x) = f(a).
X—a+ X—a-

X-a X—a—
The proof of thistheorem is beyond the scope of the book.
8.4.10 Note

1. f iscontinuousontheclosedinterval [a, b] if
(i) fiscontinuousin (a, b). (i) lim f(x) = f(a).
X a+t
(i) lim f(x) = f(b).
X—b-

2. Let EDOR.LetaOE, f isdiscontinuousat apoint x=ainany one of thefollowing cases.

() lim £(3) and lim f(x) exist, butarenot equal.

X—-a—

(ii) I|m f(x) and lim f(x) existand areequal, but not equal to f (a).

X-a—

(i) Oneor both of thetwolimits [im f(x) and lim f (x) fail toexist.

X-a+t+ X a—

8.4.11 Examples

1. Polynomia functionsare continuouson R. For more details, we see Theorem 8.2.6.

2. Rationa functionsare continuous at all pointson R where the denominator isnot zero. If pandq
are polynomial functionson R andif g(c) # Othen

m P09 _ PO,
x-cq(x) q(c)
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3. Thefunction f: R - Rdefinedby f(x)=|x|, x 0 R iscontinuouson R.

Let € >0begiven. Letc 0 R. Thenwechoosed > 0suchthat d< €. Forany x 0 R, with
| x —c|<dwehave

1T -f©I=IxI-lcl[<Ix-c|<d<E.

Hence, it followsthat f iscontinuousat c. Sincec [0 R isarbitrary, we have f iscontinuous
on R.

4. Sinefunctioniscontinuouson R. We use the following properties of sinefunction.
For al x,y,w O R, wehave
X-yd OX+yl

|snw|<|w] Jcosw|<landsinx-siny= ZSmB—B o=l

Hence, if c 0 R thenwehave

. . B . Ox-cJ
|sinx—sinc|= ZE‘SngTE

coDX 2|X' |:|x—c|.

Thereforesineiscontinuousat c. Sincec [0 R isarbitrary, it followsthat sineiscontinuouson R.

5. Thecosinefunctioniscontinuouson R. We make use of thefollowing propertiesof sineand cosine
functions. Foralw, x,yinR,

Isnw|<|w]| [sinw|[<1

and cosx — cosy = —ZSIHH zyasm%xz)g.

Hence, if ¢ OR, thenwehave
|cosx—cosc|< 2El[—l1é-|x—c| =|x-cl.

Therefore cosine function iscontinuous at c. Sincecl R isarbitrary, it followsthat cosis
continuouson R.

6. Thefunctionstan, cot, sec, cosec are continuous where they are defined.

o . COSX . . ,
For exampl e, the cotangent function is defined by cot x = Snx providedsinx # O(thatis,

provided x # nt, n O Z). Sincesineand cosine are continuouson R, it followsthat the function
cot iscontinuous on itsdomain, wherever it isdefined. Wetreat the other trigonometric functions
amilarly.

We state the following theorem without proof.
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8.4.12 Theorem

Let AOR, f:A- R andlet f(x) > 0for all xin A. Let \/T be defined for x [0 A by
(ﬁ )(X) =/ f(X) . Then the following conclusions hold.

(i) If f iscontinuousat a point cin A, then \/f iscontinuous at c.

(i) If fiscontinuouson A, then \/T is continuous on A.
The continuity behaviour of the composition of two continuousfunctionsisgivenin thefollowing two
theorems.
8.4.13 Theorem

LetA/BOR,andlet f:A- R and g: B - Rbetwo functionssuchthat f(A)OB. If f is
continuous at a point cin A and g is continuous at b = f(c) in B then the composition gof : A - R
is continuous at c.

8.4.14 Theorem
Let A,BOR. Let f: A- R becontinuousonAandlet g:B - R becontinuouson B. If
f (A) O B then the composite function gof : A » R is continuous on A.
8.4.15 Solved Problems
1. Problem: Showthat f(X) =[x] (x O R) iscontinuous at only those real numbers that are not
integers.
Solution
Case (i) IfadZ then f(a)=[a] =a. Now,

lim f(x) = lim[a—h]=a-1, lim f(x) = lim [a+ h]=a
X—-a— h—>0 X-at h—>0

Hence, Iim f(X) # lim f(x) sothat lim f(x) doesnot exist.
X—-a— X-at X-a

Hence f isnot continuousat x= a.
Case (ii) Ifal Z. thenthereexists ndz suchthat n<a<n+ 1 andf(a) =[a] =n.

Now, lim f(X) = lim [a—h]=n, lim f(X) = lim [a+ h]=n.
X—a— h-0 X—at h-0

So lim f(X)=n="f(a).
X—-a
Hence f iscontinuousat x= a.

2. Problem: If f:R - R issuchthat f(x+y)= f(x)+ f(y) forall x,y OR, thenf is
continuouson R if it is continuous at a single point in R.

Solution: Let f becontinuousat x, J R.
Then lim f(t)=f(x) or lim f(X+h)= f(x).
t—>X0 h-0
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Let x O R. Now, since f(x+ h)—f(x)= f(h) =f(x+h)— f(x), wehave
lim (£ h)- 1<) = lim (6o +h)- 1)) =0,

= li
h-0
Therefore f iscontinuousat x. Sincex [ R isarbitrary, f iscontinuouson R.

3. Problem: Check the continuity of the function f given below at 1 and 2.

x+1 if x<1
f(x) = EZX if 1<x<2
Ej,+x2 if x=22

Solution
Wehave lim f(x)= lim 2x=2=f(1) and Iinl1 f(x) = Iir711 x+1) =2
X—1- -

X1+ X1+ X -

Hence lim f(xX)=f(1).
X-1

Therefore f iscontinuousat 1.

Similarly, lim f(x)= lim (1+x?)=5=f(2),and lim f(X)= lim 2x=4.
X 2+ X— 2+ X 2— X 2—

Hence lim f(x) and Iir? f (X) exist, but arenot equal sothat f isnot continuousat 2.
X2+ X—2-
Note : Let EUR and f: E_ R bea function. Suppose alE issuchthat f(a)z0 and f is

continuous at a. Then we prove that there exists r > 0 suchthat f(x) # O for any X in
(a-r, a+rNE

For, consider

It
2

> 0. Corresponding to this positive number, there exists r > 0 such that

| (a)

xO(@-r, a+NNE O |f(x)—f(a)|<T O f(x) # 0.

4. Problem : Show that the function f defined on R by f(x) = cos x2, x 0 Risa continuous function.

Solution : Wedefineh: R - R by h(x) :xzandg: R - Rbyg(x)=cosx. Now, forx OR,we
have (goh)(x) = g(h(x)) = g(x?) = cos x* = f(X).

Since gand h are continuous on their respective domains, by Theorem 8.4.14, itfollowsthat f is
acontinuousfunctionon R.

5. Problem : Show that the function f defined on R by f(x) = |1 + 2x + |x||, X O R is a continuous
function.

Solution : Wedefineg: R - Rbyg(X)=1+2x+|x|,xOR,
and h:R - Rbyh(x)=|x|,xOR. Then
(hog)(x) = h(g(x)) = h(1 +2x+ |x]) = [1 +2x+ [X]| = f(x).
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By Example 8.4.11(3), we have hisacontinuous function. Since gisthe sum of the polynomial
function 1 + 2x and the modulus function |x| and since both are continuous functions, by Theorem
8.4.7(i), g iscontinuous.

Since f isthe composition of two continuous functionsh and g, by Theorem 8.4.14, it followsthat
f iscontinuous.

Exercise 8(e)

. . B if xs<1 :
I. 1. Isthefunction f, definedby f(x) = g( . , continuouson R?
if x>1
@'n 2X .
2. Isf definedby f(X)=0 x I x#0 continuous at 07?
H if x=0

3. Show that thefunction f (x) =[cos(x" +1)]"'®,x OR isacontinuousfunction.
II. 1. Checkthecontinuity of thefollowingfunctionat 2.

g2 :
% —4% if 0<x<?2
f(x):%

if x=2
%—SX_S if x>2

2. Check thecontinuity of f givenby

f(x):%<2—9ﬁ/§<2—2x—3ﬁ if 0<x<5and x# 3 at the point 3.

H.5 if x=3
3. Showthat f, givenby f(x) = X_Tlxl(x # 0), iscontinuous on R \{0}.
Ox-1 .
o=— |If x>1
x-1
4. If f isafunctiondefinedby f(x)=35-3x if -2<x<1,
O
EIL if X< -2
Fx-10
then discussthe continuity of f.
_ f(X)_Elkzx—k if x=1 _ _
5. If f, givenby 92 if x<i’ isacontinuousfunctionon R, then

findthevauesof k.
6. Provethat thefunctions sinx and cosx arecontinuouson R.
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Eh—x if x<0
x-5 if 0<x<1
. 1. Check the continuity of f gi f()=
1l Check the continuity of f givenby f(x) E4X2—9 if 1<x<?
%x+4 if x=2

at thepoints 0,1 and 2.
2. Findred constants a, b sothat thefunction f given by

(Bnx if x<0

%(2+a if 0<x<1
Xx+3 if 1< x<3

B3 if x>3

f()=

iscontinuouson R.

[lcosax — cosbx
3. Show that f (x) =% X
%E)Z —azﬁ if x=0

where a and b arerea constants, iscontinuousat O.

y, Key Concepts “

D3 Intervalsand neighbourhoods.
R Definition of thelimit of afunction.

if x20

& If limf(x)=I, limg(x)=mand k(OR then
X-a X-a
lim(f+g)(X)=I+m, lim(f —g)(x) =l —m,
X-a X—-a

lim (fg)(x) =Im and lim (kf)(x) =K.

X-a

% If lim f(x)=I, limh(x) =n#0 then lim Eﬂ'ﬁ(x) ::_L, and
X-a X—-a n

X—'a
. Ofgd I
lim X) =—.
X—-a BFH( ) n
@ If p(x)=ay + X +......... +a, X,k =1 isapolynomia functionthen

li I} p(x) = p(a).
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Let f,g,h:E - R,al0R,BHE] R.If
f(X)<sg(X)<sh(x) OXxI Ex a and

if limf(x)=1=Ilimh(x) then limg(x)=1.
X-a X-a X—a

If Fand G are polynomials such that F(x) = (x — a)*f(x), G(X) = (x — a)* g(x) for somek O N
and some polynomials f (x) and g(x) where g(a) # Othen |im P D(X) = @_
aGH g(a)

Definition of theright and left hand limitsof afunction.
Let E=(a-r, a+r)\{a} foralr>0and f:E - R. Then

lim f) =1 = lim f()=1=lim f(x).
X—a X—a+ X >a—

If lim f(x) and lim f(x) existthen lim f(x)= lim f(a+h) and
X-at X—a— X-a+t R;OO

lim £(x) = lim f(a=h)_

X—a-
h>0

If nON,d] R then limx" =a".

X-a

If a>0,n0R then lim x" =a".
X—?a

n_.n
If nOR, a>0 then lim 2—2 = g™t

. sSinx
lim —=1.
X-0 X

lim (1+x)Y* =e.
Xx-0

- Dp*-10_
)I(eré ET%-Iogea.

\
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>

Thelimitsat infinity and theinfinitelimits.

() limf(X)=w0 Ilmm—m(x) 0.
agfg

X-a

|

(i) limf(x)=-c O lim E‘IEE()‘? 0.
X—a x-a f

@iy If f(x) >0 inadeleted neighbourhood of a and lim f (x) = 0, then Iim%(x):oo-
X—a X—-a

(iv) If f(x) <0inadeeted neighbourhoodof a and lim f(x) =0, then
X—-a

010
“mD—D(X)——
X— aD

Let f,g,h:E -~ R,EOR and (a,~) O E forsome alR. If Ilm g(x) =1 = lim h(x)

X 00
and g(x) < f(x) < h(x) fordl xOE then [IMm 0) =1,

Definition of continuity of afunction f :E - R atapoint a[JE and the definition of a
continuousfunction.

Letf:E - R,alE. If(a-r,a+r) n E={a} forsomer >0then f iscontinuousat a.
If f:N - Risafunctionthen f iscontinuouson N.

Let f:E - R,((a-r,a+r)\{a}) n E benon-empty forevery r>0.Then f iscontinuous

a a-< limf(x)="f(a).
X-a

LeeEU Rand f : E ~ Rbeafunction. Leta JE. Then f iscontinuousat aif and only
if lim f(x) and lim f(x) bothexistand

X-at X—-a—

lim £(x) = lim () = (2.
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f iscontinuouson the closed interval [a, b] if
() f iscontinuousin (a, b)
(i) lim f(x) = f(a)
X—a+
and (i) Iirtr)w f(x) = f(b).
X b
LetE U R,a0E. f isdiscontinuousat apoint x=ainany oneof the following cases:
(i) lim f(x) and lim f(x) exist, butarenot equal.
X at

X-a—

(i) lim f(x) and lim f(x) existandareequal, but not equal to f(a).
X a+

X-a—

(iii) Oneof thetwolimits lim f(x) and lim f(x) failstoexist.
X-at X-a—
Let A,BUR. Let f:A . RbecontinuousonA and g: B - R becontinuouson B. If

f(A) U B thenthe compositefunction gof: A — R iscontinuouson A. P

use today.
Concept Notation First introduced Country| Year
Limit lim f (x) o e English | 1908
Definition of limit €-0 Weierstrass (1815 - 1897) | German| 1875
Derivative g—i Gottfri((afe\zll\gil_hi;nffslieibnitz German| 1675
Derivative y’ Josep(q7l_3%uisllé?g)range French | 1772
Partial Derivative % Adri?”MSa;rE/ i_8e3g3(;ndre French | 1786
Definite Integral :[ f (x) dx ‘]0Segguiﬁ;r(if;Sg36188;71)830) French | 1822

Historical Note

Here are someinteresting historical milestonesregarding the notationsin Calculusthat arein




Limitsand Continuity

3
4
9. 0 10. O 1. 0 12. 0
108 1 1
13. 2 14, — 15, _— e
7 3 J24
Exercise 8(b)
I 1. lim f(x)=2, lim f(x)=0 and lim f(x) doesnotexist.
X1+ X -1- X-1
2. lim f(x)=9, lim f(x)=5 and lim f(x) doesnotexist.
X3+ X-3- X-3
3 lim f(0=2, lim f()=1 ad lim f(x doesnotexis.
X—>2+ 3 X—>2_ X—>2
Il 1 lim f(x=3 lim f(x)=3 ad lim f(x)=3.
X-1- X -1+ X1

2. lim f(x)=2 lim f(x)=-1 and
X—2— X -2+

Iim2 f(x) doesnot exist.
X

5 4 and 3
. 1 Iirraf(x)doesnotexist 2. 0andO
X—
Exercise 8(c)
3
| 1. Z 2. -1 3. a
1 1
4 2 5. 2bcosa 6. 2a
7. 7 8. e 9. &
10. 1
1 . 1., 2
el _ —(b*—-a
.14 2. sna-acosa 3. 2( )
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5
4, 5(2+ﬁ) 5 5 6. T
1 2. 2log3 3 2
. 1 Z og 373
2 2m?
4. 3 5 0 6 =
1 2
7. 0 8 = 9. U
2 BnB
1
10. 2 1.1 12. 3

Exercise 8(d)

1 2. 3.0

(0]
4. o 5 0 6. 0
1 11
[ 1. 11 2. > 3. 2 4. e
5 1 6 7. 0 8 1
M. 1. =2 2. 0 3.0 4. 6
5 0
Exercise 8(e)
[ 1. Yes 2. Not continuousat O
[I. 1. Continuousat 2 2. Continuousat 3
4. Not continuousat —2 5 k=2 or-1
[I1. 1. Continuousat noneof thepointsO, 1 and 2
2. a=0, b==-2



Chapter’9

" Mathematics is the lantern by which what
before was dimly visible now looms up in firm,
bold outlines"

- Irving Fisher

| ntroduction

Weshdll discuss, inthischapter, the derivative
whichformsabasisfor thefundamental conceptslike
velocity, acceleration and theslope of atangenttoa
curve and so on. The credit goesto the great English
mathematician Sr |saac Newton (1642 — 1727) and
the noted German mathematician Gottfried WIhelm
Lelbnitz (1646 —1716) who independently conceived
thisideasmultaneoudy. Sr |saac Newtonwasthemost
distinguished student of hisdistinguished teacher saac
Barrow.

Suppose f : |1 - R isafunction, | beingan
interval. Weusually denoteit by the equation y =1 (),
where x istheindependent variableand y isthe
dependent variable. Let ¢ beapointin |. Let
c + h asobeapointin | lyingeither totheleft of
c ortotherightof c(c+h<c if h<0;c<c+h
if h>0). Then f(c+h)—f(c) denotesthechangein

| saac Barrow
(1630 — 1677)

Barrow was an English scholar
and mathematician who is
generally given credit for his
role in giving impetus to the
development  of  modern
Calculus; in particular, for his
work regarding the tangent.
Isaac Newton was a student
of him.
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f(ct+h)-f(c)

f(x) correspondingtoachange h in x a c. Theratio iscalled theaveragechangein

f(X) correspondingtoachange h in x at c. If thisratiotendsto afinitelimit as h approacheszero,
thenthelimitiscalled thederivative (or therate of change) of f at c.

9.1 Derivative of afunction

Webeginwiththedefinition of thederivativeof afunctionandlater provecertan important e ementary
propertiesof thederivatives.

9.1.1 Definition

Let | beanintervalin R, f:1 - R, all andlet |h| # O be sufficiently small such that
f(a+h)-f(a)
h

called the derivative of f at a (or the differential coefficient of f at a). The derivative of f at a
is denoted by any one of the forms

f'(a), %ﬁ(_ or y(a) where y=f(x).

exists, then f issaidto bedifferentiable at a and thelimitis

h-0

Thisdefinition of derivativeisa so called ‘thefirst principleof derivative.

Observe that if a isnot an end point of theinterval |, then f'(a) existsif and only if
lim f(a+hr)]—f(a) and lim fla+h) - () both exist and are equal. The limits
h-o* h-0
lim f(a+hr)]_f(a) and lim 1@ 7T@ e it are denotedby /() and f'(a’)
h—’0+ h—’o_

respectively and are called theright and left hand derivativesof f at a.

If f:[c,d] - R,then f issaidtobedifferentiable

(i) a cif f'(c") exists

(i) at dif f'(d”) exists.

Suppose A U | and f isdifferentiableat every x[JA . Thenthefunctionthat assigns f'(x) to

each XUA iscaledthederived function or thederivativeof f andisdenotedby f'. The processof
findingthederivativeof afunctioniscaled differentiation.

9.1.2Note: If wedenotethechangehinaby Ax andthechangeinyby Ay, then Ay = f (a+ Ax) - f (a).
Moreover




Differentiation

Wea so notethat

f(a) = lim )~ @)
X—a

X—Pa

9.1.3 Solved Problems
1. Problem: If f(x)=x*(xOR), provethat f isdifferentiableon R and find its derivative.
Solution: Giventhat f(x) =x*(xOR).

For x, hOR wehave f (x+h)—f(X)=(x+h)?—x*=2xh+h?>=h (2x + h).

Hencefor h#0, w =2x+h.

f(x+h)-f(x) — oy

Therefore lim

—

Therefore f isdifferentiableon R and f'(x) = 2x foreach xOR.

2. Problem: Suppose f(x) =+/x(x >0). Provethat f is differentiableon (0, «) and find f'(x).
Solution: Let x(O(0p ), B 0 and|h|<x.

Focrh) = F() _Yxh —Jx _ (Vxerh =x)(Vx+h +x)
h

Then
h h(\/x+h+\/§)
1
T x+h+Jx
e I R T
erefore [im ™ = o

Hence f isdifferentiableat x and f'(x) -1 foreach xO(0e0 ).

2x

! (xOR), provethat f isdifferentiableon R and find f'(x).

x> +1
Solution: Let xOR. Thenfor h# 0, wehave

3. Problem: If f(x)=

f(x+h)—f(x):15 11 S: ~h(2x +h)
h hgx+h)?+1 X’ +15 h(x*+1){x+h)’ +15
~(2x+h)
" (L) Ex e’ g
f(x+h)-f(x) _ -2x

Therefore lim
h-0

h T

Hence f isdifferentiableat x and f'(x) = foreach x O R.

2

(x2 +1)
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4.Problem: If f(x)=snx(xOR), thenshowthat f isdifferentiableon R and f'(x) = cosx.
Solution: Let xOR. Thenfor h#0, wehave

- oho. Ot
f(x+h) = () _ singx+h) —sinx _ - FeHH* " 4.
h h

0

Therefore Iimf(X+h)_f(X): lim
h-0 h h-o0

Hence f isdifferentiableon R and f'(x) =cosx foreach xOR.

5. Problem : Show that f(x) =|x| (xOR) is not differentiable at zero and is differentiable at any
xZ0.

Solution : We haveto show that Ihirrg) ro+ hrz - 1(0) doesnot exist.

Giventhat f(x) = f(h)—Dh if h=0
venthat 109 = Ixl TM=0, 4 1o

Thus, for h#0,

fO+h)-f(© _f(h) _A1 if h>0
h h 1 if h<o.

Therefore f'(0") =1and f'(07) = -1.

Hence f isnot differentiableat zero. It canbeeasly provedthat f isdifferentiableatany x#0
01 if x>0

andthat f'(X)=
=L i x<o.

6. Problem : Check whether the following function is differentiable at zero

f(x)—EB+X if x=0
_%—x if x<O.

Solution : Weshow that f hastheleft and theright hand derivativesat zero and find them. First weobserve

B+h if h=0

that, for h#0, f(h):%_h ¢ hop@dfO=3
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f(0+h)-f() _f(h)-3 _3+h-3 _
h ~  h  h

Therefore, for h>0, wehave 1.

Hence, lim
h-0*

o+ hlz “ 7O 1 Thus f hastheright hand derivativeat zero and f'(0") =1.

Similarly, lim
h-0"

G hr)] —1O -1,s0that f hastheleft hand derivativeat zero and f'(07) = 1.

Therefore f'(0%) # f'(07).

Hence f isnot differentiableat zero.

Notethat thefunctionin the problem can berewrittenas f(x) =3+ | x|, whichisnot differentiable
at zero. (seeproblem 5 above)
7. Problem: Show that the derivative of a constant function on an interval is zero.
Solution : Let f beaconstant functiononaninterval 1. Then f(x)= cforall xOI for some

f(a+h)—f(a)=c—

constant c. Let alll. Then, for h#0, o hC =0 forsufficiently small | h].

Hence |lim
h-0

Hence f isdifferentiableat a and f'(a) =0. Thus,

f(a+h)-f(a) _o
o :

The derivative of a constant function is zero.

8. Problem : Suppose that for all x, yOR, f(¢ yF f(X).f(y) and f'(0) exists. Then show that
f'(x) existsand equalsto f(x).f'(0) foral xOR.

Solution: Let XxO R . Then, for h#0,wehave

f(x+h)-f(x) _ f(x)f(h)-f(x) _ [f(h)-1]
: = - _fuy—jr—< . (D)

Moreover f(0)=f(0+0)=f(0) f(0) impliesthat f (0) (1-f(0)) = 0,sothat f(0)=0 or 1.
Case (i)

Suppose f(0) =0. Then f(X)=f(x+0)=f(x)f(0)=0. Hence f isaconstantfunctionin
thiscaseand f'(x) =0 forall xUR.

Thus f'(x)=0 = f(x). f'(0), showingthat theresultistrueinthiscase.
Case (ii)

Supposenow f(0) =1. Thenfrom (1)
Of (h) —10

jim LX) -
h

f(x)
- 3
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af (h)- f(0)O

= HE% f(X) H (since f(0)=1)

f(x) f'(0).
Hence f isdifferentiableat x and f'(x) = f (x) f'(0).

9.2 Elementary properties

Now weshdll prove certainimportant el ementary propertiesof derivativesof functions.

9.21Theorem: Let | beaninterval in R, f:1 - R and all. If f isdifferentiable at a, then f
iscontinuousat a.

Proof Supposethat f isdifferentiableat a. Thenwehave

jim T2 1@) g

X-a X—a
Now f(x)— f(a) = %.(x—a) (x#a) and
therefore )I(irr;[f(x) - f(a)] = f'(a).0 =0.
Thatis Iin;f(x) = f(a) proving f iscontinuousat a.

If f isdifferentiableat a, then f iscontinuousat a.

9.2.2 Note
Theconverseof theabovetheoremisnottrue. Thatis

If f iscontinuousat a, then f need not be differentiableat a.

For example, f(X) =|x|(x O R) is continuous at zero but not differentiableat zero (see
Problem5 of 9.1.3)

9.2.3 Theorem (Thederivative of the sum and difference of two functions)

Let | beanintervalin R, u and v bereal valued functionson | and x[OI. Suppose
that uandv aredifferentiableat x. Thenu+ visalsodifferentiableat xand (u + v)'(x) = u'(x) +V (X).

Proof: Let f =u+v. Thenfor sufficiently small non-zerovaluesof |h|, wehave

f(x+h)-f(x) _ u(x +h) +v(x +h) —u(x) —v(x)
h h

[u(x+h) —u(x)El+Dv(x +h) —=v(X]]

"H n HH n H
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whichtendsto u'(x) +V(x) a h - 0. Hence f isdifferentiableat x and

f'(x)=u(x)+V(x).

(UHV)'(Q) =U(X) +V(X)

Wemay similarly provethat

(U-v)'(x) =u(x) -V(x)

Moregenerdly, wehave

9.24 Corollary
If u, u, ..., u, areread vauedfunctionsonaninterval | andaredifferentiableat x1, then
V=u, +U,+....+ U isasodifferentiableat x and
V'(X) = Uy (X) +U, (X) +......... +U. (X).

(Proof iseasy)

9.2.5 Theorem (Thederivative of the product of two functions)

Let | beaninterval, u and v bereal-valued functionson | and x0OI. Suppose that
u andv aredifferentiableat x. Then uv isdifferentiableat xand (uv)'(x) = u(x)v'(x) +u' (x) v(x)

Proof : Let f=u.v. Thenfor sufficiently small non-zerovaluesof |h|, wehave

f(x+h)—f(x) _ u(x +h)v(x +h) —u(x)v(x)
h h

v(x+h) —v(x)O Ou(x +h) —u(xQ
H—h .

TV

Since u isdifferentiable at x, it is continuous at x so that lim u(x+h)=u(x). Hence

=u(x+h)

f(x+h) - f ()

. S Uu(X)V(X) +v(X)u' (x) as h - 0. Thusf=u.v isdifferentiableat x and

(uv)' (X) = u(X)V'(x) + v(x)u'(x) -

Asaconsequence of mathematical induction and Theorem 9.2.5 thefollowing result follows.

9.2.6 Corollary
If u,u,,...,u, arerea-valuedfunctionsonaninterval | andaredifferentiableat xO1, then
U=U,. Uy U . U isasodifferentiableat x and

u'(x) = Z (U Ug .. Ujg Ujayg e up) () U (x) .
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9.2.7 Corollary

If u, varerea vauedfunctionsonaninterval | and aredifferentiableat xO1 and a, B are any
constants, then au + Bv isasodifferentiableat x and

(au+Bv) =au' +BvV

90.2.8 Note

If uisareal vauedfunctiononaninterval | andisdifferentiableat x 11, then

v=u" (nON) isdifferentiableat x and v'(x) = nu"™(x).u’(x)

For, takeu, =u,=-... = u =uin Corollary 9.2.6.

9.2.9 Theorem (Thederivative of thereciprocal of afunction)

Let f beafunction defined onaninterval | suchthat f(t)#0 forany t(J] and f be

. . 1. . _ 010, . (%)
differentiableat x1. Then = isdifferentiableat x and [r[] ()=
f ofg [f(X)]

Proof : Since f isdifferentiableat x, itiscontinuousat x. Giventhat f (x) 0.

. 1 .
Now write g = T . Thenfor sufficiently small non-zerovauesof |h|, wehave

1 1
g(x+h) —g(x) _ f(x+h) f(x) _ f(x) - f(x+h)
h h hf(x)f(x+h)
_ _Of(x+h)-f(x)0 1 ()
h H f(x) f(x+h)
Fromthe hypothesis, we have
. f(x+h)y-f(x) _ ., . _
le ™ =f'(x) and lef(X+h)_f(X)'
Hencefrom (1) it followsthat gx+h) ~9(x) - —f’(x)2 as h- 0.
h (109)
Therefore g isdifferentiableat x and g'(x) =- f(x)z.
[F(3)]
010 fr
o)== (X)2
of g [f(x)]
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9.2.10 Theorem (Thederivative of the quotient of two functions)
Let u and v bereal valued functionsonaninterval | suchthat v isnever zecoon | and
let u and v Dbe differentiable at x0OIl. Then u is differentiable at x and
v

I —
V(X

Proof : From Theorem 9.2.9 it followsthat 1 isdifferentiableat xand E%D (x)=- v (X)2 :
Y V&3]

From Theorem 9.2.5it followsthat u.% isdifferentiableat x and

wo, .. 0 1o
g ) =pug &)
= u(x)@;lﬁ (x)+u'(x)§%§(x)

= u(x)g_vl(x) E+ u’(x)

EKV(X))2 H v(x)

= (V(i))z [VOOU' ()~ u(V ()]
Ul - VOOU'(X) =~ u(X)V (x)
H () [v(x)]2

9.2.11 Theorem (Thederivativeof a composite function)

Let | beaninterval, g: | - R and f beareal valued function on an interval containing
g (). Supposethat g isdifferentiableat x and f isdifferentiableat g(x). Let F= (fog) (so that
F(X) = f(9(x)). Then F isdifferentiableat x and F(x)=f'(g(x)) g (X).

(Thisis also known as chain rule for differentiation).
Proof : Write y =g(x).
Let usdefineafunction ¢ inaneghbourhood of zero asfollows

fly+k) - f(y) _ .
w0 kW
H 0 if k=0.

if kz0
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since f isdifferentiableat y = g(x), wehave lim f(y”klz — M 2ty

Hence lim ¢@(k) =0.
k—’o

Moreover f(y+k)—f(y)=kf'(y) +ke(k) for k # O .. (1)
Write y(h)=g(x+h)—g(x) for h#0.

Then FOCH=FO  F(grh) = F(g(e)

f h)) - f h ., h
= LT ¥ o) YO gy, oy (1)

- P00 () gL gty

> g (xX)f'(y)+dg(x).0as h - 0,
since g is differentiableat x, w(h) -0 as h -0 and ¢(k) -0 as k - 0.
F(x+h) —F(x)
h

Hence |im
h-0

i.e, Fisdifferentiableat x and F(x)=f'(g(x)).d (X).
Thus | (fog)'(x) = f'(9(x).9 (X

existsandisequal to f'(y)g'(x).

9.2.12 Note
If wewrite z=f(y), y=g(X) intheabove theorem,
wopet LM
dx dy dx

Thederivativeof theinverseof afunctionisgiveninthefollowing theorem.
9.2.13 Theorem (Thederivative of theinverseof a function)

Let f:[a, b] - [c, d beabijectionand g denotetheinverseof f. Supposethatf is

differentiableat xO(a, b), f'(x 0 and g iscontinuousat f(x). Then g isdifferentiable at
) 1
f) and g'(f(x)= T
Proof: Let y=f(x). Let k beanon-zeroreal number suchthat y+k[c, d].
Let g(y+k)—g(y)=h. Sincegisoneto-one, h#0,
wehaveg(y+k)=g(y) +h=x+h.
Hence, f(x+h)=y+k Hence k=(y+Kk)—y = f(x+h)—f(x), since g iscontinuousat Vv,
g(y+k - g(y) as k- 0. Hence h- 0 as k- 0. Since f isdifferentiableat x
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TN =Tt & hoo

h
since F'(x) £0, h - wsh.o
f(x+h) —f(x) (X
Wehave g(y+k)—a(y) _ h _
k f(x+h) - f(x)
Hence gly+k)-g(y) 1 as k - 0.
k f'(x)
Therefore g isdifferentiableat f(x) and g’ (f(x)) = f%x)'
9.2.14 Note
If y=f(x) then x= f™(y) and g_iz ==
dy

We shdl now find the derivatives of some standard functions.
9.2.15 Example: If f(x)=e (xOR),thenshowthat f'(x)=e* by first principle.
Solution : From f(x) =€, wehavefor h#0

f(x+h) - f(x) _e*M-e* _ (eh ‘1)

_eX
h h h
- h _
Therefore |im Fx+h) = (¥ _ e*. lim uzeXi:ex
h-0 h h-0
Therefore f'(x)=¢€* foreach XUR.
d X X
— () =e
dx( )

1
9.2.16 Example: If f(x)=logx (x> 0), thenshow that f'(x) = X by first principle.

Solution : Nowfor h#0

==« —
h h xH 1 x'°9

X
1 hh
= =logrl+—p -
Jloagt+ 10

f(x+h) - f(x) _ log(x+h) —logx -1 ho_1 h hj)f,
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Now, putting E:z, wegetthat z -~ 0 as h - 0.
X

X

x 1
Therefore Iog@+2§h =log(1+2)? -loge=1 as z -O0.

fx+h-f( 1
_)X

Hence as h-0.

, 1
Thus f (X):; foreach x>0.

i(|og X) = E
dx X

9.2.17 Example: If f(x)=a*(xOR)(a> 0), then showthat f'(x)=a* loga by first principle.
Solution: For h#0
fx+h)-f(9 _a" -a* _ xLa" -1
h h ﬁ h E

h

Weknow that

—-loga as h- 0.

Hence f'(x)=a‘.loga.

%(ax) =a*loga

9.2.18 Solved Problems

1 Problem: If f(x)=(ax+b)", 1 >'_b§, thenfind  f'(x).
a

Solution: Write u ax+b sothat f(x) =u". Then

, d n du
f'(X) a(u )-&, by Note9.2.12

= nu""la=an(ax+b)"~1:
2. Problem : Find the derivative of  f(x) = e (x*+1).

Solution : Write u = e v=x+1, sothat f(x)=u(x)v(x) and
f'(x) = u(¥) Vv (¥)+ U (x)v(x), by Theorem 9.2.5
Now U (X) = € and V' (X)=2x imply that

f'(x) e (2x) + (x®+ 1) &= (x+ 1)? €.
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a-x d
3.Problem: If y = a+x(X¢_a)’ find d—i.

Solution: Write u(x)

u
a—-x,v(x)=a+x, sothat y:;

Ux) =-1 and V(X)=1
Therefore & = 1 [V(X) u' () — V' (X) u(x)]
dx [v(x)]2
_ 1 N g _ ~2a
= ] [(a+x) (1) -(a -x)(D)] G

4.Problem: If f(x) = e*. logx (x> 0), thenfind f'(X).
Solution: Write u(x) = €*, v(X) =log X, so that

1

f(x) = uX) v(x), U'(X)=2¢€*, vV (X) = ;L

Therefore f'(x)

u(x) V' (x) + U (x) v(¥)

ezxé +2e*log x.

e %_(1+2Iogxﬁ_

1+ x? .
5. Problem: If f(x) = 2 (|x]<1), thenfind f'(x).
1+ %2

Solution: Write u(x)

and y=f(x). Then y=f(x)=u?

1-x°
Now by thechainrul etﬂ=ﬂ><%h [
ow Dy thecnanrule, weg dx  du_ dx whnerein
1 1
& _ 1,2t _1,2 o
du 2 2 2Ju
du_ (1-¥)@0-@+X) (2% ax

(1—x2)2 (1—x2)2 .

Therefore f'(X) = ﬂ: L 4x 2

_ X
dx 2\/6'(1— xz)2 T 1-1-x

6.Problem: If f(X)=x22logx (x> 0), find f'(xX).

Solution : Write u(X) =2 v(x) =2 and w(x) =logx sothat f(x)= (uww) (X).
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Then f'(X) = U'(X) v(X) W(X) + u(x) V' (X) W(x) + u(x) v(X) w'(x)

1
=2x(2*log x) + (2°log 2) (x*log x) + x2 2. L

=x2[log X2+ xlog xlog 2 + 1].

7. Problem : If y:‘f(x) 909 then show that
o(X)  W(X)
dy:‘f'(x) g'(x) +‘ f(x) 9(x)
dx o0  w()| |9 (0 v (|
f(x) 9(x)

= f)v () —e(x)9(x)

Solution : Giventhat y=‘q)(x) w(x%)

Therefore ji =[ 10w 00 + F (0 w(0)] {e(0g (%) +6 (¥ g(x]

= [0 v' () =9 ] F' w0 =g (D e(X]

_‘f(X) g¥)|  [f'() g
') WX | e(X)  w(x)

+

8.Problem: If f(x)=7x3+3x(x>0),thenfind f'(X).

Solution : Write u(x) =x3+ 3%, sothat $=3X2+3 and f(x)=7"

df du
du " dx
(7"log 7) (3x%+ 3)

3(x+ 1) 743 0g7.

Therefore, by thechainrule, weget f '(x)

9.Problem: If f(x) = xesnx, thenfind f'(x).

Solution: Write  u(X) = X, v(x) =€, w(x) =sinx and y=Tf(x).
Then y = uw and

dy  dw dv du
f' (%) —~ ZW— +UW— +VW—
dx dx dx dx

d d
But = -1 Yo
dx

dw
— , — =COSX.
dx

dx

Therefore f'(x) = % = xe* cosx +xe* sinx +e*sinx



Differentiation

10. Problem: If f(x) = sin(logx), (x> 0) find f'(x).

Solution: Write u = logx, y=f(x) sothat y=snu andﬂ_f()_%x%
u dx

dy du 1

— =00sU, — =—

But du dx X

Therefore, f'(x) = lcos(log X) -
X

11. Problem : If  f(x) = 63+ 6x2+ 12x—13)'°, find f'(X).
Solution : Write  u(X) =x3+6x2 +12x—13 and y=f(x)
sothat y = ul®
Therefore f'(x) = dy _dy x%
dx du dx

= 100u% . (3x2 + 12 + 12)
=300 (x + 2)2 (0 + 6x2 + 12x— 13)% .

Exercise 9(a)

I. 1. Findthederivativesof thefollowing functions f(x).
3 5

() X+ 2x4 +3x8(x >0) (i) J2x=-3+/7-3x

I , . B 1

(i) (C—3) (HC+1) ) (Vx 3X)§<+XH

) (Vx+1)o¢-ax+2)(x >0) () (@x+ by e+ d)”

(vii) 5sinx+ e*log x (viil) 5+ logx + x3 e
2

(X) e +sinxcosx ) 2T 4] +|b| 20)
ax+b

(i) log, (logX) (x>0) (xii) 2;(|a| +|b| +|c| £0)

ax“ +bx+c
(xiii) e XIog(3x+4)§<>_—4§ (Xiv) (4 +x%) &
(x) m(|c|+|d|¢0) (i) aX, e

2. 1f f(X)=1+x+x+ ... +x®thenfind f'(1).

3. If f(x) =2+ 3x—5thenprovethat f'(0)+3f'(~1)=0.
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Findthederivativesof thefollowing functionsfromthefirst principles.
i x3 i) x*+4

(i) ax®+bx+c (V) x+1
(v) sin2x (Vi) cosax
(vil) tan 2x (viii) cotx
(iX) ser;z 3x (x) xsnx
(xi) cos® x

Find thederivativesof thefollowing functions.

1_
0 1+ iﬁ (x> 0) () x"n*log(nx) (x>0, nON)

(i) a log X + bx"e™ (iv) %—(1 - xg e*
Show that the function f(x) = | x|+ |x—1|, xOR,isdifferentiable for all real numbers
except for 0 and 1.
Verify whether thefollowing functionisdifferentiableat 1 and 3.
E X if  x<1
f(x)=O 3-X if 1<x<3
E;xz -4x+3 if x>3
Isthefollowing function f derivableat 2? Justify.

if O0<sx<?2
if X=2

f(x)=@K

Trigonometric, Inverse Trigonometric, Hyperbalic,
| nver se Hyper bolic Functions- Derivatives

In this section wefind the derivatives of trigonometric and hyperbolic functionsand a so of their

inverses.

931

(i)

Derivatives of trigonometric functions

%(sinx)zcosx

We have aready proved thisresult.

(ii) %(cosx) = -sinx



Differentiation

d COSX di%l Dﬂ %

0t dom o
_COSB— H_XHZ )E——Slnx

Thisresult can be obtained from thefirst principlesalso.

%(cosx) = —-sinx

m [
(iii) Ify=tanx, xOR \ E(Zn +1) —:n0Z7, then ﬂ:seczx
0 2 0 dx

snx ..
Nowy=tanx= —— implies
COSX

dy_ 1
dx cos’® x

g osxi (sinx)—sin xi (cosx)D
O o a B

ix(tanx) =sec? X

Smilaly

d
(iv) If y=cotx, xOR ~ {n: nOZ}, then Ei:_ cosec?X .

i(cot X) = —cosec®x
dx

(v) If y=secx, XDR\E(ZrHl)gZ nDZ@, then

1 dy -1 d snx
=— ad ZX=——,— (00sX) =——— =tanX. X
Y= ex dx cos’x dx( ) cos” X '
d
| —(sec x) = secx tanx
dx
Smilaly

(vi) If y=cosecx, xOR \{nn', nDZ}, then %:—Cosecxcotx.
X

d
d—(cosec X) = —COSEeC X cot X
X
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9.3.2 Derivatives of inverse trigonometric functions

Let usrecall that, if f and g arefunctionssuchthat f(g(x)) =x and g(f(y)) =yfor any

x and y and f'(y)#0,then g'(X)= i where y=g(x). (See9.2.13).

f'(y)
Cdx L
Hence, wehave y=g(x) = x= f(y) and Q—D—D .
dx  [dyQ
O-m ml

(i) If y=Sin?x, xOf 1, 1] thenitsrangeis H2 '2H
1 . dx _
y=Sin'x - x=siny and d—y—cosy.

If -1<x<1 th _—n<y<f
- X en 2 5

Hence ? = cosy>0. Thisimplies
y

yomr 1
dx  dyQd \/1—sin2y V1-x2
d/o 4y _ 1
&(S“’]IX)— 1_X2

(i) If y==Cos'x, xOF 1,1], thenwehave yO[0,
y = Cos'X  X=cosy

cosy 0O %:—siny-
dy

x
I

Hence & = L 1 1

& TSy iy i

%(Cos‘1 x) =




Differentiation

O m g
— Tat 0g =, =
(i) 1If y = Tanx, xOR, thenweknow that ¥ H 5 ZH'

X = tany O %;(/: sec?yE + tan’y= B x> 0.
Theres Q:Ddxlj_l_ 1
CrEtore ix %ﬁ B X
1
_T -1 —
frar) ==L
Smilady
(iv) i(Cot‘lx) -1 (here xOR, Cot™xd (0, m))
dx 1+x° ' '
dy. .,y _ -1
&(CO’[ X) _1+X2
gm [
\% If = Sec?x, xOR \N[-1,1], then Dﬁ), Eﬁ] —, .
(v) y [-1,1] y > B2 'H
X =secy U 9(= secy tany
dy
arm
x| >1 =
X Y ﬁjg[% Hz2' '
dx
Day= secytany sec’y siny OHyt nD (1)
Now
x<-1 Uscyx-1
O tanyx O (by ()
and tan’y = sec’y-1
sothat tany = —y/sec®y-1 (sincetan y <0)
= -Jx*-1
2L it x>1
Odx 1 COxVx-1

dy
Therefore —= 3 = ——— =[]
dx myQ secytany 1 P

Hx/x% -1
=1
Ix|\x@-1
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Smilaly
: _ _ dy -1
(vi) If y=Cosec?x, then =2 = —— .
dX x| -1
0 a 0, md
R 1], -, 0,
RORM LT P @ [0 4
i(Cosec‘1 ) = 1
dx | x| Vx* -1
9.3.3 Derivatives of hyperbolic functions
(i) 1f y=sinhx(xOR) then ;ﬂ:ooshx.
X
_ X =X
Fory:sinhx:ex © implies %:ehe =oosh X,

i sinh Xx) = cosh x
dx

(i) If y=coshx (xOR) then %zsinhx.
X

X _aX
e implieﬁd—y=ex ©

=dnh X.
dx

For y=ex

i cosh X) =sinh x
dx

(i) If y=tanhx (xOR) then %=sech2 X.

snh x . .
y = tanh x = " implies
dy 1 d, . : d O
-2 = cosh x)—(sinh x) =(sinh X) —(cosh X
dx coshzxg )dx( )~ )dx( )H
= 5 (coshzx—sinh2 x): 12 =sech? x
cosh” X cosh” x




Differentiation

(iv) If y=sech x(xOR), then 3—§=—sechxtanhx

y=sechx = —— impliesthat

=—ech x tanh Xx.

d_y: -1 .i(coshx):—smhx
dx 2y dx cosh? x

G

i( h x) = -sech x tanh x
dx

(v) If y=cosechx (xOR \{0}) then %:—cosechx.cothx
X

1 .
y = cosech x = —— impliesthat

snhx
-1 _
& ( 2) -i(sinh X) = .coszh X = —cosech x cothx.
dx sinh®x dx sinh” X
di(cosech x) = —cosech x coth X
X

(vi) If y= cothx(x ORN{0}) then %:—cosechzx
X
Y‘OOthX‘—1 impliesthat
tanh x P

dy_ () d _ —sech? x

= >—.— (tanh X) = ————= = —cosech’ x.
dx tanh®x dx tanh® x
i(coth X) = —cosech? X
dx

9.3.4 Derivatives of inverse hyperbalic functions

. . 1
() If y=Sinhtx (xOR) then ¥ = .
V1+x2
y =Sinh™'x 0 x= sinhy

Hence dx coshy  fi+sinh’y 1+x*

% (Si nh™t x) =

1+x
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) ) dy 1
(i) If y=Cosh™x (xO(@, )), then 2= :
dx  x*-1
N ax .
For x>1, x=coshy implies d—y=snhy >0.
Thereforefor x> 1, wehave
d O 1o 1 1
dx [dyg sinhy  Jeosh® y-1 +/x%-1
d . 1
—|Cosh™ x| =
iy If y=Tahtx(x0¢1 1), then H¥-_1
dx 1-x°
For x = tanhy, %:sechzyzl—taqhzyzl—xz >0.
Theref dy _ Dde_lz 1
erefore - E’WE -
d -1 1
—|Tanh = x) =
dX( ) 1-x?
. -1
(iv) If y = Sech?x(xO(0 1) then dy__ 1
dx  xy1-x?
i} L 010
For x0O(0, 1), Sech™ x= Cosh™ .
0,1, v wa
Hence ﬂ:;x__lz _1
& g . ® sk
Hxd
d . -1
—(Sech™ x| = ———
dx( ) X V1-x
(v) If y = Cosechx (x OR~{0}) then & 1
dX | x|V1+x2
. 010
= Cosech™? x=Sinh?
y = Cosech™® x=Sinh™ -0
dy 1 -1 -1
Hence == ——x - =——
dx mg X |x[V1+R

1+



Differentiation

(vi) If y= Cothix (xOfeo + 1 @ )) then —==—

0l0. )
= Coth™ x = Tanh™ impliesthat
HxH'™

1 o 1

@ 12@ “BeH 10

g2l «<

%(Coth‘1 x) =

1- %2

Observe that though the formulae for the derivatives of Tanh™ x, Coth™ x are the same, their
domainsaredigoint.

9.3.5 Note
Theformulae mentioned under (i), (ii), (iii) above can also be obtained by using the following

identities.

Sinh™ x = Iog(x+\/1+x2)_

Cosh™ x = Iog(x +/ X —1) (x =1 .

_ 1, [+xO0
Tanh™ x = = lo 1-x* >0
5 QB]__—XH ( ) .

9.3.6 Note

Hereafter, in order to find the derivative of afunction, even though itsdomain is not explicitly
mentioned, we mean that in its appropriate domain the derivative existsand we haveto find the same.

9.3.7 Solved Problems

X 00s X

N

Solution : Writeu (X) = xcos X, v(x) =+1+x* so that

1. Problem: Findthederivative of f(X)=

f(x) = BVH(X) and f'(x) = [v(x) u'(x) =V (X) ux)]



Here u' (x) = dgx(xcos X) = COSX —XSNnX

and V'(X) :%(W) . X X

213 1+
Thereforethederivativeof f(x)is

0 2 0
f'x) = 125/1+x2(cosx—xsinx)—x COSXD
1+x° g 1+ X2

= (1+x°)%?[cosx—x(1+x?) sinx].
2. Problem: If f(x) = log (secx+tanx), find f'(x).

Solution : Write u(X) = secx+tanx, y=f(x) sothat

dy _ ., dy du
= — = f'(x) == x—.
y=logu and =100 =5 %5
Now ﬂzl, %:secx tan X +sec’ X.
du u dx
Therefore f'(X) = % (secx tan x +seczx):sec X

3. Problem: If y = SintW/x, find ;ﬂ.

X
- dy _dy d
Solution : Write u(x):\/;, then y=Sin"u and Y&,
dx du dx
@y 1 1 1
M ok T 2k VI 2dx-x
dy

4. Problem: If Y =sec( tanx), fird Y.

Solution : Write u=,/tanx, v=tanX. Then y=secu, u=+/v, v=tanx

. dy dy du_dv

mplythet T o

Now d _ Secu tan u, -1 d — =sec? X
du 2Jv dx

Therfore & = XX sec(\/ﬁ)tan( tanx).

Mathematics- 1B



Differentiation

.
XS0 X fing Y

N o

Solution : Write u= xSintx, v=+1-x* sothat y:E

5. Problem: If y =

Vv
Now du _ X +Sin"'x and dv__ 2x _ X
dx 1- X2 dX 2J1-x2 J1-x
dy 1
= = [w —-Vu
v ]

O x®Sin™® xD
= B/l NG [17+S|n xD+

(1 x)g N1- X 1-% E
-1 — %«/1—7 +Sin'1>%.

(1-x)
. _ . dy
6. Problem: If y=log(cosh 2x), find e

Solution: Let u=cosh2x, sothat y=logu.

dy _dy  du
Then dx du dx
Here ﬂ=1 and %—ZSmh 2X.
u u dx
dy 2 23|nh 2X
—Z =-sinh 2x = ————— =2tanh 2x.
Hence X U cosh 2x

7. Problem: If y=log(sin(log X)), find

2|e

Solution : Write v=Ilogx, u=sinv sothat y=logu

dy _ dy du dv

Therefore d_X & E d_X

_ 1 cosy x L o cosllogx) 1 .cot (log x).
u x xsin(log x) x
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8 Problem: If y=(cot™)’, find %.

Solution: Put u=Cot™tx® sothat y=u?

Solution : Let u=e*"  then y =Cosecu and ﬂ :ﬂ %
dx du dx
1 o 2
u u2 _1. e4X+2 1 '

I. 1. Findthederivativesof thefollowing functions.

(i)  cot"x (i)  cosec*x
: 1-cos2x
(i)  tan(e (iv) 1+ c0s2x
(V)  sin™xcos"x (Vi) sin mx.cos nx
(vii) x Tan™ x (viii)  Sin™ (cosx)
: 1 [BXL
(iX) log (tan5x) ) Snh BZ E
: ) ) Ox* + x + 20
(xi) Tan™(logXx) (xii)  log Em%
(xiii) log(Sint(e9) (xiv)  (sinx)?(Sintx)?
COS X L X1+ xP)
() Sin X+ CosX o) M=
(xvii) &3 nx (xviii) cos(log X+ €
(Xix) sn(x+a) (xx)  Cot * (cosec 3X)
COSX
2. Findthederivativesof thefollowingfunctions.
(i) x=sinh?y (i) x=tanh?y (i) x=eimy

(iv) x=tan(e™) V) x=log(1+sinty) () x=log(1+4fy)



Differentiation

I1. Findthederivativesof thefollowingfunctions.

() cos(log(cotx)) (i)  Sinh ﬁ;—iﬁ (i) log (cot (1-x))
(iv) sin(cos(x?)) (v)  sin(Tan™(€9) (Vi) sin(ax+b)
cos(cx+d)

(vii) Tan™ ﬁanh %ﬁ i) sinx. (Tartx)?
I11. Findthederivativesof thefollowing functions.

, tb+acos xUJ

. ,[b+asnxl
1. Sin'g————— (a>0,b>0) 2 Cos‘——— (a>0,b>0
Da+bsian ( ) Da+bcost ( )
40 oosx O

9.4 Methods of differentiation

Sometimesthe formulae obtained so far, may proveto bedifficult in finding the derivatives of
sometypical functions. There are some special methods of differentiation to deal with such situations.
Our main aim in thissection isto discuss such methods.

9.4.1 Substitution methods

Let y=fog. If weareabletofindafunction h suchthat goh= 71, then the substitution

x=h(u) may givethederivativeof y withrespectto x easily (Here f isabijection defined onan
interval).

Themethodiswell illustrated in thefollowing exampl es.

Examples
dy
1. If y=Ten® IXI Weshallflndd—
subgtituting = cosu (ud(, m)in vy, weget

- _ (2
1-x _1-cosu _ 2sin (u/2) = tan?(u/2)
1+x 1+cosu Zcosz(u/Z)

/1—X _ ugd
sothat Tox tmEéE
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_ Ul _u
and = Tan'Hdan ==,
Y ﬁ B 2
Therefore, y_9, glmpllathat__ (—sinu).
du ok du 2
dy _ -1 _ 1
Hence dx 2snu 21—

1-x
Observe that Tan x, ,/m and cos u are the functions that stand for f (x), g(x) and h(u)
respectively, mentionedin themethod.

o0 1 y=Ta L2 D¢ 1<1) thenweshal find 2.
Eﬁ H dx
Subdtituting X = tanu
2x - _ 2tanu —tan2u
weget 1-x*  1-tan’u
and y = Tan™ (tan 2u) = 2u.
Y _ oy K
Thereforefrom U & d
weget that = Q-seczu.
dx
Therefore dy _ 2c0s?u = 2 -_2
dx 1+tan®u  1+x°

9.4.2 Logarithmic Differentiation

Use of thelogarithmswill be of great help in finding the derivatives of functions of theform
y=f(x)99, f:A (0 «), g:A-R (A an intevd).

Write y=h(x) = f(x)9®. Then logh (x) = g(x) log f (x). Differentiating both sideswith

respect to x we get m=g(x) log f (x)+g(x) f(x)

h(x) f(x)

Therefore  h'(x) = h(x)Bg (x) log f(x) +g(x) (( ))H

h(x)= f(x)9® O h(% f(x)ngg (x) log (9 g(x)

EEIE




Differentiation

Thismethod iswell illustrated in the following examples.

Examples
1. If y=x*(x>0), weshall find %
Taking logarithms on both the sidesof y=x*, weobtainlogy =xlog x.
Differentiating with respect to x, we get Y- x.1 +logx =1+logXx.
y X
dy _ .,
Therefore d—§= y =y(@ +logx) =x*(1 +logx).
- 0 d
2. If y= tanxs'“xﬁj<x<7—r compute ..
y=( ZH P dx
Taking logarithms on both sidesof y = (tanx)3"%, we get
logy = sinx.log (tan x).
. o . y _snx 2
Differentiating with respect to x, we get V =tan_x . Sec” X +cosx. log(tan X)
=secx +cosx. log (tan x).
Hence %=(tanx)smx[secx+cosx log(tan X)] .
9.4.3 Parametric Differentiation

Let A,B,C beintervals, f:A - B, g:A - C, fabijection, f 1, g be differentiable.
Then, writing x =f(t), y=9(t) weget y=(gof '1)(x) =@(X).
x = f(t), y = g(t) are called the parametric equations of the function y = ¢(X) .

dy
) dy .- Ao dy dt gt
=g(f(0)0 == g'(f ) (fLx) = YL _dt
y=9(17(9)0 = (0 (F*09) ik
dy _g'(t) —. . o ar
Hence v = f—(t) This processiscalled the parametric differentiation.
X
dy
_ _ dy _dt _9'(t)
If x=f(t), =g(t) then — == =="-
dt
Thefollowing examplesillustrate parametric differentiation.
Examples
1. If x=acos’t, y=asin’t, find ﬂ

dx
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Here OI—X:3 acos’t(-sint) and d—y:S asn’t.cost.
dt dt
dy
dy _dt __
Therefore dx_%_ tant .
dt
¢ . . dy
2. If y=e +cost, x = logt + sint find I
Here ﬂ: ¢ -snt and d—X:}+cost-
dt dt t
d t(e' —sint
Therefore ¥ = HE ~snt)

dx (L + tcost) -
3. Tofind thederivativeof f(x) = xS X with respect to g(x) = Sin~x,
df
we have to compute Pl

Now  f(¥) = 3" X impliesthat
log f(X) = Sint x. log x so that

i |:| . |:| -1 D
ARG/ %Sin'lx+ 9X 1 g f'(x)= xSESn - logx

LGV § V1-x28 g X 1-xg°

Snx O g(xF .

el

I o . _1 D
Therefore %: T J1=x2  x3nx E$n x ,_logx

= 0.
g'(x) B X 1-x?B
9.4.4 Differentiation of implict functions

A functiondefinedonaset A(O R) isusually denotedby y=f(x). A functionwhich canbe
putinthisform, issaid to bein explicit form. Sometimes, such aform of afunction may not be possible.
But f canbedefinedintermsof afunction F whichisdefined on R? by the equation of theform
F(x, y)=0. Forexample, y=f(x) definedby x?—6xy+y? =0 isafunctionwhichcan’'t begiven
inexplicit form.

g(¥




Differentiation

A function y=f(x), definedby F(x, y)=0 iscalledanimplicitfunction. Inorderto
differentiate such functions, wedifferentiate F with respectto x(treating y asafunction

d
of x) and equateit to zero and thereby we get d—i .

Thefollowing examplesillustrate this process.

Examples

d
1 If x*+ y3—-3axy = 0, find d_i

L et the given equation define the function

y=f(X) thatis x®+ (f (x))* 3axf(x) =0

Differentiating both sides of this equation with respect to x, we get
3x% +3(f(x))? f'(x) -[3a.f (x) +3axf'(x)] =0.

Hence 3x*+3y*f'(x)-[3ay +3ax f'(x)] =0.

, dy ay-x
Therefore f (X):—dy = )2/ :
X y?—ax

2. If 2x*—3xy +y*+x+2y—-8=0, find %
X
Treating y asafunctionof x and then differentiating with respect to x,

weget 4x—-3y-3xy' +2yy' +1+2y'=0

dy _ ., _3y-4x-1
Therefore y 2y=3x+2

9.4.5 Solved Problems

1. Problem : If y=Tan‘1(oos\/;() find %
Solution : Substitute t =+/x, u=cosx -

dy_dy du ot

Then y =Tan?u and
dx du dt dx

1 )
= x —sint x
1+u? 2x

_ snyx
B 2\/;((1+COSZ\/;().
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_1EL/1+X +\/1 XD for 0<|x| <1 find ﬂ
@/1+x —J1-x2 dx

Solution : Substituting x* = cos20, weget
[1/1+00s20 +,/1 —cos 20U

2.Problem: If y=Tan

y=Tean
EJMOOSZO —J1—cos20
—Tan _1D\/ZCOS 9+\/251n GD
E\/ZCOS 0 - \/2sm OH
=Tan_1|330$9+s%n9[|:_|_an_1ﬂl+tan6%
ESO—smGH Ei—taneg
—Tan‘lﬁanmﬂamzf%)
da H 4
m. 1 -
Therefore Yy = Z+ Cos (x%).
Hence &1 x2x =—=
dx  2y1-x* 1-x*
d
3.Problem: If y=x?€‘sinx, find d—i

Solution : Let ususelogarithmic differentiation to find the derivative. Taking logarithms on both sides
of y=x%* sinx, weget logy=2logx+loge*+logsinx.
Differentiating both sides of the above equation with respectto x, weget

ly ﬁ)—(z+1+cotx§
Theref ﬂ =y = YDZ +1+COtXD
erefore ax B; H

= xzexsinx§+1+cotxﬁ.

Thederivative can also befound by using the product rule.

4.Problem: If y = X 4+(gGnx)®*, find %
u

Solution: Write = XX v = (sin x)%°X,
Th = u+ d ﬂ—%+%
en y = umvand g Tk dx



Differentiation

Now  logu = (tanx) (log X) so that
u _ tanx
— = — "+ xlogx
X

u
du ' taantanX 2 D
— =u =X +sec” x.lo
Hence ™ Ox QXH - Q)
Similarly, logv = cosx. (logsinx) and
v O . : cos’ xUJ
— = sinx dog(sinx) + —]
vV SiNX ]
Hece -y = (sinx)™ == g, log(sinx) + cos’ xU 2)
dx o snxH
dy _ du dv
Therefore i dx | dx
_ enxdA0X | o O ,. O cos? xJJ

+5ec” X Iogxa+(snx)cosxm-sinx.Iog(sinx)+ :
g sin

O Ot (1 } i dy
5. Probl Cf x:agzostﬂ tan , y=agnt, find —=.
roplem og &@ Yy i

: ax a . thD 1D acost
Soltuion : Here, — =a -9nt+ . and
a CH I ey o BH 2 snt
dy
ﬂ:acost so that ﬂzi:tant.
dt dx dx
dt
dy log x

6. Problem: If xY =¢*Y, thenshowthat —= = =
dx (1+logx)
Solution : Taking logarithmson both sidesof x'=¢eY weget ylog x=x-y.

Thatis, y = -
'S, Y 1+logx

1
(1+logx).1-x=
Therefore & = —% = log =
ax (1+logx) (1+logx)

dy sin’(a+ y)
X sina

7. Problem: If siny=xsin(a+y), thenshow that
(aisnot amultipleof 7).
siny

Solution: siny=xsin(a+ impliesthat x=———.
y (a+y) Imp sn(a+y)
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Differentiating both the sideswith respect to x, weget

sin(a+y).cosy —siny.cos(a +Y) y

1= —
sn(a+y) dx

Honce Y = sn*(a+y) :sinz(a+y)'

dx dgn(at+ty-y) sna

Exercise 9(c)

I. 1. Findthederivativesof thefollowing functions.

(i) Sin?(@3x-4x) (i) Cos™(4x* -3x)
e 02X [ : L da—-x0d
(i) Sin EH—)(ZE (iv) Tan MH

(v) Tan™ /;zssz (vi) sin(cos (X))

i Sec‘1D 1 Dﬁk <iD i) sin(Tan™(e™
(vii) Eraé——llﬂ X \/EH (viii) ( ( ))
2. Differentiate f(x) withrespectto g(x) for thefollowing.
() f(x)=¢€*, g(x)=+/x (i) f(x) =€, g(x) =sinx
40 2x 0O

(i) f(x)=Tan'1E]l_2—X2§, 909 =sin“

dy ay
3. If 37X then provethat — =
Y= P dx /1—x2

1. 1. Findthederivativesof thefollowing functions.

. L, 03a%x=-x 0 ) B

() Tan @ -30F (i) Tan (secx + tan x)
01+ x? -10 .

(i) Tan™ ﬁiﬁ (iV) (log )

(V) (X) (Vi) ogogttanx)

(vii) X +65 (viii) x.logx.log (log x)

X+1

(i) e gin (xlog x) (x) sin? glf—m (put 2*=tan 0)
+4Xﬁ



Differentiation

d
2. Find Y for thefollowing functions.

dx
(i) x=3cost—2cos’t, y=3sint—2sin’t
(i) x= 3at _ 3at?
1+1t3 1+t
(i) x=a(cost+tsint), y=a(sint—tcost)
A-t*0 2ht

(iv) x= aﬁa Y=Iie

3. Differentiate f(x) withrespectto g(x) forthefollowing.
(i) f(x)=logy %, g(x) =a"

(ii) f(x):Sec*EML_lﬁ 900 =1
L1+ -0

(i) f(x)=Tan™ ﬁiﬁ g(X)=Tan"x
X

4. Findthederivativeof thefunction y definedimplicitly by each of thefollowing equations.
(i) x*+y*—a’xy =0 (i) y=x (iii) y*=x3"Y
5. Egablishthefollowing

. 1
(i) If Jy1-x° +1-y* =a(x -vy) then ﬂx—,fﬁ
(i) If y=xva®+x* +a’ Iog(x +i/a’ +x2) then % =2Ja’ +x* .

X
Q y-logx logyll

iy 1 X109y = then O
() X logx dx x log®x E

W) If y-Tan‘lD 2X D+_|_an_1EBx—x3 _ _1D Ax -4 0
H-xH %—3%'] 01-6x° +xﬂg'
Theng_ 1
dx 1+x°

dy _ y(xlogy-y)

Yy _ X
(V) 1 = y* then dx x(ylogx—x)

(vi) If x*®+y** =a%® then ay _ gy,
dx X
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d
6. Find Y of each of thefollowing functions.

dx
0y (1-2x)7"% (1+3%) " (i) y - x4 32 +4
(1-6x)”° (1+7%) 77 Jax2 -7
i y=(a—x)2 (b-x)° (V) = x3.4/2 +3x
(c-2x)3 (2+x)(1-x)
_ (x-3)(x* +4)
W)y \/ 3x? +4x +5

I11. Findthederivativesof thefollowing functions.
Lo(i) (sinx) % 3™ (i) 5 (iii) (sinx)* +x3
(iv) x* +(cot x)"
2. Egablisnthefollowing

y-1 X O
() If x4y =ab then Y =X *¥Tlooyy
dx 5 logx + xy* G

(i) 1f f(x) = Sint /% and g(x):Tan_lJz;_ﬁ then

') =g () (B<x<a).

-2 _q Chcosx+ bl
i) If a>b>0and0<x< 1 f(X)=(a®-b?]) .Cos?
R 00 =(a 07) oo ]

then f'(x)=(a+bcosx)™.
3. Differentiate (x*—5x + 8) (x3+ 7x + 9) by
(i) Usingproduct rule
(i) Obtaining asingle polynomial expanding the product
(i) Logarithmicdifferentiation

Dothey al givethe sameanswer?
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9.5 Second Order Derivatives

If f isafunctionof x, thenitsderivative f' (if exists)isalsoafunctionof x.If f' isdifferentiable,
thenthederivativeof f' denotedby f' iscalledthesecond order derivativeof f.

f'(x+h)-f'
() = lim- ) = 109
h-0 h
2 d? 2 d’y
f* (X) isaso denoted by the symbols  f (x), yf(x), D2 f(x), o y' (herey =1 (X))

€tc.

Similarly third, fourth, ..... higher order dervativescan dsobedefined. Ingeneral for n > 1, (M (x)
isdefined by
Of (D (x+ h) - f ("D (x)0
M (%) = [i
r=ine n D (Here 1O09=1(0).

The processof finding higher order derivativesof afunctioniscalled successivedifferentiaton.

Inthis section we confine our discussion to the derivatives upto the second order only.

9.5.1 Solved problems
1. Problem : If y=x*+ tanxthenfind y".

Solution: Giventhat y = x*+tanx

implies  y = 43 +sec?X.
Hence y' = 4.3x%* + 2.5eC X. SeC X tan X
=12x* + 2 sec® x tan X.

2. Problem: If f(x)= sinx sin2x sin3x, find " (X).
Solution : f(x):%sin2x(23in3xsinx)

= %sin 2X (Cc0s2Xx—c0s4x)

= % [2sin2xcos2x~ 2sin 2xcos4x|

- %[sin2x+sin4x—sin6x]
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Therefore f'(x) = %[ZCOSZX +4cos4x ~6c0S6X| .

Hence f'(x)= %[—4sin 2x ~16sin4x +36sin 6x]

= 9sin6x—-4sin4x-sin2x.
d%y

3. Problem : Showthat y= x + tanx satisfies cos’ XF+2x:2y.
X

Solution: y = x+ tanx impliesthat y' =1+ sec?x

thatis, y'cos® x = 1+ COS? X.

Differentiating both sides of the above equation we get

y' cox+ y'. 2cosx(—sinx)=2cosx(—sinXx).

Hence y' cos’ x=2(y -1 sinx cosx
=2sec’X sinx cosx=2tan x=2(y —X).
Thisprovestheresult.

d2
4. Problem: If x= a(t—sint), y=a(l+ cost) find d_le

Solution : Here o a(l-cost), ¥ —asint.
dt dt

(dy[
Therefore Y = HEB _ _—asint
d«  [DdxO  a(l-cost)
HatH
it 0
) 29n§5c0%£ i .
- 0 = _COtBEH
2sin?
d’y _ doyo _ dody o
Hence =2 = = _ a
o b dod o
- 1 ZDth 1 1

=C0oSec = .
2 EH a(1- cost) dasin® %ﬁ
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0 2x 0O
5. Problem : Find the second order derivativeof y= Tan™ EWH

Solution: Put x = tan®. Then

y = Tan B Ztm? H = Ten™(tan20) = 20 = 2Tan'X.
—tan GE
dy _ 2 d’y _ -4x
Therefore 4 =15 dx®  (L+x3)*°

6. Problem: If y=sdgn(sinx), showthat y" + (tanx)y' + ycos’x= 0.

Solution: y = sin(sinx) impliesthat y' =cosx. cos(sinx)

and ¥ = —cos’x sin(sinX) —sinx cos (sin x)
. Oy O
= —yCOF X — SNX F——
y [post

~ycos? x - y' tan X.

Therefore y'+(tanx)y +ycos’ x =0.

Exercise 9(d)

I 1Ify_ﬁth find y"
. L axrg tenfind y".

2. If y=ae™+be™ thenprovethat y' =n?y.
II. 1. Findthesecond order derivativesof thefollowing functions f(x).
(i) cos®x (i) sin*x
(i) log (4x*—9) (iv) esn®x

o L+ xO

(v) €e‘sinxcos2x (vi) Tan ma (vii) Tm‘l%é
- -3X

2. Provethefollowing
(i) If y=ax""1+ bx" then > y=n(n+1)y.
(i) If y=acosx+(b+2x)sinx then y" +y=4cosx.
(iii) If y =6(x+1)+(a+bx)e* then y —6y +9y="54x+18.
(iv) If ay*=(x+b)®> then By y' =(y')>.

(v) If y=acos(snx)+bsin(sinx)then y"+ (tanx) y’+ycoszx:0.
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II. 1. (i) If y=128sin’cos*x thenfind y".
(i) If y=s8n2x sn3x sin4x thenfind y'.
dzy: h*—ab
d  (hx+by)®
(iv) If y=ae™cos(cx+d) thenprovethat y +2by + (b?+c?)y=0.

(i) If a®+2hxy+by?=1 then provethat

& 0, k*C
(V) If y=e2 (acosnx+bsinnx) provethatthen y' +ky’+[r‘ +—Dy 0.

J Key Concept \

< Thederivativeof afunction f at x=a isdefined by

f(a h) f(a):“mf(x)—f(a)
o x-a X—a

f'(a) =

< Every differentiablefunctioniscontinuous, but the converse need not betrue.

% Let u, v befunctionsof x whosederivativesexist. Then

(i) 7(0) 0 (”)—(ku) kd— (|||)(U+V)_giij\):
) Sm=u @ ) fHE=
dx  dx dXEEH dx
V%_u%
duO_ "dx dx

Y B/

Chainruleisused to differentiate compositesof functions.

7
*

dt dv
@ If t=ux), f=v() sothaa f = vou andif both dx and ry exist then




Differentiation

d d 1
0 gy ™t O o w
o ')
9(x) dy _ 9(x)
s If y=[f(x]* th - [f(X)] Eg(x)f()
Cdy [
N dy _Hatt]
< If x=f(@), y=g(t) then oo’

Hat

d d dy

h — = =

that ™ (p(Y)) dy((P(y))- ™

< f'(X): lim f’(X+h)_f’(X)_
h-0 h

i

+log f(x).9 (X)H

< Differentiation of implicit function: If f(x, y)=c. Differentiateeachtermw.r.t. x and note

Some of the standard derivatives (in appropriate domains)

S.No. The Function y The derivative g—i
1 congtant function 0
2. X" nx" -1
3. e e
4. log x e
X
5. a* a‘loga
6. sinx COS X
7. COS X —sinx
8. tan x sec? x
9. cot x — cosec? X
10. SeC X Sec X tan X
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1.

12.

13.

14.

15.

16.

17.

18.

19.
20.
21.
22.
23.

24.

25.

26.

27.

28.

29.

COSeC X

Sintx

Cos™ x

Tan* x

Cot™ x

Sect x

Cosec? x

sinhx

cosh x
tanh x
coth x
sech x
cosech x

Sinhx

Cosh? x

Tanh™ x

Coth™ x

Sech™ x

Cosech™ x

— COSEC X. COot X

— sech x. tanh x

—cosech x. coth x
1

-1
| x|V1+x?
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Historical Note

Bhaskaracharya of the 12th century solved for the first time, the seeds for the growth of
the concept of calculus.

Isaac Newton (1642 —1727) and G.W. Leibnitz (1646 — 1716) independently invented
calculus during the seventeenth century. Later on, many mathematicians contributed for further
development of calculus. A.L. Cauchy, J.L. Lagrangeand Karl Weier strass made the subject
morerigorous. Cauchy used D’ Alembert’slimit concept to define the derivative of afunction.

Today not only mathematics but many other subjects such as physics, chemistry, economics
and biological sciencesare enjoying thefruitsof calculus.

Mostly, G.W. Leibnitz and L. Euler (1707 —1783) devel oped the present day notation for
caculus.

Exercise 9(a)

N R - - . 1 3
I. i - 1/2 +3 1/4 +5 1/6 i _
0 SH X B w V2x-3  2J7-3x
. : 3
20x* - 36x% + 2X \&—

(iif) (iv) 2x\/_

(v) (\/; +1)(2x—4) N (x2 —4x +2)

24x

i +b)" (cx + d)™ na_, MU

.. 1 X X 1 2 X 3 .X
(Vi) 5cosx+€‘logx+ ;e (vii) 5*log5+ ;+3xe +x°e

pax’ +2pbx +bg -ra
(ax+b)?

(iX) €+ cos2x ()
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() logyex o) XD
xloge X (ax2 +bx+c)
(i) & Rlog(@ct 4+ 22 () 267 (¢ +x+a)
ad —bc . 2
(xv) (xrd)? () a*e* (loga + 2x)
2. 5050
. 1. (i) 3x? (i) 4ax®
1
N 2ax+b :
() 2ax (iv) N
(V) 2cos2x (i) —asnax
(Vi) 2 sec? 2x (vii)  —cosec? x
(iX) 3sec3xtan 3x (X)  xcosx+snx
(x) —sin2x
2. () ixz
(1+ x\&)
(i) x"~'m*(nlog (nx) +xlogn . log (nx) + 1)
(i) ax® 1 +2anx®"tlog x—bx" e +bnx" e

. m f g 1opg1 o
v) =3+ - T+ = - X
) SEGepla R ©
4. Differentiableat neither of the points
5. Notdifferentiableat 2

Exercise 9(b)

. 1. () -ncot"™xcosec?x (i)  —4cosec*xcot x

(i) efsec? (e (iv) 2tanx sec®x
) mecos™ x . sin™tx-nsin™? x cos"* x

(Vi) mcosmx.cosnx— nsinmx. sin nx
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i) Tamtx+ Vi) -1
(iX) 10 cosec 10x ) 3
VOX* +16
. 1 ) 4-2%°
R TE | W e
e . . 1 \2 . 2sin”x. SinT'x
xiii xiv)  sin2x(Sin7x) + ————=
( ) (Sin—l (ex)) 1_e2x ( ) ( ) ﬁ
-1 o 1+3x-2x!
W Trsnax ey
(xvii) e i) —sin(logx+e*) 2 +ex5
1- %2 B;( H
(XiX) cosa (69) 3cosec 3x cot 3x
00s” X 1+ cosec®3x
2. () 1 i y>0 and 1 i y <0
20X+ X 20X +X°
1 . -1 .
i f 0 and ——— if 0
(ii) 2&(1_)() if y>0 an 2&(1_)() if y<
1 . —e’
S cosh y ) 1+ X2
e .
V) sin2y V) 2(y+\/§)
o COSEC X
1. () sin(log (cot x)) .
) -2 \2
(i) ————x>-1) and ———F—= (x<-1L
(1+x)vV1+x2 ( ) (L+X)V1+x ( )

(i) 4xcosec (2 (1 —x?)) (iv) —2x sin (x?) cos (cos (X?))
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X

€ =1 (X
V .cos(Tan e )
VL, (e¥)
(vi) acos(ax +b)cos(cx +d) +csin(ax +b)sin(cx +d)
cos’ (cx +d)
sech? BXE
; -1
(vii) wls Wil)  cosx(Tantx)2 + 23NxTan X
ZDXED 1+ X
ﬁﬂanh EH}
TTIRE T o Naob 3 —snx
~ atbsinx " a+bcosx " 2008% X+2c0sX +1

Exercise 9(c)

3 -3
. 1 () ﬁ (ii) ﬁ

; 2 -1
i) Ty V) oy

(V) %if O<x<m and ?1 if —m<x<0

(Vi) —2xsin (x?) cos (cos (x?))

_2 —X
Vi) e (V|||) (COS(tan (e )))
2. () 2xe* (i) einx (i) 1 if —1<x<1
. 3a 1
.1, (i) pe (i) >
} 1 : torx ALENX +sec? xlog(log x)D
(i) 21+ 2) (iv) (log x) gﬂo—gx E

V) X log(ex?) (Vi) 2log(20).cosec(2x).20 09X
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(Vi) x*(L+logx)+e*.e® (viii)  log(elogx) +logx. log (log X)
_ 2 _ 2%110g2
(ix) e ® [cos(xlogx)log(ex) - 2axsin (xlog X)] ) 1+ 2°
_ (2=t
2. (i) cott (i) 1- o0
_ b(t* -1
(i) tant (iv) Tom
. 1 2 )
30 Ya¥(loga)? (i) 1] -3
2., A3 2 ; —xI|
4 @ I H oL Lsnyoxey)
4y® —a“x X(1-ylogx) X (x—ycosy(logx))
6 () ylS . 6 4 _ 9O
' YA-6x  1+7x 31-2x 4+39H
o ox 4x U 06 3 20
- il
@) yQ<+3(x +4)+7—4xza (i) yH: 2x b-x a-xH
: 3 1 10 yO1l _ 2x  (6x+4) O
™) yE& 2(2+3x) 1 X 2+XH V) E%—3+x2+4 3% +4x+5%
1 (i . log x Dog(s £ x| O _qgnxd | sinxX]
() (sinx) +co xlog xH+x COSX ng+_xH
X
(i) (1+xlogxlog(ex))x* +x-1
i)y xS sin +cosx|ogx§+ sinx)”[xcot x +log(sin x)]
(V) x*(1+logx)+(cotx) X@og(cot X) — iéx@

3. Yes
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Exercise 9(d)

o1
(4x+5)
-3 -8(4x* +9)
II. 1. () —(cosx+3cos3x) (i) 2 (cos 2x — cos 4x) (iii)y ———*~
4 (4x2 —9)
(iv) e 2*(sin®x-12sin? xcosx +6sin xcos )
(V) €*(3cos3x - 4sin3x —cosX) (vi) —2X
(1+x°)*
. —OoX
(V”) (1+ X2)2

1. 1. () 128sinxcos® x (12 sin* X —31sin? X cos? X + 6 cos* X)

(i) %(81sin9x—253in5x—95in3x —sinx)



Chapter 10

Applications of

PDevivatives

theirs, it is because they are made with ideas

I ntroduction

In Chapter 9, we have studied the concept
of the derivative of afunction. In this chapter, we
will study some applications of derivatives. In fact,
the derivative plays a vital role in solving some
problems such as errors and approximations,
finding maxima and minima (extreme values) of a
function. We shall also discuss the geometrical
interpretation of the derivative and the methods of
finding the equations of the tangent and the normal
at a point on a given curve.

10.1 Errorsand approximations

The word infinitesimal is used in the sense
that it is extremely small or very very small. In
other words, it is so small that it can not be
distinguished from zero by any available means.
Roughly, we can say that an infinitesmal iscloseto

"Amathematician, like a painter or poet, isa maker
of patterns. If the patterns are more permanent than

- G.H.Hardy

G.H.Hardy
(1877 - 1947)

G.H. Hardy was one of the finest
mathematicians of Cambridge of
20th century. His interests covered
many topics of pure mathematics.
His long collaboration with
Littlewood produced mathematics
of the highest quality. Even more
remarkable was his collaboration
with Srinivasa Ramanujan.
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zero but it is not equal to zero. The infinitesimal in the variable x is denoted by Ax and the infinitesimal
inthevariabley is denoted by Ay. Theinfinitesmals Ax and Ay are referred as change in x and change
iny respectively.

If a dependent variable y depends on x by afunctional relation y = f(x) then changeiny isgiven
by

Ay =f(x+M)-f( L (@D
where the variable x is changed from x to x + Ax.

10.1.1 Notation

%@ denotes the value of the derivative of the function f(x, y) at (X,, Y,)

(%0 Yo)

I:U D 1
If the function y isin explicit form y = f(X) then we write %ya asf (xy).
X=00.%0)

10.1.2 Formula for approximate value of Ay

We define f'(x)Ax or %Ax as differential of y and is denoted by dy, i.e,,
X

dy = f'"(x)ax L ()
or dy = QAx ..... (2
dx
If wetakey =1f(x) = x in (1), we get
dx=Ax 3

and we call dx asdifferential of x.

Though dx and Ax are equal, Ay and dy need not be equal. In case y = f(X) represents
alinethen dy and Ay are equal. Geometrically dy denotes the change in y along the tangent line where
as Ay is the change aong the curve (Fig.10. 1).

-
Y‘r /
/
S
/F) A
Al AX 5 sy
o %o (x+AY)

Fig. 10.1
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In Fig. 10, PT is the tangent to the curve y = f(x) at P(x, f(xy)) and
Q(x, + &%, f(x, + AX)) is a neighbouring point of P lying on the curve. The line segments
PR, RS and RQ are respectively equal to Ax, dy and Ay.

If Ax isaninfinitesimal then

Ly

= f'(X e (4
VR (4)
Since Ly is approximately equal to f'(x) there exists aninfinitesimal ¢ such that
Ay ,
—=f'(x) +¢
A (X) ... (B)

where ¢ dependson x and Ax. Equation (5) can be expressed as
Ay = f'(X) Ax + & Ax ... (6)

Since ¢ and Ax areinfinitesimals, their product isvery very small and nearer to zero [like

the product of (0.001) . (0.00000!) = 0.00000000I]. Therefore we take f'(x) Ax asan approximate
value of Ay. Thus,

Ay = f'(x) Ax e (7)
or
Ay = f'(x) dx  (by (3)) ... (8)
In view of (1) , the equation (7) can be written as
Ay =dy
We can also have another formula from equation (8), i.e.,
f(x + Ax) = f(x) + f'(x) dx e (9)

since Ay = f(x + AX) — f(x). The equation (9) can be used to find an approximate value of
ya X=X, + Ax

10.1.3 Note

When x changes from x, to X, + Axthen changein y isgiven by

Ay = f(x, + AX) — (%) ... (10)
and we call Ay given by (10) asthe changein y at X = X,.

10.1.4 Definition

If a number A is very close to a number B but it is not equal to B then A is called
an approximate value of B. For example 3.141592 is an approximate value of
= 3.14159263589 ...
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If K(e) is an exact value of a certain entity (Iength of a side, square root of a number) and
K(a) is an approximate value of K(e) then the difference of these two is defined as an error i.e,,
K(e) — K(a) istheerror. If Axisconsidered asan errorin x thentheerroriny = f(x) isAy. The
exact error can be computed from equation (1) of 10.1.2 and the approximation of Ay can be
computed from equation (8) of 10.1.2

Definition (Absolute error, Relative error and Percentage error)

If yis any variable then

(i) Ay is called an absolute error iny.

(i) 4y is called a relative error iny.
y

A
(iii) 7y %100 is called percentage error iny.

If y= f(x)isadifferentiable function and Ax isan error in x then the approximation of
absolute error, relative error and percentage error iny are respectively as given below

Ay = f'(X)Ax . (D)
Ay Of"(x)0
v HWHAX . (2)
Ayx - Df'(x)Dx y

and ™ 100 5B 100 % /X, e (3)

10.1.5 Solved Problems.

1. Problem: Find dy and Ay of y= f(x) = x>+ xat x = 10 when Ax = 0.1.

Solution: Aschangein y= f(x)isgivenby Ay= f(x+ Ax) — f(x), thischange at x = 10 with
Ax =01is

Ay = f(10.1) - f (10) = {(10.1)? +10.1} - {10? + 10} = 2.11.
Sincedy = f'(x) Ax, dy at x = 10 with Ax = 0.1 is

dy = {(2)(10)+1}0.1 = 2.1 (since % = 2x + 1).
2. Problem: Find Ay and dy for the function y = cos(x) at x = 60° with Ax =1°
Solution: For the given problem Ay and dy at x = 60° with Ax = 1° are

Ay = cos (60° + 1% - cos (60°) o (D)
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and dy = -sin(60% (19 o (2)
Cos(60°% = 0.5, Cos (61°) = 0.4848, Sin(60°%) = 0.8660, 1° = 0.0174 radians
Therefore, Ay = -0.0152 and dy = —0.0150.

3. Problem: The side of a sguare is increased from 3 cm to 3.01 cm. Find the approximate
increase in the area of the sgquare.

Solution: Let x be the side of a square and A be its area. Then
A = X2 e (D)
Clearly A isafunction of x. Asthe sideisincreased from 3 cm to 3.01 cm we can take

x =3 and Ax = 0.01 to compute the approximate increase in the area of square. The approximate
value of change in areais

_ dA

AA = —— AX v (2
dx
In veiw of equation (1), the equation (2) becomes
AA = 2XAX.

Hence the approximate increase in the area when the side is increased from 3to 3.01is
AA = 2(3)(0.01) = 0.06.
4. Problem: If the radius of a sphere isincreased from 7 cmto 7.02 cm then find the approximate
increase in the volume of the sphere.

Solution: let r be the radius of a sphere and V be its volume. Then
3
V = 4T _
3
Here V is a function of r. As the radius is increased from 7 cm to 7.02, we can take

r =7 cmandAr = 0.02 cm. Now we have to find the approximate increase in the volume of the
sphere.

- (D)

OA & %:A = ArAT.
Thus, the approximate increase in the volume of the sphereis
4(22)(7)(7)(0.02)
7
5. Problem: If y=f(x) = kX" then show that the approximate relative error (or increase) in
y is n times the relative error ( or increase) in x where n and k are constants.

=12.32 cm°.

Solution: The approximate relative error (or increase) in y by the equation (2) of 10.1.4 is

Of'(x)0 knx"t AXx . . .
X = Ax = n(— =n) relative error (or increase) in x.
T7 00 EA o ( < ) ( )

Hence the approximate relative error in 'y = kx" is n times the relative error in x.
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6. Problem: If the increase in the side of a square is 2% then find the approximate percentage
of increase in its area.

Solution: Let x be the side of a square and A beits area. Then
A= ¥

Approximate percentage error in area A

OdA D
Oax 0 |
= o100 X (by (3) of 10.1.4 with f= A)
H H
100(2x)Ax _ 200Ax 0 Ax
- = =2(2) = X100 = 2H
X2 X 2(2) 4. H x H

7. Problem: If an error of 0.01 cm is made in measuring the perimeter of a circle and the
perimeter is measured as 44 cm then find the approximate error and relative error in its area.

Solution: Letr, pand A be the radius, perimeter and area of the circle respectively. Given that

p=44cmand Ap = 0.0l. We have to find approximation of AA and % . Note that A = Tr? which

isafunction of r. Aspand Ap are given we have to transform A = Tr? into the form A = f(p). This

can be achieved by using the relation, perimeter 2 1r = p.

0po_ P°

4T

U AT

Hence the approximate error in A :%Ap = %Ap :2£Ap'
p

The approximate error in A when p = 44 and Ap = 0.01= ;ﬂ (0.01) = 0.07.
T

H, o
,8p _ 2(0.01)
Th imate rel ati = Ulp =2— =
e approximate r Ive error p p 44
mAnE
= 0.0004545.

8. Problem: Find the approximate value of 3/999.

Solution: This problem can be answered by
fx+ AX) = f(X)+ f'(X) Ax e (1)
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with x =1000 and Ax = -1. The reason for taking x = 1000 is to make the calculation of f (x) sSimpler
when f (X) = 3/x. Suppose

y = f(x) =3x e
Then equation (1) becomes

1
f(x+Ax) = f(x) + —5AX
3x3
Hence f (1000 - 1) = f (1000) + 7 (1) = 9.9967.
3(1000)3

Exercise 10(a)

|. 1. Find Ay and dy for thefollowing functions for the valuesof x and Ax which are shown against
each of the functions.

() y=x*+3x+6, x=10 and Ax = 0.01
(i) y=¢€+x x=5and Ax = 0.02
(i) y =5+ 6x+ 6, x=2and Ax = 0.001

1
i = ——, x=8and Ax = 0.02
(iv) y 2 X and Ax

(V) y = cos(x), x = 60° and Ax = 1°.
I.1. Find the approximations of the following

() 82 (i) 365 (i) \/25.001 (iv) ¥7.8
(v) sin (629 (vi) cos(60°5)  (vii) 417

2. If theincrease in the side of a square is 4% then find the approximate percentage of increase in
the area of the square.

3. Theradius of a sphereis measured as 14 cm. Later it was found that thereis an error 0.02 cm
in measuring the radius. Find the approximate error in surface area of the sphere.

4. The diameter of a sphere is measured to be 40 cm. If an error of 0.02 cm is made in it, then
find approximate errors in volume and surface area of the sphere.

5. Thetimet, of acomplete oscillation of asimple pendulum of length | isgivenby t = 21'[\/I
g

where g is gravitational constant. Find the approximate percentage of error in t when the
percentage of error in | is 1 %.
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10.2 Geometrical interpretation of the derivative

In this section we first recall the definition of tangent at a point to a curve. Then we give

the geometrical interpretation of the derivative.

10.2.1 Definition

Let P beapoint onacurve (Fig. 10.2). Let Q bea neighbouring point to P on the curve. The
linethrough P and Q is a secant of the curve. Thelimiting position of the secant PQ as Q moves
nearer to P along the curveis called the tangent to the curve at the point P.

Tangent Secants

Fig. 10.2

10.2.2 Geometrical interpretation of derivative

Let APQ denote the curve y = f (x) defined on

an interval. Let P be a point on the curve and
P=(c f(0).

If welet Q to be aneighbouring point of P
on the curve (see Fig. 10.3), then Q can be taken as
Q = (c+dc, f(c+ac). Let the tangent at P to the
curve which is not parallel to X-axisin general, meet
the X-axisat T and make an angle y with  X-axis.
Let the chord drawn through P, Q meet X-axisin S
and make an angle 9. Let L, M be the feet of the

P
Tangent
Secants
Q
Y [

Fig. 10.3

perpendiculars drawn from P, Q respectively on the X-axis. Then PL =f (c) and QM = f(c+5c).

Since, PR is paralel to OM we have QII5R = 0.
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QR _ QM-RM _ QM-PL
PR OM-OL OM-OL
f(c+dc)-f(c)  f(c+ac)-f(c)

c+oc-cC oc
As the point Q approaches P, the limiting position of the chord PQ is the tangent PT at
P.ie, if QP then QR_. 0, PR_. 0, 6. ¢ and chord % approaches T
_ f(c+dc)- f(c)
f! = lim
H ) 5 -0 oc
QR

= lim —
Q-P PR

Then, tan g =

= |lim tang =tan Y.
0y

Observethat tan  isthe slope of the tangent PT. Thus, the summary of the above discussion
isthat the derivative of f(x) at cisthe Slope of the tangent to the curvey = £ (x) at the point (c, f(c)).

10.3 Equations of tangent and normal to a curve

In the previous section 10.2 we have seen that g—i represents the slope of thetangent at a

point (X, y) onthecurve y = f(x). Using this concept, it is easy to find the equations of tangent and
normal.

10.3.1 Equation of tangent

Let y= f(x) beacurveand P(a, b) be apoint on it. Then we know that the slope m of the
tangentat P is

dy
dx (a,b)

Therefore, the equation of the tangent to the
cuve at (a, b) is

m= f'(a) or

y—b=m(x-a)or AY
y—-b= f'(@) (x-a). C
P
1032 Der|n|t|0n Tangen
Let P be a point on a curve C. The / Normal

straight line passing through P and
perpendicular to the tangent to the
curve at P is called the normal to the

curve C at P. (see Fig. 10.4) 0O Fig. 10.4 X
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10.3.3 Equation of normal
Since, the slope of the tangent to the curve y = f(x) at P(a, b) is f'(a), the slope of

-1
the normal at P is ) if f'(@) =0.

If f'(a) =0 thetangent to the curve at Pis parallel to the X-axis and therefore the normal
is parallel to the Y -axis.

Thus the equation of the normal is

=1 _
y—b = Wg)(x—a) if f'(a)#0 and

x= a if f'@@)=0.

10.3.4 Note
The curve y = f(x) issad to have a
(i) horizontal tangent at apoint (a, f (a)) onthecurvewhen f'(a) =0.
(il) vertical tangent at apoint (a, f (a)) onthe curvewhen

im 1) 1)
h-0 h

10.3.5 Solved Problems

= ®© 0Or —o.

1. Problem: Find the slope of the tangent to the following curves at the points as indicated:

. . 1 1
() y=5¢ at (-1, 5) (i) y=33 xzDa@ 3)

_ _ _m : X Yy
(i) x=ascHB y=atan® at O = 35 (iv) %§+ Egg_z at (a, b)
Solution

: _ o2 dy _
() y=5x" then X 10 x.
: o dy
0 The slope of the tangent at the given point is = -10.
o | (15

A SR - A
W y=S-g then g = (x-1

dy -1

O Slope of the tangent at 53 %E IS gx

_ 1
@) (3-17 4
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= = Lze = COSeC @
Odx O asecO tan 0 '
U ~U

0 Slope of the tangent at the point with e:g IS
Y
ax | oI

w EHLRE -,

el [bO

= COSec élggz 2.

Differentiating both sides with respect to X,

B0 L, M" -0

Jagd a dx

e, :—@g%H

O Slope of the tangent at (a, b) = 7

dx

(ab)
2. Problem : Find the equations of the tangent and the normal to the curve y = 5x* at the
point (1, 5).

b
~

. . . d
Solution : y = 5x* implies that d—i =20 X,

dy
Slope of the tangent to the curve at (1, 5) is Gy = 20(1)3 =

(t5)

.o -1

0 The slope of the normal to the curve at (1, 5) is 0"

0 Equations of the tangent and normal to the curve at (1, 5) are
-1 .

y—-5=20x-1) and y-5= %(x— 1) respectively.

i.e, y=20x—-15 and 20y = 101 — x respectively.
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3. Problem: Find the equations of the tangent and the normal to the curve y * = ax®

at (a, a).
Solution : Differentiating y4

ax® with respect to x, we get 4 y3y, = 3ax>.

3ax2
=y

C Yo B 3 3aa’ _3

pe of the tangent at (a, a) = y1|(a, a) = 18 4

Slope of the normal at (a, a) = —g.

. . 3
The equation of the tangentis y—a = 2 (x—a)

ie., dy = 33X+ a
The equation of the normal is
-4
y-a= — (x-a
i.e., 3y + 4x = Ta.
4. Problem: Find the equations of the tangents to the curve y = 3x* — X%, where it meets the
X-axis.
Solution : Putting y = 3x*— x> =0, we get the points of intersection of the curve and X-axis,
i.e, y= 0. They are given by
C-x=0 or X¥*(3-%X =0
e, x=0 x= 3.
Thus, the curve crosses the X-axis at the points O(0, 0) and A(3, 0).

;—di = 6x — 3% [ slope of the tangent at O(0, 0) to the curve is

Y-
dx (0, 0)
0 Tangent at O(0, 0) is y—0 = 0(x — 0).
ie, y=0.
i.e.,, X-axisis the tangent to the curve at (O, 0).
Now slope of the tangent at A(3, 0) to the curveis % = 6(3) — 3(3)*> = -9.

(3.0)
0 Tangent at (3,0)is y—-0=-9(x-3), y+ 9% = 27.
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5. Problem :

Find the points at which the curve y = sin x has horizontal tangents.
Solution
y = sinXx Y
d 41
0 d—y = COS X, /\ n/\ ﬁ/\
§ =i | = | = I | " I I n
A tangent is horizontal if and W 32\ -m2 /[° ne 312 512 \X
only if its slopeis zero. +-1
Therefore cos x = 0 y=sinx
T Fig. 10.5
Hence x=(2n+ 1)5; n0Z.

Hence the given curve has horizontal tangent at point (X, Yo)
o ¥ = (2n+ 1)’—2T and yo= (=1)" for n O Z. (see Fig. 10.5)

1
6. Problem : \erify whether the curve y= f(x) = x3 has a vertical tangent at x = 0
Solution: For h #0, we have

Y
im f0+h)-f(0) y
h-0 h y:f(x):xll3
1 1 __!
lim h* _ jim 1 4 X
h-0 p h-0 h% /10
- 1 1 _— /
h-0 15
%S

Fig. 10.6
0 By Note 10.3.4 (ii), the function has a vertical tangent at x = 0 (see Fig.10.6.)

7. Problem : Find whether the curve

Y
2 — .
y= f(x) = x3 has a vertical tangent at x = 0. N -
N\ /y=1f(x)=x23
Solution : For h #0, we have \ |/
) _
fo+h)-f(0) _ h3 _ 1 \//
h - h 2
h3
1 © X
The left handed limit of — as h-0 is — e

h3
while the right handed limit is o . Hence lim L does not exist

ha0 3 Fig. 10.7
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Hence, by Note 10.3.4(ii), the vertical tangent does not exist at x = 0 (see Fig. 10.7).
8. Problem : Show that the tangent at any point 8 on the curve x = c sec9,
y=ctangis ysn e =x—ccos 0.

Solution: Slope of the tangent at any point 6 (i.e. at (c sec 8, c tan 0)) on the curveis

Ody O
[l
dy _ do[ _ csec?0 - cosec @
dx Odx O csecOtan® '
U
neltin

0 The equation of the tangent is

y—ctan g =cosec 9 (X—C sec 9)
i.e, y Sih g =X —CCOS 9.

9. Problem : Show that the area of the triangle formed by the tangent at any point on the
curve Xy = ¢ (c # 0), with the coordinate axes is constant.

Solution : Observethat ¢ # 0. For otherwise xy = O represents the coordinate axes, which is
against the hypothesis.

Let P(xq, y1) be apoint onthe curve xy = c. Then x; # 0, y; # 0.

y:; 0 y’:—F-

0 Equation of the tangent at (X1, y;) iS y—VY; = —% (X —xp)
X

Xy + X12Y1 =cxp + (XY X

= X+ CXy = 20 (oxqy1 =€)

e, ox+ x12y

e, ——+—2— =1

2X1 C
X1

0 The area of the triangle formed by this tangent and the coordinate axesis

1
= —(2x) %E = 2c, a constant.
2 X1
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10. Problem : Show that the equation of the tangent to the curve

BEH"+B¥HH:2ao bz0) at the point (a, b) is = + % =2
S H*EE=2(@#0, bz0) point (&, b) is — +
Solution : Differentiating both sides of BEHH+B¥HH =2 Ww.rI tox, weget

ed Ob0O

Eile= e | - Y

(el ChbO dx
Y| - Rl e o ch
dX|(ap) Oa e OhbO a
0 The equation of the tangent to the curve at the point (a, b) is

-b
y-b=—(x-3a)
i.e, ay —ab = —-bx + ab

or bx + ay = 2ab. or LES = 2.

Exercise 10(b)

|. 1. Find the slope of the tangent to the curve y=3x*-4x at x=4.
. x-1
2. Find the slope of the tangent to the curve Y= =2 X#2 at x=10.

3. Find the slope of the tangent to the curve y=x®-x+1 at the point whose x coordinate
iIs 2.

4. Find the slope of the tangent to the curve y=x®*-3x+2 at the point whose
x-coordinate is 3.

. m
5. Find the slope of the normal to the curve x=acos’6, y=asin®0 at 6 = e

6. Find the slope of the normal to the curve x=1-asin6, y =bcos*’6 & ezg.

7. Find the points at which the tangent to the curve y=x® -3x* —-9x +7 isparalel to the x-axis.

8. Find apoint on the curve y=(x-2)? at which the tangent is parallel to the chord joining the
points (2, 0) and (4, 4).

9. Find the point on the curve y=x* -11x +5 at which the tangent is y=x-11.

10. Find the equations of al lines having slope 0 which are tangentsto the curve y =ﬁ .
X" = 2ZX
II. 1. Findtheequations of tangent and normal to the following curves at the points indicated against:

(i)  y=x*-6x3+13x* -10x +5 at (0, 5)
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(i) y=x* a (1, 1)

(i) y=x* a (0, 0)

(lv) x=cost, y=sint at tzg.
(V) y=x*-4x+2 at (4, 2)

(Vi) y=ﬁ a (0, 1).

. Find the equations of tangent and normal to the curve xy = 10 at (2, 5).

. Find the equations of tangent and normal to the curve y = x>+ 4x® at (-1, 3).

. ... —3
. If the slope of the tangent to the curve x?—2xy + 4y =0 at apointonitis — , then

2
find the equations of tangent and normal at that point.

: ... 3 :
. If the slope of the tangent to the curvey = xlog x at apointonitis 2 then find the

equations of tangent and normal at that point.

—X

. Find the tangent and normal to the curve y = 2e3 at the point where the curve meets

the Y -axis.

. Show that the tangent at P(xy, y;) on the curve

iR

- -1

Jx+fy =a is ynl+xx? = g2,

2. At what points on the curve x*—y? = 2, the slopes of tangents are equal to 2 ?
3. Show that the curves x*+y? =2 and 3x*+ y? = 4x have a common tangent at the point

1, 1).

. Atapoint (x4, y;) onthe curve x°+y° = 3axy, show that the tangent is

3 -an BBy —agfy = agyy

. Show that the tangent at the point P(2, —2) on the curve y(1 — x) = x makes intercepts of

equal length on the coordinate axes and the normal at P passes through the origin.

2 2 2

. If the tangent at any point on the curve x3+y3 =as intersects the coordinate axes in

A and B, then show that the length AB is a constant.

. If the tangent at any point P on the curve x"y"=a™" (mn # 0) meets the coordinate

axesin A, B, then show that AP : BP is a constant.
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10.4 Lengths of tangent, normal, subtangent and subnormal

In this section we define the lengths of tangent, normal, subtangent and subnormal and derive
formulae to find these lengths.

10.4.1 Definition

Suppose P = (a, f(a)) isa point on the curve y = f(x). Let the tangent and normal
to the curve at P meet the X-axis in L and G repsectively. Let M be the foot of the
perpendicular drawn from P onto the X-axis.

Then Q

(i) PL iscdledthelength of thetangent.
(i) PG iscaledthelength of thenormal. \
(i) LM iscaledthelength of the subtangent. A P
(iv) MG iscaledthelength of the subnormal. ¢
If OPLM = ¢, then OMPG = o.

In genera if, #0 and ¢z g 7L M & X

we can find simple formulae for the above four lengths

(i) Length of the tangent = PL = PM cosec ¢.
f(a)y1+ f'(a)?
f'a)

(i)  Lengthof thenorma = PG = PM |sec o]

= | 1) o] = | 1)1+ (1E)P
()] |16

tan @ f'(a)

(iv)  Length of the subnorma = MG = | f(a) tang| = | f(a) f'(a)| .

= | f(a) cosecq| = (f'(@#0 as @#0)

(i) Length of the subtangent = LM = ‘
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In case of implicit functions we write Loyl instead of f'(a) inthe above formulae.
(a, f(a))

In case of a general point (X, y) on a curve, the above formulae can be remembered as

y\/1+(y’)2

(i) Lengthof tangent

y
(i) Lengthof norma = ym ‘
(i) Lengthof subtangent = ;/

(iv) Lengthofsubnorma = |yy'|

10.4.2 Solved Problems

1. Problem: Show that the length of the subnormal at any point on the curve y? = 4ax is a constant.
Solution : Differentiating y? = 4ax with respect to x, we have

2a
2yy = 4da QO y = 7
e, yy = 2a
0 The length of the subnormal at any point (x, y) on the curve
= |yy| = |2a|, a constant.

2. Problem : Show that the length of the subtangent at any point on the curvey = a* (a > 0)
iS a constant.

Solution : Differentiating y = a* w.rt. x, wehave y =a*log a.
0  Thelength of the subtangent at any point (X, y) on the curveis
X
1
= l‘ = |2 | = = constant.
y a*loga loga

3. Problem : Show that the square of the length of subtangent at any point on the curve

by? = (x + a)® (b z 0) varies with the length of the subnormal at that point.
Solution : Differentiating  by? = (x+ a)® wrt X, we get
2byy = 3(x+ a)’
0 Thelength of the subnormal at any point (x, y) on the curve

=|yy| = . (1)

2—3; (x +a)
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The sguare of the length of subtangent

_‘lz_y_z
Tyl T oy?
_ (X+a)3 _(X+a)3x4xb2xy2
-, o2 b 9(x +a)*

bSSMBZ -

52 g

(x+a)° 4 ., (x+a)° 1
=75 9y keay (- by’ =(x+a)’)
=2 (x+ay - @

4 2
(length of subtangent)® _ §(X+ a) _8 which is a constart.
(length of the subnormal)

> (x+a)’
0 (length of subtangent)® O (length of subnormal).

4. Problem : Find the value of k, so that the length of the subnormal at any point on the

curve y = a ¥ x¥ is a constant.

Solution : Differentiating y = a** x* with respect to x, we get y =ka® ¥x* L.
Length of subnormal at any point P(X, y) on the curve
— | yy'l - ‘ykal—k Xk—l‘

_ | kal—k Xk al—k Xk—1|

_ | ka2—2k X2k—1|

In order to make these values a constant, we should have 2k—-1=0 i.e, k= %

Exercise 10(c)

I. 1. Findthelengthsof subtangent and subnormal at apoint onthecurve y=bsin g .

2. Show that the length of the subnormal at any point onthe curve xy = a2 varies asthe cube of the
ordinateof thepoint.

X
3. Show that at any point (x, y) onthecurve y= be? , thelength of thesubtangentis aconstant andthe

2

length of thesubnormal is y; .
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I1.1. Findthevaueof k sothat thelength of the subnormal at any point onthe curve xyk= ak+*1 jsa
constant.

2. Atany point t onthecurve x=a(t+ sint), y= a(1—cost), findthelengthsof tangent, normal,
subtangent and subnormal.

X —X

3. Findthelengthsof normal and subnormal at apoint onthecurve y= % %a +e?

4. Findthelengthsof subtangent, subnormal at apoint t onthecurve
x=a(cos t+tsint),
y=a(sint—tcost).

10.5 Angle between two curves and condition for orthogonality of curves

If twocurvesC; and C, intersect at a point P, then the angle between the tangents
to the curves at P is called the angle between the curves at P (see Fig. 10.9).

In general, there are two angles between these two YA
. C
tangents; if both of these angles are not equal, then one ' 0 ©

is an acute angle and the other obtuse. P

It is customary to consider the acute angle to be the
angle between the curves.

Let y= f(x), y = g(x) denote the curves
C4, C, and let these two curves intersect at the point o

P(Xo, Yo)- ' Fig. 10.9

A

><V

Let m=f'(x), and m,=g'(x)|, be the slopes of tangents at P to curves C; and
C, respectively.

() Incase m =m,, thecurveshave acommon tangent at P. Then the angle between the curvesis
zero. Inthiscasewe say that the curvestouch each other at P. Thisincludesm, =m, =0also.

(i) 1f m m,=-1, thenthetangentsat P tothecurvesareperpendicular. Inthiscasethecurvesare
said to cut each other orthogonally at P.

(i) 1f m zm, mm, z -1 and ¢ istheacute angle betweenthecurvesat P, then
el

E

(iv) If either of m; and m,, say m, = 0, thentheangle between the curvesis = Tan™'(m).

tangp =
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10.5.1 Solved Problems

1. Problem : Find the angle between the curves xy = 2 and x*+ 4y = 0.

Solution : Let usfirst find the points of intersection of xy =2 and X2 + 4y = 0.
2

Putting y = % in xy= 2, we get
XX = -8 ie, x= -2
2
—X
= 2 = — =1
X Oy 2
Therefore, the point of intersection of the curves is P (-2, -1).
. 2
vz DY TR
X + 4949 =0 O y = _—)2(

Slope of the tangent to the curve xy =2 a P is

, -2 -1
my =Y |(-2,-1) = (2 T o

Slope of the tangent to the curve x> + 4y = 0 at P is

=1L

-
2 2,4

Let @ be the angle between the curvesat P. Then

1,
m - m, 2
tan = = = 3.
NN EREIUS) B P
02 ]

0 ¢=Tant3

=X

2. Problem : Find the angle between the curve 2y = e? and Y-axis.
Solution : Equation of Y-axis is x = 0. The point of intersection of the curve

A 1
= e? = i B:), —H
2y and x=0 is P s .
The angle ¥ made by the tangent to the curve 2y = e? at P with X-axisis given by

dy
tanw:&

by
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=X
Further, if ¢ isthe angle between the Y-axis and tangent at P to the curve 2y = e ? |, then we
have

el o
®? H

0 The angle between the curve and the Y-axisis Tan™ 4.
3. Problem : Show that the condition for the orthogonality of the curves

. 11 1 1
a+ by’ =1and apé+ by> =1 is ab &b

tan @ = = |coty| = 4.

Solution: Let the curves ax®+ by’ =1and ap®+ byy> =1 intersect at P(X;, Y;) so that
axl2 +by12:1 and alxl2 +b1y12:1,

from which we get, (by cross multiplication rule),

£ ¥ 1 M

b-b — a-a  ay-ab

Differentiating ax*+by? = 1 with respect to x we get

dy _ -
dx by -
Hence, if m; isthe slope of the tangent at P(x;, y;) to the curve
a®+ by’ =1, then m, = _b;;:l
Similarly, the slope (m,) of the tangent at P to a;x>+b;y? = 1 is given by
e 2
my = W
Since the curves cut orthogonally, we have mym, =-1,
_ aax;
l.e., bblylz = -
2
or - e
Now from (1) and (2), the condition for the orthogonality of the given curvesis
by -b —bhy
a-a T ay
or (b—a) ajb; = (by —a;) ab
1 1 1 1
O b T a b
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4. Problem : Show that the curves y* = 4(x + 1) and y?> = 36 (9 — X) intersect

orthogonally.

Solution: Solving y? = 4(x + 1) and y? =36 (9 —x) for the points of intersection, we get

4(x + 1) 36 (9 —X)
i.e, 10x = 80 or x= 8
V= 4x+1) 0O V=49 =36 0 y=+6.
0 The points of intersection of the two curves are P(8, 6), Q(8, —6).
dy 2

V2 = 4(x + 1) 0 %~y (first curve)
y? = 36(9 — X) n ¥- B (second curve)
dx y
Slope of the tangent to thecurve y> = 4 (x+1) at Pis
Mmoo 2.1
17 6 7 3"
Slope of the tangent to the curve y* =36 (9—x) a P is
-18
M= T
1 .
mm, = §><—3 = -1 O the curves intersect orthogonaly at P

We can prove, similarly, that the curves intersect orthogonally at Q also.

Exercise 10(d)

Find the angle between the curves given below:
1. X+y+2=0  x*+y —-10y=0
2. y2=4x; x2+y2=5

3 xX+3y=3 X¥-y*+25=0

4. X =2y + 1); Y= 7,2
2 —9x=0; 3+ 4y=0 (inthe 4" quadrant)

YV =8x; 4C+ y =32

Xy=4; y(é+4)=8

Show that the curves 6x* —5x+ 2y =0 and 4x° + 8y* = 3 touch each other at

b

© N o O
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10.6 Derivative as a rate of change

In this section we learn how the derivative can be used to determine the rate of change of a
variable. We also discuss their application to the physics and social sciences.

10.6.1 Average rate of change
If y= f(x) then the average rate of change iny between x = x; and X = X, is defined as

by _ 100)- (%)

o — - ()

Geometrically the average rate of change of y w.r.t. x is the slope of secant line joining
(%, f(x)) and (x,, f(x,)) which are the points lying on the graph of y = f(x).

The units of average rate of change of a function are the units of y per unit of the variable x.
10.6.2 Instantaneous rate of change of a function f at x = x,

If y=1f(x) then instantaneous rate of change of a function fat x = X, is defined as

lim £ 0%+ A%) = T (%))
Ax-0 AX

which isequal to f'(x,).
i.e., Instantaneous rate of change of f at x =x,is f'(xy).
10.6.3 Note

I nstantaneous rate of change of the function f at x is f'(x).
10.6.4 Rectilinear motion.

The motion of aparticlein alineis called rectilinear motion. It is customary to represent the
line of motion by a coordinate axis. We choose a reference point (origin), a positive direction (to the
right of origin) and a unit of distance on the line.

The rectilinear motion isdescribed by s= f (t) where f(t) isthe rule connecting sand t. Here
sisthe coordinate of the particle for the amount of time t that elapsed since the motion began.

Oe P ? — X

G As
S

Fig. 10.10
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If a particle moves according to therule s= f(t) where s isthe displacement of the particle

at time t, then s Is the average rate of change in s betweent and t + At

At

Os_ f(t+an - ()
At At

ie,

| &S

Since the rate of change of displacement is the velocity, we cal as the average velocity of

the function s =f (t) between thetimet and t + At.

10.6.5 Note

If s=f(t) then the average velocity between t=1t, andt=t,is M
L

10.6.6 Instantaneous velocity

Suppose ataxi-car travelled 400 kmsin 8 hours. Then its average velocity in 8 hoursis
50 km/hr. The average velocity 50 km/hr of the taxi-car does not imply that the car at each point
of itstravelled path hasthe velocity 50 km/hr. The velocity of taxi-car at agiven instant during
movement of the car is shown on its speedometer.

Expression for velocity.

If s= f(t) then instantaneous rate of change of function forsatt=t, is
lim f(ty + At) — (1)
At-0 At

. . dsJ
and it isequal to f'(t.) or
sl to T O

t=t,

(ds]
The rate of change of displacement in aunit timeisthe velocity. Therefore f' (t,) [or Eaﬁt_t ]
o

ds
represents the instantaneous velocity of the particle at time t = t,. Further f'(t) (or a) represents
the instantaneous velocity at any timet.

10.6.7Note

2
The acceleration of a particle at time t = t;, moving with s = f (t) is given by Ejt—fé at

t = t, since the acceleration is the rate of change of velocity.
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10.6.8 Note

d?s

1. Theacceleration of aparticleat any timet, movingwiths=f (t) isgiven by —.
dt

2. If y= f(x) and x, y arefunctions of t then %: f'(x)%_

10.6.9 Solved problems

1. Problem: Find the average rate of change of s = f(t) = 2t> + 3 betweent =2 and t = 4.

Solution: The average rate of change of sbetween t=2andt=41is
f(H-1(2 _35-11

4-2 4-2
2. Problem: Find the rate of change of area of a circle w.r.t. radius when r = 5 cm.

=12.

Solution: Let A be the area of the circle with radiusr. Then A = 1. Now, the rate of change of

o A A
area A w.r. t. r is given by Gcll_r = 2. Whenr =5 cm, c;—r = 10T

Thus, the area of the circle is changing at the rate of 10 cm?/cm.

3. Problem: The volume of a cube isincreasing at a rate of 9 cubic centimeters per second. How
fast is the surface area increasing when the length of the edge is 10 centimeters?

Solution: Let x be the length of the edge of the cube, V beits volume and S be its surface area. Then,
V =x3and S = 6x°. Given that rate of change of volume is 9 cm® /sec.

dv
Therefore, — = 9 cm® /sec.

dt

Now differentiating V w.r.t. t, we get,

V3B gg ze®

dt dt dt

i.e, % = i

dt  x*
Differentiating Sw.r.t. t, we get

d_S = 12xx%

dt dt

= 12x><32 = 36 .
X X

Hence, when x = 10 cm, a5_36_ 3.6 cm?/sec.
d 10
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4. Problem: A particle is moving in a straight line so that after t seconds its distance is s (in
cms) from a fixed point on the line is given by s = f(t) = 8t + t°. Find (i) the velocity at time
t = 2 sec (ii) the initial velocity (iii) acceleration at t = 2 sec.

Solution: The distance s and time t are connected by the relation

s= f(t) =8+t o (D)
O velocity v= 8+ 3t? e (2
and the acceleration is given by
d3s

() Thevelocity att =2 1is8 +3 (4) = 20 cm/sec.
(i) Theinitial velocity (t = 0) is 8 cm/sec.
(i) The acceleration at t = 2 is 6(2) = 12 cm/sec® .
5. Problem: A container in the shape of an inverted cone has height 12 cm and radius 6 cm at

the top. If it is filled with water at the rate of 12 cm®/sec., what is the rate of change in the
height of water level when the tank is filled 8 cm?

Solution: Let OC be height of water level at t sec
(Fig. 10.11). Thetriangles OAB and OCD are similar
triangles. Therefore

CD _oOC

AB ~ OA

LetOC=hand CD =r. Giventhat AB =6 cm,
OA =12 cm.

@)
r_h _
—=—. Fig. 10.11
6 12
_ _h .
e, r=7 (1)
Volume of the cone V is given by
2
1T “h
V = . (2
2 @
Using (1), we have
T[h3
V= — ()

12
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Differentiating (3) w.r.t. t, we get

v _ i gh

dt 4 dt
Hence

dh_ 4 av

dt  mh? dt

. : . OdhQ
When h = 8 cm, the rate of f the water level (height .
en cm, the rate of rise of the water level (height) is Ed—tah:g

. MO 4 o S
i.e, % & (12) = an cm/sec.

3
Hence, the rate of change of water level is an cm/sec when the water level of thetank is8 cm.

6. Problem: A particle is moving along a line according to s = f (t) = 4t> - 3t? +5t — 1 where
sismeasured in meters and t is measured in seconds. Find the velocity and acceleration at time
t. At what time the acceleration is zero.

Solution: Since f (t)= 4t> — 3t>+5t — 1, the velocity at time't is

—d—s’—lzt2 6t + 5
V=0 T

d%s

and the acceleration at timet is a = F = 24t - 6.

The accelerationis0if 24t-6=0

—
I
NS

i.e.,

1
The acceleration of the particleiszero at t = 1 SEc.

7. Problem : The quantity (in mg) of a drug in the blood at time t (sec) is given by q = 3(0.4)".
Find the instantaneous rate of change at t = 2 sec.

Solution: Given that g = 3(0.4)". Therefore,

% = 3(0.4)' log,(0.4)
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isthe instantaneous rate of changein . Hence the instantaneousrate of q at timet = 2 sec. isgiven

by

CdoO

%Fz = 3(0.4)? log,(0.4)

8. Problem: Let a kind of bacteria grow by t* (t in sec). At what time the rate of growth of the

bacteria is 300 bacteria per sec?
Solution: Let g be the amount of growth of bacteria at t sec. Then
gt) = e (D)
The growth rate at timet is given by
gt) = 3t e (2)

300 = 3t? (given that growth rate is 300)

t = 10 sec.
0 After t =10 sec, the growth rate of bacteria should be 300 bacteria / sec.

9. Problem: The total cost C(x) in rupees associated with production of x units of an item is
given by C(x) = 0.005 x> — 0.02x* + 30x + 500. Find the marginal cost when 3 units are
produced (marginal cost is the rate of change of total cost).

Solution: Let M represent the marginal cost. Then

dc

M = —
dx

Hence,

M = %(0.005%” - 0.02x* + 30x + 500)

0.005(3x%) - 0.02(2x) + 30

0 The Margina cost at x = 3 is
(M), - 5 =0.005 (27) — 0.02 (6) + 30 = 30.015.

Hence the required marginal cost is Rs. 30.02 to produce 3 units.



284 Mathematics- 1B

10. Problem: The total revenue in rupees received from the sale of x units of a product is given
by R(x) = 3x* + 36x + 5. Find the marginal revenue when x=5(marginal revenue is the rate of
change of total revenue).

Solution: Let m denote the marginal revenue. Then

m = (;—S(si nce the total revenue is R(x))

Given that R(x) = 3x* + 36x + 5
O m = 6x + 36
Themarginal revenueat x=5is

@“:z—sa = 30 + 36 = 66.
=5

Hence the required marginal revenue is Rs.66.

Exercise 10(e)

I. 1. Attimet, the distance s of a particle moving in astraight lineis given by
s= -4t>+ 2t. Find the average velocity between t = 2sec and t = 8 sec.

2. 1f y = x* then find the average rate of change of y between x = 2 and x = 4.

3. A particle moving along a straight line has the relation s = t3 + 2t + 3, connecting the distance
s described by the particle in time t. Find the velocity and acceleration of the particleatt =4
seconds.

4. The distance-time formulafor the motion of a particle along a straight lineis
s=t3 - ot + 24t — 18. Find when and where the velocity is zero.

5. The displacement s of a particle travelling in a straight line in t seconds is given by
s = 45t + 11t? - . Find the time when the particle comes to rest.

I1.1. The volume of a cube is increasing at the rate of 8 cm®/sec. How fast is the surface area
increasing when the length of an edge is 12 cm?

2. A stoneis dropped into a quiet lake and ripples move in circles at the speed of 5 cm/sec. At
the instant when the radius of circular rippleis 8 cm., how fast is the enclosed area increases?

3. Theradiusof acircleisincreasing at the rate of 0.7 cm/sec. What is the rate of increase of its
circumference?
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4.

10.

1.

12.

A balloon, which aways remains spherical on inflation, is being inflated by pumping in 900 cubic
centimeters of gas per second. Find the rate at which the radius of balloon increases when the
radiusis 15 cm.

The radius of an air bubble isincreasing at the rate of % cm/sec. At what rate is the volume
of the bubble increasing when the radiusis 1 cm?

Assume that an object is launched upward at 980 m/sec. Its position would be given by
s=-4.9t>+980t. Find the maximum height attained by the object.

Let akind of bacteria grow in such away that at time t sec. there are t¥2 bacteria. Find the
rate of growth at timet = 4 hours.

Suppose we have arectangular aguarium with dimensions of length 8 m, width 4 m and height
3 m. Suppose we are filling the tank with water at the rate of 0.4 m%/sec. How fast is the height
of water changing when the water level is 2.5m?

A container isin the shape of an inverted cone has height 8 m and radius 6 m at the top. If it
isfilled with water at the rate of 2 m¥minute, how fast is the height of water changing when the
level is4 m?

The total cost C(x) in rupees associated with the production of x units of an item is given by
C(xX) = 0.007x> — 0.003x? + 15x + 4000. Find the marginal cost when 17 units are produced.

The total revenue in rupees received from the sale of x units of a produce is given by
R(x) = 13x*+ 26x + 15. Find the marginal revenue when x = 7.

A point P is moving on the curve y = 2x°. The x coordinate of Pisincreasing at the rate of
4 units per second. Find the rate at which the y coordinate isincreasing when the point is at
(2, 8).

10.7 Rolle's Theorem and Lagrange's Mean Value Theorem

In this section, we give statements of Rolle's and Lagrange's mean value theorems (without

proofs) and their geometrical interpretation.

10.7.1Theorem : (Rolle's theorem)

Suppose a, b (a < b) are two real numbers. Let f: [a, b] — R be a function satisfying

the following conditions :

(i) fis continuous on [a, b]

(i) fis differentiable on (a, b) and
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iy (@ = f(b).
Then O at least one ¢ O (a, b) such that f'(c) = 0.

Note that there can be more than one point at which the derivative is zero.
10.7.2Example

Let f :[-3,8] — Rbedefinedby f(X) =x*-5x+6. Thisfunction f satisfiesthe following
conditions.

(i) f iscontinuouson [—3, 8] asevery polynomial is continuous on any closed interval.
(i) f isdifferentiable on (-3, 8) asevery polynomial isdifferentiable on every interval.
(ii)y f(=3) = f(8) because f (-3) =30 and f (8) = 30.
Thus, f iscontinuouson [-3, 8], differentiablein[-3, 8] and f(-3) =f(8). Thus f satisfies

5 5
all the conditions of Rolle's theorem. Also f'(X) =2x-5=0at x = > Letc= PE Clearly
5
= — U (-3, 8).
c=50(38

10.7.3 Geometrical interpretation of Rolle's theorem

Let f be afunction satisfying the conditions of Rolle's theorem. The existence of a point

c U(a b)suchthat f'(c) =0, onthecurve y = f (X) shows that there exists at |east one point
where the tangent is parallel to X-axis (Fig. 10.12).

Note that we may have more than one point having this property at different points whose abscissae
lie between a and b (Fig. 10.13).

Y &

p (€ 1)

(@ f(@) (b, f(b))
AF--=------ 1B

9] X=a x=hb

Fig. 10.12
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Yi
Tangent
(a (@) , \ / \ / \
Afmmmaymmm oo e N oo - - - B (b, f(0)
X
Tangent'
Fig. 10.13

10.7.4 Solved Problems
1. Problem : Verify Rolle's theorem for the function'y = f(X) = x* + 4 in [-3, 3].

Solution: Here f (x) = x* + 4. f is continuous on [-3, 3] as X* + 4 is a polynomial which is
continuous on any closed interval. Further f (3) = f(-3) =13 and f isdifferentiable on [-3, 3].

0 By Rolle'stheorem O ¢ O (-3, 3) such that f'(c) =0
f'x) =2x=0forx=0
The point c =0 U (=3, 3). Thus Rolle's theorem is verified.
2. Problem : Verify Rolle's theorem for the function f (x) = x(x + 3)e‘>"2 in [-3, 0].
Solution : Here f(-3) =0and f (0) =0.
We have

(—X° +X+6) X

f'(x) = e?
(0=

f')=0 « —-x®+x+6=0 < x=-2or3. Of thesetwo values -2 isin the open interval
(=3, 0) which satisfies the conclusion of Rolle's theorem.

3. Problem: Letf (X) =(x—-1) (x-2) (x— 3). Prove that there is more than one 'c' in
(1, 3) such that f'(c) = 0.

Solution : Observe that f is continuous on [1, 3], differentiable in (1, 3) and f (1) = f (3) = 0.
') = x=Dx-2) + (x = D(x = 3) + (x = 2(x = 3)
= 3¢ - 12x + 11
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Theroots of f'(x) =0 are 12+y144-132 _ 2+

6

Both these roots lie in the open interval (1, 3) and are such that the derivative vanishes at these
points.

S

10.7.5 Lagrange's Mean Value Theorem
Suppose a, b (a < b) aretwo real numbers. Let f:[a, b] -» R beafunction satisfying the
following conditions
() f iscontinuouson [a, b]
(i) f isdifferentiablein (a, b)
Then there exists at least one point ¢ U (a, b) such that

=218 )

Note that there may be more than one point satisfying (1).
10.7.6 Example

Let f(x) = x* be defined on [2, 4]. The function f iscontinuous on [2, 4] and differentiable
in (2, 4) as f (x) = x* isapolynomial function. Now f'(X) = 2x. By Lagrange's mean value theorem
there exists ¢ U (2, 4) such that

S ICRIC)
4-2
. _16-4
e, 2c = Y
i.e., c =3

Clealy 30 (2, 4).

10.7.7Geometrical Interpretation of Lagranges Mean Value Theorem.

If A(a f(a)) and B(b, f(b)) aretwo 1

points on the curve y = f (X) where f(x)
satisfies the hypothesis of Lagrange's mean
value theorem, then geometrically Lagrange's
mean value theorem indicates that there

exists at least one point c in (a, b) such that 6]
the tangent at (c, f (c)) tothecurvey = f(x)
is paralel to the chord AB. (Fig. 10.14) Fig. 10.14
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10.7.8 Solved Problem
Problem : On the curvey = x4, find a point at which the tangent is parallel to the chord joining
(0, 0) and (1, 1).

Solution: The slope of the chord is 1-0 =1

The derivative is ﬂ = 2X.
dx

We want x such that 2x = 1

We note that % isinthe open interval (O, 1), asrequired in the Lagrange's mean value theorem.

The corresponding point on the curveis % %

Exercise 10(f)

I. 1. Verify Rollestheorem for the following functions :
() x¥*-1on [-1,1]
(i) sinx —sin 2x on [0, T
(i) log (0% + 2) - log 3 on [-1, 1]

2. It is given that Rolle's theorem holds for the function f(x) = x> + bx? + ax on [1, 3] with

c= 2+i. Find the values of a and b.

NE

3. Show that there is no real number k, for which the equation x> — 3x + k = 0 has two distinct
rootsin [0, 1].

4. Find a point on the graph of the curve y= (x — 3)%, where the tangent is parallel to the chord
joining (3, 0) and (4, 1).

5. Find a point on the graph of the curve y= x°, where the tangent is parallel to the chord joining
(14, 1) and (3, 27).

6. Find'c', sothat f'(c) =

% in the following cases :

i) f(x):x2—3x—];a:_71l,b:1—73 (i) f)=€“a=0b=1
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7. Verify the Roll€e's theorem for the function (x2 -1) (x-2)on[-1, 2]. Find the point in the

interval where the derivate vanishes.

8. Verify the conditions of the Lagrange's mean vaue theorem for the following functions. In each

case find a point 'c' in the interval as stated by the theorem.
() ¥*-1on][2 3] (i) sinx - sin 2x on [0, T

(i) log x on [1, 2]
10.8 Increasing and Decreasing functions

10.8.1 Definitions of increasing and decreasing functions on an interval

Let f bearea function on aninterval I. Then f issaid to be
() anincreasing functionon | if
X, <X, a f(xl)s f(x2) 00X, xzDI.
(i) adecreasing functionon | if
X, <X, O f(x)> f(x) ox,x Ol

The graphs of increasing and decreasing functions are shown in Fig. 10.15 and Fig. 10.16.

YA

X V¥

Fig. 10.15



Applications of Derivatives

(=)
=
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1N}
=
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S
=

Cc X

Fig. 10.16

10.8.2 Definitions

Let f be a real function on an interval 1. Then f is said to be a

(i) Strictly increasing function on I if x, < x, = f(x,) < f(x,) vx, x,€ [
( f (x) increases as x increases)

(ii) Strictly decreasing function on I if x, < x, = f(x;) > f(x,) vx, x,€ [
(f (x) decreases as x increases)

Graphically, a function f is

(1) Strictly increasing on [a, b] if as x moves to right hand side values from x =a to x =5 lying
in the interval [a, b], its graph moves upwards (Fig. 10.17) .

(i1) Strictly decreasing on [a, b] if as x moves to the right hand side values from x =a tox =5
lying in the interval [a, b], its graph moves downwards (Fig. 10.18).

Y4 Y/\

> X
0 A B C D 0 ABC D i

Fig.10.17 Fig.10.18



Mathematics - IB

10.8.3 Note

The slopes of tangents to the curve y = f(x) at the points lying in [a, b] on which f is strictly

increasing are positive (Fig. 10.19).
Y 1

SR\ 2

Fig.10.19

10.8.4 Note

The slopes of the tangents to the curve y = f(x) at the points lying in [a 5] on which f is strictly
decreasing are negative (Fig. 10.20).

YA

v

Fig. 10.20

10.8.5 Note
The slope of the tangent to the curve y = f(x) at x = ¢ is zero if f'(c) = 0.

10.8.6 Definition

Let f be a real function defined on an interval I. Then f is said to be strictly monotonic
on 1 if it is either strictly increasing on I or strictly decreasing on I.
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10.8.7 Solved problems

1. Problem: Show that f (x) = 8x + 2 is a strictly increasing function on R without using the
graph of y = f (x).

Solution: Let x;, X, U R with x; < x,. Then 8x, < 8x,. Adding 2 to both sides of this inequality,

we have 8x, +2<8x,+ 2. ie, f(x)< f(x).
Thus
X, <X, O fx)< f(x) 0Ox,xU0R.
Therefore, the given function f isstrictly increasing on R.
2.Problem: Show that f (x) = € is strictly increasing on R (without graph).
Solution: Let x;, X, O R such that x, < x,. We know that if a > b then €® > €
U X, < X%, 0 et<e®
e, f(x)< f(x).
Hence the given function f isastrictly increasing function.
3.Problem : Show that f (X) = —x + 2 is strictly decreasing on R.
Solution: Let x;, X, DR and x; <X,
Then X, <X,
U X, > X,
O X, +2> X, +2
O f(x) > f(x).
Therefore the given function f isstrictly decreasing on R.

10.8.8 Note

If f(X)isstrictly increasing (strictly decreasing) then, —f (x) isstrictly decreasing (strictly
increasing). Similarly, if f(X) isincreasing(decreasing) then —f (X) is decreasing (increasing)

10.8.9 Note
If f(x)isstrictly increasing (strictly decreasing) then f isalso increasing(decreasing).
10.8.10 Note

If f (X) is an increasing (decreasing) function then f (x) need not be strictly increasing
(decreasing). For example f (X) =[x] on R isincreasing but it is not strictly increasing.
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10.8.11 Note

A function is said to be monotonic on aninterval | if it iseither an increasing function on | or
adecreasing function on 1.

10.8.12 Strictly increasing (decreasing) and increasing(decreasing)
functions at a point

Definitions

Let f be a real function defined an interval | and ¢ O I.

A function f is said to be strictly increasing (decreasing) and increasing (decreasing) at
X = c respectively if f(x) is strictly increasing (decreasing) and increasing (decreasing) in
neighbourhood of c.

1. Example: If areal function f isdefined on R by f(X) = x*then f (x) is strictly increasing at
x = 3. Choose 6 = 0.1 (this can be usually any positive number so that 3 + discloseto 3). In this
case (3 — 9, 3 + O) becomes (2.9, 3.1). Let

X, X, 0 (2.9, 3.1) and x; < %,. Then x? < x2
e, f(x) <f(x).
O fisstrictly increasing at x = 3.

2. Example. If areal function f isdefined on R by f(X) = x* thenf isastrictly decreasing function
at x = —2. Choose & = 0.1. Let

X, X, U (2.1, -1.9) and X, < X,. Then
X|2 > X22
i.e, f(x) > f(x).
O f isastrictly decreasing function at x = —2.

We need not do the work what we did in Example 1 and Example 2 to know the increasing and
decreasing nature of afunction. Thereisatool to know where afunction isincreasing and decreasing.
Thetool is the consequence of the following theorem.

10.8.13 Theorem

Let f(X) be a real function defined on | = (a, b) or [a, b) or (a, b] or [a, b]. Suppose f
is continuous on | and differentiable in (a, b). If

(i) f'(c) > 0 gc O(a, b) then f is strictly increasing on I.
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(i) f'(c) <0 gc O (a b) then f is strictly decreasing on |.

(i) f'(c) >0 gc O (a, b) then f is increasing on I.

(iv) f'(c) <0 gc O (a, b) then f is decreasing on I.
10.8.14 Remark

Converse of the above theorem is not true. For example, a function may increase on an interval
without having a derivative at one or more points of that interval.

Example: Let f(X) = x“ be defined on [0, ). Then f'(0) does not exist. However the function
isincreasing on any interval [0, c] for any ¢ > 0 (Fig. 10.21).

Y |
/
I/
yd
/
0 X
Fig. 10.21

10.8.15 Definition (Critical point)

A point x = c in the domain of the function f is said to be a critical point of the

function f if either f'(c) = 0or f'(c) does not exist.
Example: For the function f(x) = x* — 4x + 6, x = 2 is a critical point.

10.8.16 Note

The critical point x = ¢ of afunction f seperates the increasing and decreasing parts of the function
if f"(c)#0.

10.8.17 Definition (Stationary point)
A point x = c in the domain of the function is said to be a stationary point of y = f(X)

if f'(c)=0.

Example : The stationary points of f(X) = sin x are £mm2, £3m2, £5772..... .
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10.8.18 Solved problems

1. Problem: Find the intervals on which f(x) = x* — 3x + 8 is increasing or decreasing?
Solution: Given function is f (x) = x> - 3x + 8. Differentiating it w.r.t. x, we get f'(x) = 2x — 3.
f'(x) = 0 for x = 3/2.

Values of x Signof f'(x)
X < 3/2 negetive

X = 3/2 zero

X > 3/2 positive

3
Since f'(x) <0in (-, 3/2), the function f(x) is strictly deceasing on (-, E)'

3 3
Further since f'(x) >0in (E’ ), the function f(x) isastrictly increasing function on (E’ ).

2. Problem: Show that f(x) = |x| is strictly decreasing on (- , 0) and strictly increasing on
(0, ).

Solution: The given functionis f (X) =| x| i.e,

O xif x=0
fx=0 _.
rxif x<0

Thus f'(c) =1ifc>0, f'(c)=-1ifc<O.

Since f'(c) > 0on (0, ») , the function f (X) is strictly increasing on (0, «). Since
f'(c) <0on (-, 0), the function f (X) is strictly decreasing on (- ,0).

3. Problem: Find the intervals on which the function f (x) = x® + 5x% — 8x + 1 is a strictly
increasing function.

Solution : Given that f (x) = x° + 5x% — 8x + 1.
2
O f'() =3+ 10x-8=(3x-2) (x+4) =3 (x - 3) (x = (-4).
on o 2 L 2
f'(x) isnegativein (-4, 5) and positive in (-« , =4) [ (§’ ©).
2
O Thefunction is strictly deceasing in (-4, 5) and is strictly decreasing in

2
(e, ~4) and (3, ).
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4. Problem: Find the intervals on which f(x) =x* (x > 0) is increasing and decreasing.
Solution: Taking logarithms on both sides of f (x) = x*, we get

log ( f (X)) = xlog x. Differentiating it w.r.t. x we have

% f'(x) =1+ logx
0 f'(x) = x'( + log x) e (1)
f') =0 O X(1+logx)=0
0 1+logx=0
O x=1le
Interval Sign of f'(x)
(O, VVe) negatvie
(Ve, ») positive

Suppose x < l/ethenlog x < log (1/e) (since the base e > I). i.e, log x < -1
1+logx<0 O X(I+logx)<0. ie f'xX)<O.
Now suppose x > 1/e. Thenlog x > log (1/e) i.e, log x> -1
l 1+logx>0
O X (I +logx) >0
0 f'(x) > 0.

Hence, f isstrictly decreasing on (0, 1/€) and it is strictly increasing on (1/e, ).

5. Problem: Determine the intervals in which f(x) = + 18x O xOR N {0} is strictly

2
(x-

increasing and decreasing.

Solution: Given that f (x) =

+ 18x. Differentiating it w.r.t. X, we get

-1
f)= ——2+18and 1) =0 0 —2— =18 0O (x-1)72= 19

(x=1) (x-1)?
O f'X=0ifx-1=213o0rx-1=-(13).
i.e, x=4/3orx=23.
The derivative of f(x) can be expressed as

18
f'(x) =
) (x-1)% °

(x — 23)(x - 4/3)
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Intervals Sign of f'(x)
2 »
(o0, 5) positive
Z 2 :
3 3 negative
4 i
(30 @) positive

.. The given function f(x) is strictly increasing on (—o, %) and (g, o) and it is strictly
decreasing on(z, il).
3’3
6. Problem: Let f(X) = sin X — cos x be defined on [0, 2r1. Determine the intervals in which f(x)
is strictly decreasing and strictly increasing.
Solution: Given that f (X) = sin X — cos x.
0 f'(x) = cosx + sinx
O f'(x) = /2. sin(x + 174)
Let 0<x<3m4. Then W4 < x+ W4 <TL
O sin(x+14) >0 ie, f'(x>0.
Similarly it can be shown that f'(x) <0in ( 3174, 7174) and
f'(x) > 0in ( 7174, 2m).

Intervals Sign of f'(x)
3] "

a), IH postive

(Bt 7710 _

QZ’ 7@ negaive

om0 -

Epe 21 positive

D7 0
Thus the function f (x) strictly increasing in ﬁ) H H_ TIH

itisstrictly decreasing in H—n 74”5
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7. Problem : If 0 < x< g then show that x > sin x.

Solution: Let f(X) =x—-sinx. Then f'(X)= 1-cosx>0 Ox

O f isanincreasing function for all x.

T
Now, f (0) =0. Hence f(x) > f (0) for al x U [0, E]' Therefore, X > sin x.

Exercise 10(g)

I. I. Without using the derivative, show that
(i) thefunction f(x) =3x+ 7 isstrictly increasing on R

nilng
(i) thefunction f(x) = BEH is strictly decreasing on R

(i) thefunction f(x) = e*isstrictly increasing on R
(iv) the function f(x) =5 - 7xisstrictly decreasing on R

2. Show that the function f (X) = sin x defined on R is neither increasing nor decreasing on

(O, m).
II. 1. Findtheintervalsin which the following functions are strictly increasing or strictly decreasing.
(i) X +2x - 5 (i) 6-9x - x°
(i) (x + 1)° (x - 1)3 (iv) xX3(x - 2)°
(V) xe* (Vi) +(25-4x%)
(vii) In(In(x)), x> 1 i) 3 + 3% - 6x + 12

2. Show that f(x) = cos’ x is strictly increasing on (0 , T72).
1
3. Show that X+; isincreasing on [1, ).

4. Show that —— <In(1+x)<x gx>0.
1+x

X
1+ X

2. Show that tan x > x for al x 0O [0, 172).

I11.1. Show that < tan™x < x when x > 0.

2

3. If x O (0, 172) then show that 2x/TT < sin x < x.

O+ x)0 0 x O
4. 1f x O (0, 1) then show that 2x < ING——= 0 < 2x@A+——[.
Ox=1)[ 0 201-x9)0
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x_3 3x°
6

11x
5. At what points the slopes of the tangentsy = — - T3 + 3 +12 increases?

1+x) and X
X 1+ x)In(1+x)

6. Show that the functions In are decreasing on (0, ).

7. Find theintervalsin which the function f (x) = x° - 3x* + 4 is strictly increasing for al xOR.

8. Find theintervalsin which the function f(x) = sin®x + cos* x x O [0, T72] isincreasing
and decreasing.

10.9 Maxima and Minima

10.9.1 Definition (Global maximum)

Let D beaninterval inRand f: D - R beareal function and c O D. Then f is
said to have a global maximumon D if f(c) > f(X) gx O D.

Y &
P
P Q:
P, / o
2/ 1 1\
(| L\
Jroo 1 1\
p./ 1 oo\
3{ 1 1 1 1 ’:LQB
1 1 1 1 1 1\
1 1 1 1 1 | \
1 1 I 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 | 1 1 | 1
1 1 I 1 1 1
1 1 I 1 1 1
1 1 1 1 1 1 —
A; A, AL ¢ B, B, Bs X
Fig. 10.22

Here, f (C) is called global maximum value of f (X) at x = ¢ and the point x = ¢ iscalled a
point of globa maximum.

10.9.2 Note
The global maximum value is also called absolute maximum value or greatest value.

Example: Let f:[0,2] — R defined by f(x) =x* beafunction. For each0< x <2, we
have 0 < X? < 4. Thus,
f(x)<4 0 x 0[O0, 2]
i.e, f(x)< (20 g xU0lo, 2.
O f (2) = 4isgloba maximum value of f and x = 2 isthe point of global maximum.
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10.9.3 Definition (Global minimum)

Let D beaninterval inRand f: D - Rbeareal functionand c¢c O D. Then f is

said to have a global minimumon D if f(x) > f(c) px 0O D.

In this case f (c) is called global minimum value of f (X) at x=con D and thepoint x=c
iscaled apoint of global minimum (Fig. 10.23).
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Fig. 10.23

10.9.4 Note : The global minimum value is also called absolute minimum or least value.
Example: Let f :[2 6] — R be defined by f (x) =x°. Then
f(x)> 8 0 x 02, 6.
ie, fx) > (2 gx0OJ[2 6]

0 f(2) =8isgloba minimum value of the function f and x =2 is the point of global minimum.

10.9.5 Definition (Relative maximum)

Let D beaninterval inRandf: D - R be areal function, ¢ 0 D. Then f is said to
have a relative maximum at c if [1d > 0 such that f(x) < f(c) gx O (c -39, c+ J).

Here, f (c) is called relative maximum value of f (x) at x = ¢ and the point X = c is
called a point of relative maximum.




Mathematics- 1B

302

10.9.6 Note : Relative maximum is also called as local maximum.

10.9.7 Note: Relative maximum of a function at x = ¢ does not exist if f is not defined in a

neighbourhood of c.

10.9.8 Example: Let f: [0, 2m] - R be defined by f (X) = sin x.

Y &
ik
(21,0) -
’ \/ '
Fig. 10.24

The domain of f is[O, 2. For ng (Fig. 10.24), choose 6 = 0.1. Then f (X) is defined
.t T [ anQ g T
in -0.,-+0.15. Now f > f(x)0xI o= 01+ 05x.
2020 S om0 gy o1y of

L
HEH islocal maximum value of f.

Note that it is a'so a global maximum on [0, 2.

10.9.9 Definition (Relative minimum)

Let D be an interval inRand f: D — R be a real function, c 0 D. Then f is said
to have a relative minimum at x = c if [0 > O such that f(x) > f(c) ox O(c — §, ¢ + J).

Here, f (c) is called relative minimum value of f (X) at x = ¢ and the point x = c is
called point of relative minimum.

10.9.10 Note : Relative minimum is aso called as local minimum.

10.9.11 Note : Relative minimum of afunction f at x=c isdefined only when f isdefined
in some neighbourhood of x =c .
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10.9.12 Note: If thedomainof f is[a, b], then thereis no relative maximum and relative minimum
ax=aandx= b.

Example: Let f:[0,2r] —» R, be defined by f (x) = cos x. The function f (x) = cos x is defined
in the neighbourhood of ttsay (t— 0.2, t+ 0.2) (Fig.10.25).

Now f(m< f(x) g x0UO(@mr-02 m+ 0.2

YA
(O! l) :\‘
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\
\
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A
\ R
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0 \ / X
\ /
\ /
\ /
\ V4
(m, -1
Fig. 10.25

O f () =-1isrelative minimum of f at x = 1.

For the given function it is also the global minimum in [0, 21t.

10.9.13 Global extreme value and Local extreme value

Definition
Global minimum or global maximum value at x = c is defined as global extreme value
at x = c.
Global extreme value is also called global extremum.

Definition (Relative extreme value)

Relative local extreme value of f (x) at x = c is either a relative maximum value at
X = c or relative local minimum value at X = c.

10.9.14 Solved Problems

1. Problem: Let f: R — R be defined by f (X) = 4x* — 4x + 11. Find the global minimum
value and a point of global minimum.

Solution: We have to look for avalue ¢ [ R(domain) such that
f)>f(c)oxUOR
so that f (c) is the global minimum value of f. Consider
f(X) =4 -4x+11=(2x-1%+10 >0 g xOR e (1)
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Now, f(1/2) = 10 . (2)
Ao f(x) > f(@/2) goxUOR.

Hence, f (1/2) = 10 is the global minimum value of f (x),

and a point of global minimumisx = 1/2.

2. Problem: Let f :[2,2] - Rbedefinedby f(x) =| x|. Find the global maximum
of f(x) and a point of global maximum.

Solution: Y
(2,2 22

gx if x=0

We know that | X | = E‘X if x<0
O X

Therefore, from the graph of the function
f on[-2, 2] (Fig.10.26)
clearly f(x)< f(2@andf(x) < f(-2) g x U[-2 2. Fig.10.26

O f(2) =f(-2) = 2isthe globa maximum of f (x), 2 and -2 are the points of global

maximum.

3. Problem : Find the global maximum and global minimum of the function f: R - R defined
by f(x) = x2

Y
Solution:
Wehave f(x) > f(0) g x UR.
f(x) =x?
Hence the global minimum value of f (X)
is 0 and a point of global minimum isx = 0. ) - i —
Suppose f has global maximum at
%, R (X, > 0). Then as per our assumption Graph of (x) =x*
we have Fig. 10.27
fix)>f(® Ox0OR .. (3

Choose x; = X+ 1. Then x, R and x, < x;
0 x& x.
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Hence, f(x) < f(x).
Thus we got f(x)) suchthat f(x)) >f(x;) whichisa contradiction to (3).

Therefore, f (x) has no global maximum on R.

10.9.15 First derivative test
In the present and forthcoming sections we learn to find the relative extremum and global

extremum of afunction. These can be found by applying the first derivative test and second derivative

test. We state the former in the present section and the latter in the next section.
10.9.16 Theorem : If y=1f(x) isadifferentiable function on (a, b) and ¢ U (a, b) isa point of
local maximum or local minimum then f'(c) = 0.
\

10.9.17 Note : The above theorem states Y] |
that if f (x) has local maximum or local
minimum at x=c then f'(c) = 0. If

f'(x) = 0 at some point of xin(a, b)then

f need not have alocal maximum or local |

minimum at x i.e., the converse of the '

theorem is not true.
10.9.18 Note :

If f'(c) = 0thendo notjump into the j
conclusion that the point x = c is either a < - o oj - > X
point of loca maximum or loca minimum. f
For example, for the function f(x) = xX* 3‘ o
defined on R, we have f' (x) = 3x* and |

f(x) =0a x=0. Sincef(x) <f(0)if b
x<O0and f(0) < f(x)if x>0, fdoes !
not have local minimum or local maximum at .

x = 0. (Fig.10.29)

The above theorem helps us to locate
the possible points of local maximaor local ' -8
We can decide ' v
Fig. 10.29

minima for a function.
whether each of these pointsis
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(i) alocal maximum or alocal minimum.
(i) not alocal maximum or not alocal minimum.

by further investigation. The investigation is done through the first derivative test which is going
to be given in this section shortly.

A function f is said to have change of signat x=c¢
(i) from positive to negative as x goes through the number c if
00 >0suchthat f(x) >0in(c-9&,c)and f(x) <0in(c, c+ J).
(i) from negative to positive as x goes through the number c if
00 >0 suchthat f(x) < Oin(c—-9,c)and f(x) >0in(c, c+ J).

For example, the function f (X) = cos x changes sign at x = 11/2 from positive to negative.
Because cos(m1/2 — §) > 0 and cos (172 + d) < 0 for some value of & > 0. In particular if we take

0lQg om 10 ot 10
= then cosg- - >0 and + <0.
° = Hod 2 107 100
10.9.19 Note: A function f does not have change of signat x = c meansf neither changes sign
from positive to negative nor changes sign from negative to positive.

We recall the definitions of stationary and critical points of afunction. A point x=c inthe
domain of the function f issaid to be acritical point of f if f'(c)=0or f isnot differentiable
at x=c. A point x = c of the domain of the function f issaid to be a stationary point of f if
f'(c) =0.

If c isastationary point of f thenf (c)iscalled stationary value of fat x =c. A stationary
point isacritical point but acritical point need not be a stationary point.

10.9.20 Definition (Turning point)

A point x = ¢ of the domain of the function f is said to be a turning point of f if

f'(x) changes sign at x = c i.e, positive to negative or negative to positive when the
values move from left to the right of c.

10.9.21 Note : A turning point of afunction f isa point of either relative maximum or relative
minimum.

1. Example: Let f (x) = x? on [-2, 2] has aturning point at x = 0, since f'(x) changes sign at O.

2. Example: Let f(X) =| x| on[-1, 1] has a critical point at x = 0, since f'(0) does not exist.
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10.9.22 Theorem: (First derivative test)

Let f be a differentiable function on an interval D, ¢ U D and f is defined in some
neighbourhood of c. Suppose cis a stationary point of f such that (c — 9, ¢ + &) does not contain
any other stationary point for some & > 0. Then

(i) cisapoint of local maximumif f’(x) changes sign from positive to negative at X = c.
(i) cisapoint of local minimum if f’(x) changes sign from negative to positive at X = C.
(i) cisneither apoint of local maximum nor a point of local minimum if ' (x) does not change
signat x = cC.
10.9.23 Solved problems
1. Problem: Find the stationary points of f (x) = 3x* - 4¢ + 1, Ox O R and state whether
the function has local maxima or local minima at those points.

Solution: Giventhat f(X) = 3x* — 4x® +1 and the domain of f isR. Differentiating the function
w.r.t. X we have

fr(x) = 123%(x - 1) Q)

The stationary points are the roots of f'(x) = 0 i.e, 12x* (x — 1) = 0. Hence x = 0 and

x = 1 are the stationary points. Now, we test whether the stationary point x =1 isalocal extreme
point or not. For,

f'(0.9) = 12(0.9)> (0.9-1) O f'(0.9) is negative,
f'(1.1) = 12(1.1)> (1.1 - 1) O f'(1.1) is positive,
and f (X) is defined in the neighbourhood i.e.,(0.8, 1.2) of x =1 with 6 = 0.2.

Therefore by Theorem 10.9.22 the given function has local (relative) minimum at x = 1. Hence
x = 1isalocal extreme point.

We will now test whether x = 0 is alocal extreme point or not.
The function f(x) is defined in the neighbourhood of (-0.2, 0.2).
f'(-0.1) = 12(-0.1)> (0.1 - 1) O f'(-0.1) is negative
f'(0.1) = 12(0.1)? (0.1-1) O f'(0.1) is negative.
Thus, f (x) hasno changein sign at x = 0. Therefore, the function f has no local maximum
and no local minimum. Hence, x = 0 is not alocal extreme point.
2. Problem : Find the points (if any) of local maxima and local minima of the function
f(x)= x> -6x°+ 12x - 8 Oox O R.
Solution: Given function is f(x) = x° — 6x* + 12x — 8 and the domain of f isR.
Differentiating the given function w.r.t. X ,we get

f'(x) = 3¢ - 12x +12 ie, f'(X)=3(x-2>%
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The stationary point of f (x) is x =2, since2isaroot of f'(x) =0.
Choose 6 = 0.2. The 0.2- neighbourhood of 2 is (1.8, 2.2). Now
f'(1.9) =3(1.9-272 O f'(1.9) is positive

f'(21) =3(1-272% O f'(2.1)is positive.

Thus f'(x) does not change the sign at x = 2.

0 By Theorem 10.9.22, x = 2 isneither alocal maximum nor aloca minimum.
3. Problem: Find the points of local minimum and local maximum of the function
f(x) =sn2x g x O [0, 2m.
Solution: The given function is f(x) = sin 2x and domain is [0, 271.
f'(xX) = 2cos 2x v (1)
The critical points are the roots of 2 cos 2x = 0 and lying in the domain [0, 2m.

n 3n
They are ) and 7

N

Now we apply the first derivative test at x =

O m, 0. : E : : : .
Clearly Ez_l 0.1, Z+0']E is a neighbourhood of ) and thegiven f is defined onit. Now

fr %[—0.0'% =2 cos%—o.% >0

, _ [l 0
f EZ+0.O% =2 COSE§+O']E <0.

L1
Thus f' (X) changes sign from positive to negative at x = R Therefore f hasalocal maximum.

. — 3n
Now we apply the first derivative test at x = e

Clearly Dgn—o,], 3—n+0, - is a neighbourhood of on and the given f is defined on it.
Ha 7204 08 4
Now

f' %—0.0% =2 COSE'%T—O-:@ < 0.

, (Bt _ [B1t 0
f HZJ'O'O% = 2 cosg, +0.9 > 0.
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' . : . 3
Thus f'(x) changes sign from negative to positive at x = Zn . Therefore f has a local

minimum at X = R

10.9.24 Second derivative test

Now we learn another test known as second derivative test to find the local extrema and the
points of local extrema of afunction.

10.9.25 Theorem

Let f beafunction defined on an openinterval | andc U l. Let f betwice differentiable
at c. Then

(i) x=cisapoint of local maximumof f if f'(c)=0and f" (c) <0, and loca maximum value
of f is f(c).

(i) x=cisapoint of local minimumof f if f'(c)=0and f"(c)>0and f(c)is loca minimum
valueat x=rc.

(i) thetest failsif f'(c)=0and f’(c) =0 (further investigation is needed).
10.9.26 Note

When f'(x) =0and f'(x) =0 at x = c then apply first derivative test to verify whether
X = cispoint of local extremum.

10.9.27 Solved problems

1. Problem: Find the points of local extrema of the function f (x) = x> — 9% — 48x + 6
NxUR. Also find its local extrema.

Solution : Given functionis
f(x)=x -9 - 48x + 6 .. (1)
and the domain of the function isR.
Differentiating (1) w.r.t. x we get
f'(x) = 3x* — 18x — 48 = 3(x — 8) (X + 2). .. (2)
Thus the stationary points are —2 and 8.
Differentiating (2) w.r.t. x we get,
f'(x) = 6(x - 3) .. (3)

Let x, = -2 and x,= 8. Now we haveto find f" at each of these points to know the sign
of second derivative.
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At x= -2, f'(-2) == 30. The sign of it is negative.

0 x, = - 2isapoint of local maximum of f and itslocal maximum value is f (-2) = 58.
Now, at x,=8, f'(8) =30. Thusthesignof f’(x,) is positive. Therefore,
X, = 8isapoint of local minimum of f and itsloca minimum valueis
f (8) = —442.
2. Problem: Find the points of local extrema of f (x) = x* 0 x OR. Also find its local
extrema.
Solution: f(x) =x° (D)
Differentiating (1) w.r.t. x we get
f'(x) = 65X . (2)
and again differentiating (2) w.r.t. x we get,
fr(x) = 30x* .. (3)
The stationary point of f (x) is x =0 only (since f'(x) = 0only at x = 0).
Now f’(0) =0. Atx =0, we can not conclude anything about thelocal extrema by the second

derivative test. Therefore, we apply thefirst derivative test. Asthedomainof f is R, thefunction
f isdefined on (—0.2, 0.2) which is a neighbourhood of x = 0. Now

f'(-0.1) = 6(-0.1)5<0, f'(0.1) =6(0.1)5>0.
Thus f'(x) changes sign from negative to positive at x = 0.
0 x=0isapoint of local minimum and its local minimum valueis f (0) = 0.

3. Problem: Find the points of local extrema and local extrema for the function

m
f (X) = cos 4x defined on (O, 5).
Solution: Here
f (X) = cos 4x e (D)
. . Tt
and itsdomain is (0, 5).

O f'(X) = —4sin 4x . (2)
and
f'(x) = —16 cos 4x e (3)

Tt
The stationary points are the roots of f'(x) = 0 and lying in the domain (0, 5 ).
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f'x) =00 —-4sn4x =0
O 4x =0, 1 21 3T 41T e,
O X =0, 14, 102, 3104, TT ccrvvrrrnn.

T 11
The point lying in the domainisx = 1 only. Thusx = 2 isthe stationary point of the given

function. Now
f' (1v4) = -16cos(m) = 16 > O.

T
O The function f haslocal minimum at x = 2 and itslocal minimum valueis

Tt
f(z)=-1

10.9.28 Applicationsof maximaand minima

Applications of maxima and minima can be found in Engineering, Economics, Commerce,
Business management and in Pure Mathematics. Constructing the rectangle with largest area and having
its perimeter constant, finding the maximum profit for a given profit function, the shape of steel beam
to have the maximum strength and design of pipe to reduce the cost to supply gas.

10.9.29 Solved problems

1. Problem: Find two positive numbers whose sum is 15 so that the sum of their squares is
minimum.

Solution: Suppose one numbers is x and the other number 15 — x. Let S be the sum of squares of
these numbers. Then

S=x+@Q5-%* . (1)
Note that the quantity S, to be minimized, is afunction of x.

Differentiating (1) w.r.t. X, we get

as =2x+2(15-x) (1)
dx
=4-30 (2
and again differentiating (2) w.r.t. X, we get
d’s
—=4 3
dx? @

The stationary point can be obtained by solving ? =0 i.e,4x-30=0.
X
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0 x =15/2 isthe stationary point of (I).

. d2s . 15
Since — 2 =4>0 Sisminimumat x= — .
dX2 ! 2
15 15 15 15
O The two numbers are PX 15 - > i.e., > and -

2. Problem: Find the maximum area of the rectangle that can be formed with fixed
perimeter 20.

Solution: Let xand y denote the length and the breadth of a rectangle respectively. Given that the
perimeter of the rectangleis 20.

i.e, 2(x +y) =20
i.e, x+y=1:0 (@D
Let A denote the area of rectangle. Then

A=xy ... (2)
which isto be minimized. Equation (1) can be expressed as

y =10 - X ... (3)
From (3) and (2), we have

A =x(10 - x)

A = 10x - ¥ )
Differentiating (4) w.r.t. x we get

dA
2 -10-2x
i e (5)

The stationary point is aroot of 10 — 2x = 0.
0 x = 5isthe stationary point.
Differentiating (5) w.r.t. X, we get

¢

dx? B

which is negative. Therefore by second derivative test the area A is maximized at X = 5 and hence
y=10-5=5, and the maximum area is A = 5(5) = 25.
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3. Problem: Find the point on the graph y? = x which is the nearest to the point (4, 0).

Solution:
1

ddxﬂ\ P(X, y)
QQ“\

O A(4,0). X

Fig. 10.30

Let P(x, y) beany point on y*=x and A(4, 0). We have to find P such that PA is minimum
(Fig. 10.30).

Suppose PA =D. The quantity to be minimized isD.

D = (\/(x—4)2 +(y —0)2) (D)
P(x, y) lies on the curve, therefore
V2 = x ... (2)

From (1) and (2) , we have

D= ((x—4)2 +x)

D = /(x® -7x+16) e (3

Differentiating (3) w.r.t. X, we get
db  2x-7 1
= D
dx 2 Ix-7x+16

dD
Now —=0
dx
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7 7
gives x= 5 Thus 5 isastationary point of the function D. We apply the first derivative test to

verify whether D isminimum at x =

N~

dDO __} 1
dea 2 \J9-12+16

x=3

and it is negative
(dDO
dea

and it is positive

C(jj—D changes sign from negative to positive.
X

1

1
"~ 2 ./16-28+16

xX=4

Therefore, D is minimum at x = 7/2. Substituting x = 7/2 in (2) we have y? = 7/2.

Oy s J%Tﬁ
Thus the points %ﬁ \% é and %ﬁ - \% % are nearest to A(4,0).

4. Problem: Prove that the radius of the right circular cylinder of greatest curved surface area
which can be inscribed in a given cone is half of that of the cone. A

Solution: Let O be the centre of the circular base of the
cone and its height be h (Fig. 10.31). Let r be the radius
of the circular base of the cone. Then AO=h,0C=r.

Let acylinder with radius x(OE) be inscribed in the
given cone. Let its height be u.

i.,e, RO=QE=PD =u
Now the triangles AOC and QEC are smilar.

Therefore,
QE _ EC
OA _ OC Fig. 10.31
. u_r-x
1.e, E = T
0« h(r —x)

r (1)
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Let S denote the curved surface area of the chosen cylinder. Then
S= 2Tmxu.

Inview of (1) , we have
S=2mnh( x-x)Ir

Asthe coneisfixed one, the values of r and h are constants. Thus Sisfunction of x only. Now,

2
as_ 2rh(r -2x)/r and d—‘:" =-4m/r,
dx dx
The stationary point of S isaroot of
ds_,
dx

e, mMr—-2x)/r=0

i.e, X=r/2
2 2
3—28 <0 for dl x, Therefore E‘;ZSE <0-
X 09X O,/

Hence, the radius of the cylinder of greatest curved surface area which can be inscribed in a
given coneisr/2.

5. Problem: The profit function P(x) of a company, selling x items per day is given by
P(x) = (150 — x)x -1600. Find the number of items that the company should sell to get
maximum profit. Also find the maximum profit.

Solution: Given that the profit function is

P(x) = (150 — x)x —1600. e (D)

. . dP(x) _

For maxima or minima =0,
dx

0 (150 - X) (1) + x (-1) = 0.
ie., X=75

d?P(x [H%P(x)C
Now (2)=—2 and G0 <0

dx ] dx =75

[0 The profit P(x) is maximum for x = 75.
[0 The company should sell 75 items a day to make maximum profit.
The maximum profit will be P(75) = 4025.
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6. Problem: A manufacturer can sell x items at a price of rupees (5 — x /100) each. The cost

price of x items is Rs. (x/5 + 500). Find the number of items that the manufacturer should sell
to earn maximum profits.

Solution: Let S(x) be the selling price of x items and C(x) be the cost price of x items. Then, we
have
S(x) = {cost of each item} . x
O S(X) = (5 - x/100) x = 5x — x?/100
and
C(x) = x/5 +500
Let P(x) denote the profit function. Then,
P(X) = S(¥) - C(x)

ie, P(X) = (5x — x4/100) - (x / 5 + 500)
= (24x/5) - (x¥*/100) - 500 e (1)
For maxima or minima
dP(X) _
ax

i.e,24/5 -x/50=0
The stationary point of P(x) is x = 240 and

W2P(Hd__ 1
WE 50 for al x.

Hence the manufacturer can earn maximum profit if he sells 240 items.

10.9.30 Maximum and minimum values of a continuousfunction on a
closed interval [a, b]

The function f: (0, 1) —» R defined by f(X) = x has no global maximum and no global
minimum. However, if we extend the domain of f to [0, 1] thenf(x) < f (1) gx O[O0, 1] and
the function f has global maximum for f. It also has a global minimum value 0. Thus the function
f has global minimum and global maximum when domainis[0, 1]. Note that f (X) = xis continuous.

We state the following which can be used to find globa maximum (minimum) when afunction is
continuous and its domain is a closed interval.

Let a function f be continuous on [a, b] and differentiable on (a, b). Suppose
Xy, X5 X5, .oy X, @€ the points of local extremaof fin (a, b). Then

() the greatest value of f (x)), f (X)), ..., f(x), f(a) andf (b) will be the absolute maximum
of f on/[a, b].
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(i) theleast value of f(x,), f(x)), ....., T (x), f(a) and f (b) will be the absolute minimum of f
on [a, b].

10.9.31 Solved problems

1. Problem: Find the absolute extremum of f (X) = x* defined on [-2, 2].

Solution: The given function f (x) = X2 is continuous on [-2, 2]. It can be shown that it has only local
minimum and the point of local minimum is 0. The absolute(global) maximum of f isthe largest value
of f(-2), f(0) and f(2)i.e, 4,0, 4.

Hence, the absolute maximum value is 4. Similarly the absolute minimum is the least value of
4,0,4. Hence 0 is the absolute minimum value.

2. Problem : Find the absolute maximum of x* - x?° on the interval [0, 1]. Find also its
absolute maximum value.

Solution: Let f(x) =x©-x* ox 0[O0, 1] (1)
The function f is continuous on [0, 1] and the interval [0, 1] is closed.
From (1) we have
f'(x) = 40 x* - 20x" = 20x™® (2x* - 1). Thus f'(x) =0a x=0or
1
L oL
HeH
1

Therefore, the critical points of f are 0 and %ﬁo ,
and 0 isone of the end points of the domain. Therefore no local maximum existsat x = 0. Now

f*(X)= 40(39) x*® - 20(19)x®
= 20x*8(78x%° - 19)

[ ()] %210 = 20(1/2)"8/[39-19] >0

Therefore f has local minimum at x = (1/2)29

1
and itsvalueis f (%ﬁo) = —%.

Therefore the absolute maximum value of the function f isthe largest value of f (0), f (1) and

1
f (%ﬁm) i.e., the largest value of %3,0,—%.
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Hence, the absolute maximum of f is 0 and the points of absolute maximum are 0 and 1. Further

1
the absolute minimum is the least of 0, O, e

1
1 (%)
Hence the absolute minimum is 2 and the point of absolute minimum s x = %@ :

Exercise 10(h)

I. |. Find the points of local extrema (if any) and local extrema of the following functions each of
whose domain is shown against the function.

0 f =, Oox OR
(i) f(x) =sinx, [0, 4
(i) f) =x3-6F+ 9+ 15 Ox OR
(iv) f() = xJ/@-x Ox 00, 1)
V) fX) =V (¢ +2) ox OR
Vi) f()=x - 3 oOx OR
i) fX) =(xx-1) (x+2? gx OR
(vii) f(x) = x,2 Ox 0(0,0)
2 X
(ix) f¥)= -(x-1°*x+1* oxOR
) f()=x e gx OR
2. Provethat the following functions do not have absolute maximum and absol ute minimum.
(i) €inR (i) logx in (0, c) (i) x> +x*+x+1inR
I1.1. Find the absolute maximum value and absolute minimum value of the following functions on the
domain specified against the function.
(i) f(x) = x3on[-2, 2]
(i) f(X) = (x - N?+3 on [-3, 1]
(i) f(x) =2 |x|on][-1, 6]
(iv) f(x) =sin x + cos x on [0, T
(v) f(x) = x + sin2xon [0, .

2. Use the first derivative test to find local extremaof f (x) =x° - 12x on R.
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10.

[1.1.

o » w0 N

Use the first derivative test to find local extremaof f (x) = x> - 6x + 8 on R.

Use the second derivative test to find local extrema of the function
f(x) =x-9x° —48x + 72 on R.

Use the second derivative test to find local extrema of the function
f(x) = - x>+ 12x*-5 on R.
Find local maximum or local minimum of f (x) = —sin 2x — x defined on [- T0/2 , 172].

Find the absolute maximum and absolute minimum of f (x) = 2x® — 3x* — 36x + 2 ontheinterval
[0, 5].

2
Find the absolute extremum of f(x) = ax-% on B 2, 9D.
2 H™2H

Find the maximum profit that a company can make, if the profit function is given by
P(x) = — 41 + 72x — 18X%.

The profit function P(x) of acompany selling x items is given by

P(x) = — X + 9x? —15x —13 where x represents thousands of units. Find the absol ute maximum
profit if the company can manufacture a maximum of 6000 units.

The profit function P(x) of acompany selling x items per day is given by

P(x) = (150 — x) x — 1000. Find the number of items that the company should manufacture to
get maximum profit. Also find the maximum profit.

Find the absolute maximum and absolute minimum of f (x) = 8x® + 81x* — 42x - 8 on [-8,2].

Find two positive integers whose sum is 16 and the sum of whose squares is minimum.
Find two positive integers x and y such that x + y = 60 and xy® is maximum.

From arectangular sheet of dimensions 30 cm x 80 cm., four equal squares of side x cm. are
removed at the corners, and the sides are then turned up so as to form an open rectangular box.
Find the value of x, so that the volume of the box is the greatest.

A window is in the shape of a rectangle surmounted by a semicircle. If the perimeter of the
window is 20 ft. , find the maximum area.

If the curved surface of right circular cylinder inscribed in a sphere of radiusr is maximum, show
that the height of the cylinder is V2.

A wireof length | iscut into two parts which are bent respectively in the form of a square and
acircle. What are the lengths of the pieces of the wire respectively so that the sum of the areas
isthe least.
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Key Concept \

Ay = Small change iny corresponding to Ax in X when y = f (x).

Ax = Small change in x

Differential of y isdenoted by dy.
dy = f'(x)dx.

EX.: d(sinx) =cosxdx;d(p*) =2pdp; d%lg-idy
ayo

%
(i) Ay iscalled error or absolute error in'y.

A
(i) 7y iscalled relative error in .
(i) Ly x 100 is called the percentage error in y.
y

(i) f'(x) Axiscalled an approximate error iny = f (X).
(i) Rinl Ax is called an approximate relative error iny = f (X).

f(x)

(i) (( X) x100x Ax is called an approximate percentage of error iny = f (X).

f(x+Ax) Of(xH (XA X
Let y=f(x) beacurveand P(a, b) be a point on it. Then

(i) slope of tangentat P=m= f'(a) or 2}

Xl(a, b)

(i) equation of tangent at Pis y-b=m(x -a).

-1
(i) equation of normal at Pis: y—b:E(x—a)_

1+ m?

(iv) length of tangent =

(v) length of normal = 1+m?
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(vi) length of subtangent = |f(a)/m .

(vii) length of subnormal = |f(a).m.

y="f(x) and y=g(x) aretwo curvesintersectingat P. Let m = f'(x)|P

and m,=g'(X)|,. Then

() curvestouch each other at P if m =m,.

(i)  curvesintersect each other orthogonally if m m, =-1.

@y If m#zm,, mm, #-1, then the angle between the curves ¢, at Pisgiven by

-
1+mm, |

ano=

(iv) Ifoneof m or m, say m, =0, then the angle between the curvesis [Tan™(my)| .

By _ (%) f(x)

Ax X, — %, is the average rate of changein y between x = x; and X = Xs.

0] ;—di can be viewed as the rate of change of y with respect to x.

. . _ Gs
(i) velocity v = a

. dv
(i) acceleration a= o

d’s
dt®
Suppose a, b, (a < b) are two real numbers.
Let f :[a b] - R beafunction satisfying the conditions
(i) f is continuous on [a, b]
(i) f isdifferentiable on (a, b)
and
@iy f@ = f(b).
Then O c U (a, b) suchthat f'(c) =0.
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4 h
[1  Suppose a, b (a < b) are two real numbers.

Let f:[a b] - R beafunction satisfying the following conditions
() f iscontinuouson [a, b]
@) f isdifferentiable on (a, b)

Then O at least one cU (a, b) such that

f(b)-f(a)
b-a

f'(c) =
[0  Let f bearea function on the interval I.
Then f issaid to be
(i) astrictly increasing function on | if x;< X, O f (X)) <f (X)) OXg, XU |
(i) astrictly decreasing functionon | if x;< x, O f(x)) >f (X) Ox, %0l
@) increasingon | if x <x O f(x3 f(x,) foral x,x O
(iv) decreasingon | if x <x O f(x f(x,) foral x,x Ol
[1 A function is called monotonic, if it is either increasing or decreasing.
N (i) f isincreasingin[a, b] if f'(x)>0 for each xO(a, b).
(i) f isdecreasingin[a, b] if f'(x)<0 for each xO(a, b).
@) f isconstantin[a, b] if f'(x)=0 for each xO(a, b).

[0 A function f issaidto have amaximum value (or minimum value) in | if there
existsapoint cOl suchthat f(c)=f(x) (or f(c)< f(x)) for al xOI.

The number f (c) is called the maximum value (or the minimum value) of f in | and
the point 'c’ iscalled apoint of maximum value (or a point of minimum value) of f in
I. f issaid to have an extreme value if it has a maximum value or minimum value
in 1.

O First Derivative Test

(@ X isapoint of local maximum of f(x) if
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—
0 fl)=0

(i) f'(x) >0 at every point x sufficiently closeto X, and to the left of xg; and
f'(x) < 0 at every point x sufficiently closeto X, and to the right of x,.
(b) X is apoint of local minimum of f(x) if
) fle)=0
(i) f'(x) <O at every point x close to X, and to the left of x,; and
f'(x) > 0 at every point x close to Xy and to the right of X

(© If f'(xy)=0andif f'(x) doesnot changesign as x increases through xo, then
Xo 1S neither apoint of local maximum nor a point of local minimum.

[J  Second Derivative Test.
(@ Xpisalocal maximumif f'(x,)=0 and f"(x,)<0
(b) xpisaloca minimumif f'(x,)=0 and f'(x,)>0.

(© Test fails if '(x)=0.
—

Historical Note

One of the most distinguished families in the history of mathematics is the Bernoulli
family of Switzerland. The family record started with two brothers; Jakob Bernoulli (1654 -
1705) and Johann Bernoulli (1667 - 1748). They are among the first mathematicians to realise
the surprising power of calculus and apply the tool to agreat diversity of problems. Johann
Bernoulli, who taught Euler, was very influential in making the power of the new subject
appreciated in Europe.

There are many applications of differentiation in science and engineering. Differentiation
isalso used in analysis of finance and economics besides physical and natural sciences. One
important application of differentiation isin the area of optimization, which means finding the
condition for maximum or minimum to occur.

During 15th century, an early version of the mean value theorem wasfirst described by
Parameshwara (1370 - 1460) of Kerala School of Mathematics. The first proof of Rolle's
theorem was given by Michel Rolle in 1691. The mean value theorem in its modern form was
stated by Augustin Louis Cauchy (1789 - 1857).
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Exercise 10(a)

I.1. (i) Ay =0.2301, dy=0.23 (i) Ay = e(e”? - 1) + 0.02, dy = (€ + 1)(0.02)
(i) Ay = 0.026005, dy = 0.026 (iv) Ay = —0.0001996, dy = —0.0002
(V) Ay = —0.0152, dy = —0.01516;

. 1. (i) 9.056 (i) 4.0208 (i)  5.0001 (iv) 1.9834
(v) 0.8834 (vi) 0.4987 (vii) 2.03125
1
2. 8 3. 7.04 sg. cm 4, 16, 1.61 5. >
Exercise 10(b)
I 1. 764 2 1 3.1 4. 24
: : C m . :
5 1 6. ;—;‘ 7. (3, —20) and (-1, 12) 8. (3, 1)
1
9. (2, -9 10. y =3
II.1.() Tangent 10x+y=5; Normal x-10y+50=0
(i) Tangent y=3x-2; Norma x+3y-4=0
(i) Tangent y=0; Norma x=0.
(iv) Tangent x+y-+/2=0; Normal Xx=y
(v) Tangent 4x-y-14=0; Normal x+4y-12=0
(vi) Tangent y-1=0; x=0
2. Tangent 5x + 2y — 20 = O; Normal 2x-5y+21=0
3. Tangent5x + y + 2 = Q; Normal X—-5y+16=0

-1
4. at El?§ tangent : 3x + 2y —2 =0, norma : 4x-6y—-7=0

9
at @35@ tangent : 3x+ 2y—-18=0, normal : 4x—-6y+15=0
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5 3x—2y—2Je =0: 4x+6y—7vJe =0.
6. 2x+3y=6; 3Xx-2y+4=0

e BB e

Exercise 10(c)

X b®  2x

atan —| - |— sin —

L 227 a

[ 1. k= =2

ot .t t . .ot t
2. 2asn > 2a sin > tan > a sint; 2asn > tan >

X a . 2X

3. acosh? =: = sinh ==

a 2 a

4, a(snt—tcost)cott;a(sint—tcost) tant.

Exercise 10(d)

2.6
-1 H -1 —1 n
l. 1. Tan %E 2. Tan(3) 3. Tan 69 H 4. >
9
1 Fof 4 + B
5. Tan SEln 6. Tan (3) 7. Tan BaC
Exercise 10(e)
|. 1. -38unit/sec. 2. 144 3. 50 units/sec, 24 units/sec?.
4. t=2sec, s=2units, t=4sec, s=-2units. 5. 9
8 1
13 cm?/sec 2. 801 cm?/sec 3. l4mcm/sec 4. T—Tcmlsec
1
5 2m cm’/sec 6. 49000 units 7. 180 8 o
2
9. — 10. 20.967 11. 208 12. 32 units/sec
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Exercise 10(f)

. 1 () c=0 (ii) c:Cos‘léliﬁ (i) ¢c=0
39 13390
2. a=11b=-6 4 %,%ﬁ 5. %ng\/—E
6. () % (i) logle-1) 7 213*/?
5 _, 01+./330

8 () ©=3 (i) c=Cos E—E (i) c=log,e.
Exercise 10(g)

[1. 1. (i) (- ,-1)strictly decreasing, (-1, o) strictly increasing.

.o 9o . 09 0O.. _
iy g >H strictly increasing, 5 H strictly decreasing.

(i) (o0, =1) O (-1, 0) strictly decreasing, (0, 1) O (1, o) strictly increasing.

(iv) E’w' % O (2, ©) increasing, %% decreasing.

(V) (-1, o) increasing, (—« , —1) decreasing.
(Vi) E‘%OQ increasing, %)% decreasing.
(vii) (1, o0 ) Increasing.

(viil) (1-+/3, 1++/3) decreasing, (-w,1-+/3) O (+ /3 ) increasing.
5 (3, o)
7. (0 ,0) O (2, ) increasing, (0, 2) decreasing.

gt 1

™
8. a) = decreasing, 5 o increasing.
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Exercise 10(h)

I. 1. () Pointof local minimum x=0, loca minimum =20

(i)  Point of local minimum X=7, local minimum=-1

) . M L.
Point of local minimum X=7, local minimum =-1

1
H

. . T )
Point of local maximum X=§, local maximum

. ) 51t .
Point of local maximum X=7, local maximum = 1

(i)  Point of local maximum x =1, local maximum = 19
Point of local minimum x=3, loca minimum =15

: . . 2 :
(iv)  Point of local maximum X=§, local maximum =

(v)  Point of local maximum x=0, loca maximum = %

(vi) Point of local minimum x=1, loca minimum =-2
Point of local maximum x = -1, local maximum =2

(vii)  Point of local minimum x =0, loca minimum =-4
Point of local maximum x = -2, local maximum =0

(vii)  Point of local minimum x=2, loca minimum = 2

(ix) Point of local minimum x =-1, local minimum = 0

) . 1 . 3456
Point of local maximum x = —=, local maximum = ——

5 3125
(x)  Point of local minimum x =0, loca minimum =0
. . 2 , 4
Point of local maximum x = 3 local maximum = o
[1. 1. (i) absolute minimum = -8, absolute maximum = 8

(if) absolute minimum =3, absolute maximum = 19
(iii) absolute minimum =0, absolute maximum = 12

(iv) absolute minimum =-1, absolute maximum = /2



. 2m 3 m /3
_ = ———,absmax=—+—
(v) abs. min 3 2 ab 375

Point of local minimum x = 2, local minimum =-16
Point of local maximum x = -2, local maximum = 16
Point of local minimum x = 3, local minimum =-1
Loca minimum x = —=376, Local maximum = 124

Loca minimum x = -5, Local maximum = 251

YRR

. ) Y3 om
L minimum =——-—, L maximum = — +—.
ocd u > 3 ocal maximu > 3

Absolute minimum = =79, Absolute maximum = 2
Absolute minimum = -10, Absolute maximum = 8.
Maximum profit = 31

12

No. of items = 75; Maximum profit = 4625.

21
Absolute maximum = 1416, Absolute minimum = _1_63
20
8, 8 4. 15,45 5 X= 3 om
200
g W4

T +4 T+4' T+
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08

25
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6.1 DirectionCosines
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Note: The Question Paper consists of three sectionsA, B and C

10.

Section - A 10 x 2=20 Marks

Very Short Answer Questions:
(i) Answer All questions

(if) Each Question carriesTwomarks

Findthevaueof x, if the dopeof theline passing through (2, 5) and (x, 3) is2.
Transformtheequation x + y + 1 =0into thenormal form.

Show that thepoints(1, 2, 3), (2, 3, 1) and (3, 1, 2) form an equilateral Triangle.

Find the angle betweentheplanes2x—-y+z=6andx+y+2z="7.

showthat 1t FEXLix+f =3,
X—>O+|:| X |:|

X+3 _ 3
" . € —€
Find lim
X-0 X

If £(x)=a"¢ find f'(x) (wherea>0,a # 1).
If y=log[sin (logx)], find ;ﬂ.
X

Find theapproximatevalueof J/65.

Find thevalueof 'C'in Rollestheorem for thefunction f(x) =x2+4on[-3, 3.



M odel Question Paper

1.

12.

13.

14.

15.

16.

17.

18.

19.

Section - B 5 x 4=20Marks

. Short Answer Questions

(i) Answer any Five questions.

(if) Each Question carriesFour marks.

A(2, 3) and B(—3, 4) aretwo given points. Find the equation of the Locusof P, so that the areaof the
triangle PAB is8.5 5. units.

When theaxesarerotated through anangle 7—61 findthetransformed equation of x? + 2./3xy - y? =2a°.
Find the pointson theline 3x — 4y — 1 = 0which are at adistance of 5 unitsfrom the point (3, 2).

[cosax — coshx

X2

if x20

Showthat f(X)=0O 1
5 E(b?—az) if x=0

where aand b arereal constantsiscontinuousat '0'.
Findthederivativeof sin 2xfromthefirst principle.

A particleismovinginastraight line so that after t secondsitsdistance s (in cms) from afixed point
onthelineisgivenby s = f(t) = 8t+t3. Find (i) thevelocity at timet =2 sec (ii) theinitial velocity
(111) accelerationat t = 2 sec.

Show that the tangent at any point 6 onthecurve x=csec, y=ctan0 is ysin8=x-ccos®.

Section - C 5 x 7=35Marks

L ong Answer Questions

() Answer any Fivequestions.

(i) Each Question carries Seven marks.

Find the equation of straight lines passing through (1, 2) and making an angle of 60° with theline
\/§x+ y+2=0.

Show that the area of the triangle formed by thelinesax? + 2hxy + by2=0and Ix+ my+n=0is

n’vh? —ab
am? - 2him+bl?




20.

21.

22.

23.

24,
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Findthevaueof k, if thelinesjoining the origin to the points of intersection of the curve
2x2 - 2xy + 3y2+ 2x—y—1=0and thelinex + 2y = k are mutual ly perpendicular.

If aray withd.c'sl, m, nmakesangles a, 3, y and d with four diagonal s of a cube, then show that

cos® o + cos? 3 + cos? y +cos’ & =g.

3at 3at? .
If x= 2y =3 thenfind Y.
1+t 1+t dx

Atany point tonthecurvex=a(t +sint); y=a(1 - cost) find lengths of tangent and normal.

A wireof length | iscut into two partswhich are bent respectively intheform of asquareand acircle.
Find thelengths of the piecesof thewire, so that the sum of theareasistheleast.
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Chapter - |
Planes

Definitions and Formulae

111
1.1.2

General equation of a plane is ax + by +cz+d =0

one point form of a plane (cartesion form)

The equation of plane through the point (x,,y,, z,) is
ax-x)+b(y-y)+tc(z-z)=0

Normal form of a plane. It 1, m, n are the direction cosines it the perpendicular from the origin to

a plane and p is the length of teh perpendicular, then the equation of the plane is
Ix+my+xz = porxcosa+ycosP+zcosy=p

Equation of a plane possing through the points (x,, y,, ,) (X,, ¥,, Z,) and (x,, y;, ) is

x ¥ & 1 X=X, Y=% Z-Z
X z, 1 - - -
v A 08 274 Y2=%h Z227% -9
X, X, X, 1 X, —2, Ys—Z Zi—7Z
X; X; X5 1

Intercept form at a plane

The equation of a plane which makes intercepts a, b, ¢ on the coordinate axes respectively is

X y z
i —+=4+—=1
given by PR

The length of the perpendicular from from the point (x,, y,, z,) to the plane ax +by +cz+d =
0 is

|axl +by, +cz, +dl
| Va2 +b% +¢? l

The equation of the plane passing through (x,, y,, z, ) and perpendicular to the line whose
direction ratios are a, b, ¢ is

a(x-x)+bly-y)+c(z-2)=0

Definition: The angle between the two planes is equal to the angle between their normals.
Angle between the planesax + by + ¢ z+d, =0 andax + by +c¢,z+d,=0. Let 6 be one of
the angles between the planes, a ,b,,c anda, b, c,=0are direction ratios of the normals to the

given planes

aa,+bb,+cpc,
2 2 2 2 2 2
\/a1 +b; +¢; Jaz +b; +c;

cosO =
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1.1.10

1.1.11

1.1.12

1.1.13

1.1.14

Examples

Ex 1:

S_ol:

Ex 2:

The other angle between the planes = 1 —0
(i) Condition of perpendicularity of two planes is a,a,+ bb,+cc,= 0

ii iti . .4 b1 C,
(ii) Condition of parallelismis 7~ =7 =
a2 b2 cz

Ifn,=ax+by+c z+d =0and ax +b,y+c,z+d,=0 are intersecting planes then the
plane passing through their line of intersection is
n,+xmn,=0
If (X, ¥, 2,), (X, ¥,» Z,) (X5, Y55 Z,) and (X, ¥, 2,) are coplanar then
Xe =X Ya™N 2477
X, =X Y=Y, Z3-%|=0
X37X Ys—¥1 Z2,7Z
Planes bisecting the angle between two planes.
Let the equations of two given planesbeax+by +c,z+d,=0,ax+by +c,z+d,= 0 these
being written in such a way that their constant terms are either positive or both negative

(ax+by+cz+d)) (a,x+b,y+c,z+d,)
\/af+b12+c,2 - \/a§+b§+c§

The homogeneous equation of second degree
ax® + by? + cz2 + 2fyx + 2 gzx + 2hxy'= 0 in X, y, z represents a pair of planes if abc + 2fgh —

af? —bg?—ch’>=0; B2 > ab, g >ac, f2 > be-

Angle between pair of planes is

0 tan™! ngz +g’>+h*—ab-bc—ca
(a+b+c)

(i)  Both planes are perpendicularit 3 +b+¢c=0

The equation of the plane passing the point (4, 0, 1) and parallel to the plane 4x +3y —12z+6 =01is
4x +3y-12z+6=0.

Let the equation of the plane parallel to the plane 4x +3y—12z+6 =0 be
4x +3y-12z+k =0 ' — ()
The plane (1) passing through (4, 0, 1)

4@ +300)-12(1)+k =0
= k=4
". The requires plane is 4x +3y —-12z-4=0

If a plane meets the coordinate axes in A, B, C such that the controid of AABC is the point (p, q, r)
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X y z
then the equation of the plane is -q_ + o

Sol: Let the intercepts made by the plane with the coordinate axes be a, b, ¢ respectively, then the
: L X Yy z
equation of the plane is E + —q_ =]

r

The coordinates of A, B, C are A(a,0,0) B(0, b, 0), C(0, 0, c)

abec
The centroid of AABCis | 5

3373
abec
3°3°3) = (a1
a_, b_, ¢,
= 3P, 379.3

= a = 3p,b=3q,c=3r

x y z X y z
putting these values in (1), '3;"'5*’; =15 E“"E“L'; =3
Ex 3: The equation of the plane through the point (2, 3, —1) and is perpendicular to the line through the
points (3,4,-1)and (2, -1, 5)is x+5y—-6z-23=0 neUO4aT+~.
Sol: The equation of the required plane be

B-2)(x-2)+@A+D(y-3)+(-1-5)+1)=0
= X+5y-6z-23=0

Ex 4: Find the angle between the pair of planes represented by 2x* —6y* —12z° +18yz +2zx + xy = 0

10
.@=cos'| —
Ans: (21]

Sol: Given equation of the pair of planes

2x* —6y* —122° +18yz+2zx +xy =0
1
a=2,b=-b,c=-12,f=9,g=1,h= E

Angle between the pair planes

J]a+b+c|
J@+b+c)? +4(f* +g> +h’ —ab—bec - (a)

cosO =

p-6-12]

\/(—16)2 +4(81+1+%+12—74+24)

g = cos™ (E)
21
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ExS:

Sol:

10.

11.

The angle between the pair of planes 6x* + 4y* —10z° —11xy +4zx =0

A b4
ns: =
2

_ Given pair of planes 6x* +4y* —10z* 1 Ixy+3yz+4zx+4zx=0
a+b+c=6+4-10=10 '
Angle between the pair of planesisa+b+c=6+4-10=0

V4
= cosbO= >

Exercise
The equation of the plane passing through the points (1, 1, 1), (1, -1, 1) and (-7,-3,-5) is
Ans: 3x—48+1=0
The plane passing through the point (1, 2, 3) and whose normal makes equal angles with the coordinate
axes is Ans: X+y+z-6=0

The distance between the planes 2x —y +3z =6abd —6x +3x -9z =5 s

The equation of plane making intercepts 4, 5, 2 on the axes is

Ans: 5x+4y+10z=0

The direction cosines of the normal to the plane 2x -3y +6z+14 =0

(—_2 3 —_6J
Ans: 777

- ¥ 2
The normal form of the plane 2x —2y+z=35 Ans: -3-X—‘§Y+§Z =§‘

The equation of the plane bisecting the line segment joining the points (2,0, 6) and (-6, 2, 4) is
Ans: 4x—-y+z+4=0

Ifa, b, c are X, Y, Z intercepts of x + 2y + 3z = 6 on the coordinate axes Ans: 6

X z
Aplane 2 + % + 3 =1 meets the coordinate axes at A, B, C this the coordinates of the cenroid of A ABC

(Zii)
are Ans: 3’33

The equation of the plane through the point (-1, 3, 2) and perpendicular to the planes
X+2y+2z-5=0and3x+3y+2z=8 is Ans: 2x—-y-2z =21
The length of the perpendicular from the origin to the plane 2x -3y +6z—-7=0

Ans: 1
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13.

14.

15.
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The angle between teh planes 2x + 4y —6z =11 and 3x +6y+5z+4 =0

Ans: B
2
The equation of the plane which passes through the point (2, —4, 5) and is parallel to the plane
4x+2y—-72+6=0 is Ans: 4x+2y-7z+35=1
The planes bisecting the angles between the planes 2x —y +2z+3=0 and 3x -2y +6z+8 =0 are
Ans: 2Xx—-y+2z+3=0 '
5x—-y—4z-3=0

The angle between the pair of planes represented by x* +y* —z” +4xy =0 is

42
Ans: cos™' =
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Chapter — 11
The Straight line

2.1.1 Definitions and Formulae

2.1.1

The general form of the line isa, x+b,y+¢,z+d, =0
=a,x+by+c,z+d,

(i) The symmetrical form of the line The equation of the line the point (x, y, z) and with drs I, m,

O XTX YoV 7277
nis = =
1 m n
ii) The parameteric form of the lineis : x=x, +1Ir, y=y +mr,z=2z +nr

Equations of the line through the points A(x,, y,, z,) and B(x,, y,, Z,) is

X=X _Y~%H _2—z XX, Y~¥ _2—2,

LTX Yoo 2,77 or =X, YN~ Y, 74,77

Transformation of the equation of a line from general form to the symmetrical form
ax+by+cz+d, =0=a,x+b,y+c,z+d,

X _(b_nd_z—_bz_d_lJ 5 Ei_naz"_dzan]
a,b, —a,b, ab, —a,b, z

b,c, —b,¢, R b,c, —b,c, R a,b, —a,b,

The coordinates of the points of intersectionof a line and a plane

x—X, _¥=%
l m

-z
Let - : be the equation of a line and

ax+by+cz+d =0 be the equation of a plane are

o Nax, +by, +cz) _m(ax,+bzl+czl)z__n(ax1+by1+czl))
al+bm+cn al+bm+cn al +bm+cn

The image of the point p(a, 3,7) in the plane ax + by +cz+d =0 is given by

=2(aax+bB+cy)
at+b*+c?

(a+ar,B+br,y+cr), ,[£O&f r=
Angle between two lines

Let(l,, m, n ) and (I, m,, n,) be the dcs of two lines and 0 be the angle between the lines, then
cosq=11,+mm,+nn,

(i) The lines are perpendicular it]l,+ mm,+nn,=0

kP

(ii))  The lines are parallel if L m n
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Angle between a line and a plane

X=X _Y—y _zZ-Z
/ m

If O is the acute angle between the line = and the plane
ax +by +cz+d =0 then

" (al +bm +cn)
N b+ AP mren?

sin 0 =

(i) Condition for the line to be parallel to the plane is al + bm +cn=0

a b ¢
(ii)  Condition for the line to be perpendicular to the palne is T = -

(iii) Condition for the line to lies in the plane is al + bm + cn = 0 and
ax, +by, +cz, +d =0

Coplanar lines. The lines L, and L, whose equations are given by

X—% XY-—Hh 2—-8 X=X X=)W Z-&

A m, n * I m, ny

X\, =Xy, Y=V, Z—2Z,

are coplanar if only it h
[ m, n,

£
Equation of the plane containing the line = o= - and parallel to the line whose
des (1, m, n) is

xR ¥V &5

The equation of the plane containing the lines > -Y~N _27% 4p4
ll ml nl
X=X _ Y=YV _Z72 o
I m, n,

X=X, Y=Y, Z—2

- - zZ-2z
L W | L and ax+by+cz+d =0,
ll ml nl

a,x+b,y+c,z+d, = Oare coplanar then
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Ex 1:

Sol:

Ex 2:

Sol:

2.1.13
2.1.14

2.1.15

2.1.16

ax+by+cz+d, a,x+b,y+c,z+d,

al+bm+cn T al +bm +c,n,
Skew lines: Two non parallel straight lines which do not intersect are called skew lines.

Definition: The line intercepted by two skew lines L, and L, on the common perpendicular to
both the lines is called the shortest distance between the lines.

The shortest distance between the lines. > — XL - Y =N _ 272 g X=X% _ V=)V, 272

A m, n, l m, Hy

is

Volume of the tetrahedran

If the vertices of the tetrahedran are (x,,,,z,), (x,,¥,,2,), (¥;,)5,2;) and (x,,,,2,) then
its volume is

x » z 1
v = I » oz 1
6lx; y, z; 1
X, Yy oz 1
Examples

The symmetrical equations of the line x =ay +band z=cy+d

x—b z—d
Ans Spap
a 1 a
x—b
x=ay+b = ——=Yy
a
z=cy+d:>z—d=y x—b=_y_=z—d
e a 1 c

The equation of the plane through the given line is 3x—4y+5z=10, 2x+2y-3z=4 and

parallelto x =2y =3z s

Ans: x—=20y+27z-14=0

The equation of the plane through the given line is © + A m, = 0 (3x-4y+52-10=0)+ K
(2x+2y-3z=4)=0

(3+2K)x+(-4+2K)y+(5-3K)z—(10+4K) =0 ()
X _y _z

Itis parallelto x=2y=3z0r | 1/ 1/ .. (2)
P y 1 A A

Since plane (1) is parallel to line (2)



Ex 3:

Sol:

Ex 4:

Sol:

Ex 5:

Sol:
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(3+2k)+(—4+2k)%+(5—3k)% -0

—4
k=2
= 3

Putting the value of K is (1), the required plane is x—20y+27z-14=0

X<l =2 gz=3 x—-1 p—3F z-6

3 2k ) and 3% T 5 are pendicular then the value of K is

If the lines

ang, 10
ns: 7

Since two lines are perpendicular we have [/, + mm, + nn, =0
(=3)(Bk)+(2k)1)+2(-5)=0
= -7k-10=0

~10
= 7

x-1_ y+6 z+1

The equation of the plane containing the line and parallel to the line

3 4 2
x~2 y=1 =z+4
2 3 35 °
' Ans: 26x—-11y—-27z-109=0
From the given lines (x,,y,,z,) = (1,-6,-1)
(l,,ml,nl)'= 3,4,2)and (I,,m,,n,)= (2,-3,95)
< |x=1 y+6 z+1

- The required plane is 2 4 2 (=0

2 -3 5

=  (x=1)(20+6)—(y+6)15—4)+(z+1)(~-9-8) =0
= 26x-11y-17z-109=0

=1 y=2 z-3 d
2 3 4 93 4 5

x=2 y=4 z=§

The shortest distance between the lines is

1
Ans: —\/?

From the given liens
(x:31>2) = (1,2,3)
,,m,n)=(2,3,4) and
(%2532,2,) = (2,4,5)
,,my,n) =(3,4,5)
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=% M—¥ 3% -1 -2 =2
[ m n, R 2 34
b m, n, 3.4 5

-1 (15-16)+2(10-12) - 2(8 -1) = -1

Also Z(mln2 —m,n,)’ (8-9)2+(15-16)*+ (10-12)>* = 6

-1 1
The shortest distance between the lines = |ﬁ‘ =%

Exercise
The equations of the line through the points (1,-1, 2) and (3, 2, 5)

x=1_y+l z-2
2 3 3

Ans:

The symmetrical form of the equations of the line x+ y+z+1=0 and 4x+y—-2z+2=0 is

; 2

_1 +—
Ans: __x /_3_ e _y_,__3 s
-3 6 -3

X=1 y=2 2z-3

The coordinates of the point of intersection of the line R = 4 with the plane 3x -2y +z=

6
Ans: (3,57)

The foot of the perpendicular from the point p(2,3,4) totheplanex+y—-z+4=0is

(l 4 ll)
Ans: 33" 3
The equation of the line through (3, 1, 2) and equally inclined to the axes
x-3 y-1 =z
A =—
T
The image of the point (1, 3, 4) in the plane 2x—y+z+3=0 is
Ans: (-3,5,2)
-1 -2 z+1 +2 -1 z+3
The angle between the lines (x-1) P A AR and P is
-1 1 1 1 2
7
Ans: 0 =—
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I1.

12.

13.

14.

15.
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X+
The length of the perpendicular from (2, -3, 1) to the line > =

L
ns: A7
The condition for the lines x =ay+b, z=cy+d and x=a'y+b', z=c'y +d" to be perpendicular is

Ans: ga'+pb'+cc'

. x+1 y-1 2z-3 T
The angle between the line > = " = > and the plane Ans: 5

k=1 jy=2 z=3

5 3 "2 and parallel to the X — axis is

The equation to the plane through the line

Ans: 4y-3z+1=0
The equation to the plane through the line x— y+3z+5=0=2x+ y—2z+ 6 and passing through the

point (3, 1, 1) Ans: 9x+3y—-5z+29=0

x—2 v—3 z—1,
2 5 3 S

The length of the perpendicular from the point (3, 4, 5) on the line

A 17
ns: 4
2

x+1 y+1 z+1

-3 -5 -7
al =2 =z and

The shortest distance between the lines > " 7 6 "

2
Ans: \/E

The volume of the tetrahedron whose vertices are (0, 0, 0) (1, 1, 1) (1, 1,=1)and (1,-1, 1) is

Ans: -3- cubic units
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Chapter — 3 : L' Hopital Rule
3.1. Introduction

When evaluating limits of functions we come across some limits of the form

lim -‘fz—x;— where f{a)=g(a) = 0. This limit can not be evaluated by substituting x = a, since
x—a g x

this produces 9 , ameaning less expression known as an "indeterminate form". One way to
attack the problems on indeterminate forms is to use standard limits or to obtain polyno-
mial approximations to f{x) and g(x). Sometimes the work can be shortened by the use of
a "differentiation technique" known as L'Hopitals rule which is named after Guillaume
Francois Antonio de L'Hopital (1661 — 1704) a French mathematician who wrote the first
text book on Differential calculus. The rule is this
3.2 L" Hopital Rule : If f{x) and g(x) are two functions such that f{a) = g(a) = 0 and that
f'(a)and g'(a) exist and that g'(a) = 0. Then
lim—f—(f-)— o0 lim—f——'(-x—)
ag(x), g'(x) *ag'(x)
Note: The proof is not needed at this level

. sin 0
Example: We shall use this rule to evaluate the familiar limit ll_lng =1 which is of the form 0 Here

f{x) = sin x and g(x) = x. We have f’(x)=cosxand g'(x)=1. So by the rule we have

lim f(x) =Tk . limf (x) = 1imSOS% =1
¥a g(x) =0 x x—a g'(x) =0 ]

Note:

: 0
1. L'HOPITAL RULE is applicable only for forms 0 Oor %

) 0
2. For other indeterminate forms like o0 —o0,0x o0,1°,0°,00° we have to convert them into 0

00
or —.
00

i x
3. Tofind 1‘_‘}3% by L'Hopital's rule we proceed to differentiate 'f and 'g' so long as we still

0 . . . .
get the form 0 at x = a. But as soon as one or the other of these derivatives is different

from zero at x = a we stop differentiating. L' Hopital's rule does not apply when either of

the numerator or the denominator has a finite non — zero limit.
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3.3 Examples

Jrx-1-2
3.3.1 Evaluate [jyj— 2
x—0 X

Solution: |im

x—0 xz

\/1—5—1—3 {o}

= 2\]1+x 2 = (llmf'g )] still {%}

x—>0

-3

1 —
= 1+ 2 "
x>0 2 x-0 g"(x)

8
. l—cosx
3.3.2 Evaluate lim 5
-0 x+x
Soluti lim1—cosx {_Q
olution: o R 0
_ lim sinx -0
0] +2x

Here we stop the process. If we continue to differentiate once more in an attempt to apply

. . . | P
L'Hopital\s rule again we get ll_r)rg cozs x =3 which is wrong

—2x?
333 Evaluate lim >
. ~e3x? +5x
) . x=2x o
Solution: lim v {00}
1-4x {—oo}
= lim =
0 6x+5 ©
s =
= lim—=—
x>0 6 3
. a
3.3.4 Evaluate ll_r){loxsln; {e0,0}
, 1 S 1,
Solution: Let = then x > 0=t —0 , then lggoxSIH; - ltl_r’lg;smt
= 0

=]
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1 1
li - _
3:3a Evaluate 'M ( Sinx x ) (00 —0)
. . 1 1 . [ x—sinx 0
Solution: lmg - = lm(} ; =
=0\sinx X -0\ xsinx 0

’

*-0 xcosx +sinx | x>0 g'(x)

- i (umf "(’?)]

#0 2cosx —sinx | *~0 g"(x)

_ fimtzcosx (o f '("))stm{%}

_ sin0 _9_
2

2¢c0s0—-0.sin0

336  Evaluatelim {L“’Zg(lf_x)}
x> X
v .| xe* —log(1+x) 0
Solution: hrr(} T2 [ e of the form | =
X! x 0
xe* —e* —1—
 lim— 1l limL XL
= x50 2x x—0 g'(x) Stlll 6'

_ lim{xe" +2e"+(1+x)7 }““ {lim&}
x>0 2 x>0 g”(x)

0+1+1+1 3

2 2

3.3.7 Evaluation 1imm_
. xan(e” —e”)

. In(x-a) 0
Solution: lim————— ____ of the form —
x>an(e* —e?) 0
1
B S Y
. - x>a g (x)
e"—e

a

. e —e 0
- e B —
i ey~ Stll 5

— lim

¢ J'(x)
T et (x—a)+et T -0 g"(x)

a

e

0+e”
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Solution:

339

Solution:

3.3.10

Solution:
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_sin(e' - 1)
Evaluate lim———
x—1 logx

e sin(e"' ~1)
x-1 log X

. cos(e”" =1e*! ,
_ i3 T {nmf,(x)}
x—1 g(x)

= limxcos(e*" —1)e*" =1
x—1

1+sinx —cosx + log(1+ x)

Evaluate lim -

x—0 X
im 1 +smx—c053x+ log+x) of the form 9
x—0 X 0
L .S
o i oS xt S_H: i v {hm ,( )} , still 2
x>0 3x g (x) ¢
. B 3 2 . fII x 0
_ ppSinx+eosx (1-x) ___{llm ,,( )} still =
x—0 6x =0 g (x) L
T sinx-2(1-x)" {lim w}
x—0 6 0 g (x)

—cos0-sin0-2(1-0)° -3 -1

6 6 2
1
Evaluate lim (csc.x )ioex
x—=0 W
. 1
Let y =lim (cscx)ioex
. log(cscx)
= lim———~
logy 0 logx
fi— £'(x)
— x50 _l_ ______ llng__'_.__
X =0 g'(x)
= —lim =-1
x>0 tan x
1
logy= -1=>y=-
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3.4 Exercise

3.4.1

34.2

343

344

3.4.5

3.4.6

3.4.7

3.4.8

3.4.9

3.4.10

3.4.11

3.4.12

3.4.13

3.4.14

3.4.15

Evaluate lmg

Evaluate lim

x—=0

Evaluate lim

x—>1

tanx —x

x? tan x

tan x —sinx

x3

Jx=1++/x -1

o =1

l1-x+logx

Evaluate li

x—)ll \/2x x

1+cosx+

Evaluate lim

X

Evaluate 5‘1

Evaluate li

x—0

Evaluate lim

x—0

Evaluate lim

x—0

Evaluate

Evaluate

tan® x

o XC0S X~ log(1+x)

{
{

x2

a -b*
—{ ——

a* —x—xloga}

—b
Evaluate llm{ 5 } ............

Evaluate !

Evaluate

Evaluate

sinxsin™' x
m

x>0 X

lim

x>0 xsinx

coshx —cosx

------------

Ans: 2

Ans: 1

1-logb

Ans: lTlgg_b

Ans: 1

Ans: 1

Ans: 1
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Chapter—1V
Differentiability

Definitions and formulae

4.1.1

i)

412

413
i)

i)

iii)

4.14

Definition
Let C be a limit point an aggregate S and f :S — R> Then fis said to be right derivable

; x)— f(c
(differentiable) at C if }LIELL('-%'_—{S—) , (x # ¢) exists and is denoted by f'(C+).

Let C be a limit point of an aggregate S and f :S — R . Then f'is said to be left derivable

(differentiable) at C it [im £ =F ) (x2¢)
xX—c— x —_— c

If lim

XxX—=>C

MACIRIAC)
x—c

, (x # ¢) exists, then we say that fis derivable (differentiable at 'C'"). Then
the limit is called the derivative of fat C and is denoted by /' (C).

Definition: Let S be an aggregate and f : S — R be a function. Let C e S be a limit point of

S and /e R, fis said to be derivable at C if for given > 0 there exists a § > 0 such that

O<x-—clkd=> M —I|<e . The number 1 is called the derivative of fat C and is
x-c

denoted by f'(c).

Deﬁnitioﬁ: Let fbe a function defined on [a, b]. THen f'is said to be derivable on [a, b] if
fis derivable at c where C € (a,b)

fisright derivablev ataand

fis left derivable at b

If f:(a,b) > R isderivable at ¢ € (a,b) then, f is continuous at C. But converse is not true.

Sign of the derivative.

Let f:I— R be an interval subset of R be such that f"(c) exist for ¢ ¢ J

If f'(c)> 0, there exists a 8 > 0 such that f{a) > f(c) for x e I,and c <x<c + 3 and f{x) >

flc)for xeI and c-s<x<c.

If f(c) < 0, then there exists 8 > 0 such that £ (x) > f{c) forxe I and ¢ -8 <x<c and f(x)

<f(c)for xe] andc<x<c+3.
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Ex1:

Sol:

Ex2:

Sol:

4.1.6

419

4.1.10

limx=0 -1< sinlSI
x—0 2

Increasing and decreasing functions

Definition: Let f : 7 — R bea functionand ¢ e ] fis locally increasing at ¢ if there exists a 8

> 0 such that f(x) < f(c) for x e (c—s,c¢)CI and fx) > fic), xe€(c,c+s)CI fis said to
locally decreasing at c if (—f) function is locally increasing at c.

Definition: Let f : I — R be a function. fis said to be increasing on the interval I If x,,x, € /,
X <% = f(x)< f(x,)f is said to be strictly increasing on I if x,x,e/,

X, <x, = f(x) < f(x,),fis said to be decreasing on I if the function (/) is inreasing on I.
If f:1— R isderivable at ¢ e I and f'(c) > 0 then fis called locally increasing at c.
If f:1I— Risderivable at ¢ e J and f(c)<0 then fis called locally dereasing at 'c'.

If f:1— R be afunction and ¢ e ] . If fis derivable at 'c' and f(c)=0 then we say that f'is

stationary at ¢ and f{c) is a stationary value of 1.

Examples

1 .
The function f(x) = x sin 2’ when x #0

=0, when x =0

is continuous but not derivable at x =0

X

. 1
— limxsin—=0
x—0 x

lim 7(x) = f(0) = fis continuous at x =0

. fx)- /(0
y = lims————
= SOR =100 .
xsinl—O .. (1
Bipiee®_ . B ll_r)rgsm 3 ) Which does not exists.
x>0 x-=0

. fis not derivable at x =0

The function f(x) = x| x| is derivable at x=0.

Given f(x)=x"|x| =>flx) =, x<0;

Jx) =0,x=0; f) =x3 x>0
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L = lim L8O

x—0- x— O

: . f(x)-f(0)
Rf(©0) = lim=———

3
. X -0 "
= lim = limx* =0,
x>0+ x—() x—0+

L Lf (0 =Rf (@) =0=1(0)

The function f(x) = x> | x| is derivable atx =0

x
Ex3: Find the set of all points where ./ () =1~ [ is differentiated
Sol: The domain of f is (—w,©) =R,
Let g(x) = x, g(x) is differentiable in R
h(x) = 1+|x]|
1-x forx<0
~ |l4+x forx>0
X forx<0
1-x
/e = | x forx>0
I+x
cor = EmS=D=t _ fime-1) =
L) = lm=—— = lm-D) - .
1+x)-1 .
Rh'(x) = lim {21 lim1) = 1

x—0 b

*. h(x)is differentiable in R-{0}
hence f{x) is differentiable in R - {0} .

1 1
Also f(x) = 2,forx<0 j'(g) -2 orx>0

' 1
Ex 4: The function S (¥) = (x —a)sin—— (5 =) is x#a and f(a)=0

is continuous but not derivable at a.
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Sol: lim(x—a)=0 —1<sin———<1

x—a 4 (x - a) ’
lim(x) lim(x —a)sin }
x—a T xoa (x—a) 0 _f(a)

= [ iscontinuousatx =a

(x—a)sin -
lim PACRIAC) lim (k=a)
x—a x — a xX—a x — a
= 112 Sin(xf does not exists

- f isnotderivable.

Ex5:

Sol: logsi f'(x)= —l—cosx =cotx
: f(x)=logsinx, St

z
It X€ (0’5) then f'(x)=cotx >0

7
It XE(E’”) then f'(x)=cotx <0

/2

The function lo f(x) = logsin x is strictly increasing on (

/4
) and strectly decreasing on ('2" z

: /4
f is strictly increasing on (0’_2‘) and strictly decreasing on (E’” )

v “Exercise

x#0

1.  The function FON1+e2
0 x=0

but not derivable for x =0

Ans: continuous atx =0

2. The left hand and right hand dirivatives of f(x)=|x—1|at x—1are

Ans: L f (1) =-1

RS (1)=1

)
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2oos0 #0
The function f(x)= a8 x or x#Yis

0 forx=0
Ans: Derivable at every where

The number of points where the function f:(-3,2) > R defined by

2+x) -3<x<-1

fx) = 2 is not derivable
x3 -1<x<2

Ans: Atone point

The function f(x)=2x+| x| is derivable on

Ans: R- {0}

1
The function f(x) = x’ o5 X #0; fx)=0,x=01is

Ans: Derivable at x € R — {0}

3. 1
_Jxsin—, x# 0
The function fx)= x is
0 x=0

Ans: Derivable at x =0

7
The function f(x) =1+sinx, when 0 <x < 5 and

“

2
. V4
f(x)=2+(x—%) , when xZ% at x=—2— is

Ans: Continuous and derivable

The interval in which the function f(x) = xe’ is increasing on decreasing
Ans: f{x) is increasing on (—1,0)

f(x) isdecreasing (—o0,—1)

x n
The function f(X) = —— is increasing in Ans: (O’E)
sinx
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Chapter 5 : Partial Differentiation

5.1 Introduction

In calculus up to now we considered functions of one variable. But we come across functions involving
more than one variable. Forexample, the area of a rectangle is a function of two variables namely length and

breadth of the rectangle
| If u be a function of two independent

variables x and y let us assume the functional relaton as u = f (x,y). Here x alone or y alone or both x
andy simultaneously may change and in each case a change in the value of u will result. Generally the
change in the value of u will be different in each of these of these three cases. Since x and y are

independent x may be supposed to vary when y remains constant or the reverse.

The derivative of u with respect to x when x varies and y remains constant is called the partial derivative

0
of u with respect to x and is denoted by the symbol -5% . We may write

a_u= lim f(x+Ax=Y)—f(x’Y)
Ox Ax—0 Ax

Similarly when x remains constant and y varies the partial derivative of u with respect to y is

ou_ . fOuy+ )= f(xy)
ay Ay—0 Ay

u 0 of Ou 0 of
ou . o ) ag Rt 2L e 5 Rl (x, ) Y .
o S also written as p™ f (?C Y)or 5 O % Similarly o 8 also written as 5 S(x.¥) or 2y OFt,

5.2: Successive Partial Derivatives

o Ou
Consider the function u = f(x,y) . Thenin general a—z and 5 are functions of both x and y and may

be differentiated again with respect to either of the independent variables giving rise to successive partial

o’u & 0"
derivatives. Regarding x alone as varying we denote the result by gx-z—,-a—x%, -------- gl: or when y alone
. 0’u Ou 0"u
varies —6y2 ,—'—ay3 gessesces —-—ay” .

If we differentiate » with respect to x regarding y as constant and then this result is differentiated with

o (ou Ou
respect to y regarding x as constant we obtain 5[5{} which we denote by Bydx ;
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Similarly if we differentiate u with respect to y regarding x as constant and then this result is differentiated

. . . O Ou . u
with respect to x regarding y as constant we obtain o ( ay) which we denote by By ;

ally . . du O
Generally for continuos ﬁmctlons——axay dyox

5.3. Chain Rule:

Let z by a function of  and u is a function of two independent variables x and y then

0z dz Ou daz dz ou
ox duox "¢ oy dudy

5.4 Examples

owow ow
54.1 Find &' oy and N if u =sin(ax + by + cz)
Sol: u =sin(ax + by + cz)

. b

ox acos(ax +by +cz)

ou

y bcos(ax + by +cz)

Ou
= = ccos(ax+by +cz2)
- ézv o*v v
54.2 If v=(x* +y* +z*)? then prove that y"'?‘*y =0
-5
Sol: Cv=@ 4y +2h)?
ov 1 2 2 2 - 2 2 2 :23
Thena—x=—5(x +y*+2%)22x = —x(x+y +2°)
v =5
and =5 = (P+yt+2’) (200 -y -7)

2y jac)
Similarlygz' = (x*+y*+2)2(2y*-x"-2%) and

-5
o*v

§=(x2 +y?+2%)2 (227 -x* - y") and so

0%y N o*v 0%

o o O
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5.5 Some Useful Results

’ dz Ozdx Ozdy
5.5.1 If z= f(x,y) and x = g(t)’y - h(t) then gt— = *a—x:i—t--f’a—‘-i}—

_ & _ o 0y
552 Ifz=f(uv)and u=g(xy),v="h(xy) then — ===+ ==

0z 0OzOu O0zOov

Moy uy woy
5.6 Homogeneous Functions

If z=f(x,y)isafunctionand iff(k, ky) = k" f{x, y) for all values of k, ‘n’ being a real number

then z is said to be a homogeneous function of n™ degree
5.7 Examples
5.7.1 z=f(x,y)=x"y+xy’is ahomogeneous function of 3rd degree because

(koo ky) = (o) y + (Y’ = (6 y +07) = K2 £ (x,)

-2

572 Find the degree of the homogeneous function f(x,y) = (x* +4*)*

-2 -4 -4

Bl fleedy) = (% +4K*y")* = k% (¢ +4y") =k f(x.Y)
-4
So the degree of f(x,y) is EX
5.8 Euler’s Theorem on Homogeneous Functions (without proof)

0z z
If z= f(x,y)is ahomogeneous funciton of n th degree then * o + J’Ey" =nz

5.9 Examples

: . x+y
5.9.1 Verify Euler’s theorem for the function f (%, ) = povyis
x2 + 2
Sol: Letz = f(ny)="—%
x+y
k2x2 +k2y2 x2 +y2
floky) =~ = k( xry )= kI

So zis a homogeneous function of degree 1
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5.10.1

5.10.2
5.10.3

5.104

9:10.5

5.10.6

5.10.7

oz oz

b —+ _— 1
So by Euler’s theorem X. Ew Y- Y -z
oz (x+p)2x-(x’ +y) X+
x (x+y) T (x+y)
oz (x+y)2y—-(x*+%) . ¥ +2xy—y’
o (x+y) o (x+y)

0z yaz 423y -xp* + 3y + 207 —x’y
ox oy (x+y)

S+ +xry+x)’
(x+y)

_ (x+ 0 +y?) _ X' +y’ L
(x+y) x+y Z

From (1) & (2) Euler’s theorem is verified

Exercise

0z O '
Find = Er forthe followmgﬁmctlons

cosx
sin y

Dz = 3’ +4y (@ 2z =

If f=¢ siny thenshowthat f,, +f,, =0

If £ =log(x*+ y*) thenshow that f,, + f,, =0

Verify Euler’s theorem for the fanchion J O6y)=tan™ (%)

x

Verify Euler’s theorem for the function f(x,y) = tan™' L

=+ xe”
x
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(D)

- (2)

’ 1
- Hu=sin"| —23Y_ |then show that xu, + yu, =—tanu by Euler’s theorem
Jx + \/; 2
x*+y°
If u = tan™ N ] then show that xu, + yu, =sin2u by Euler’s theorem.
x+y .
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